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A main  distinguishing  feature  in  the  development  of 
modern  shipbuilding  is  the  increase  in  ship  speed  due  to  the 
greater  power  of  power  plants  and  also  the  improved  design  of  hull 
lines  and  lifting  surfaces.  In  the  last  few  years  hydrofoil  and 
air-cushion  craft  and  others  have  been  added  to  those  with  plan- 
ing hulls. 


As 

increase 
seakeepi 
ancy  is 
dynamic 
the  pres 
in  its  a 


the  speed  of  movement  of  displacement  and  planing  craft 
s the  contribution  made  by.  hydrodynamic  forces  to  their 
ng  characteristics  also  increases.  At  slow  speeds  buoy- 
due  to  hydrostatic  forces  but  at  higher  speeds  hydro- 
forces become  dominant.  This  causes  redistribution  of 
sures  acting  on  a craft's  hull  and,  consequently,  a change 
ttitude  and  also  its  behavior  during  rolling,  heaving, 
pitching,  turning  about,  and  other  modes  of  movement. 


In  hydrofoil  and  air-cushion  craft  hydrodynamic  forces  are 
dominant  in  all  the  main  modes  of  movement.  This  requires 
a comprehensive  study  of  hydrodynamic  forces  and  their  influ- 
ence on  craft  behavior  and  also  development  of  practical  methods 
for  calculating  the  forces  which  arise  on  the  lifting  surfaces 
of  high-speed  craft  and  the  kind  of  movement  caused  by  them. 


The  authors  assumed  the  task  of  identifying  the  main  problems 
in  the  hydrodynamics  of  high-speed  craft,  establishing  a theoret- 
ical basis  for  studying  them,  and  generalizing  the  data  needed 
by  ship  designers  and  builders. 


The  area  of  ship  fluid  mechanics  under  discussion  is  rela- 
tively new.  Naturally  therefore  the  reader  will  not  find  in 
this  book  exhaustive  answers  to  all  questions  which  arise  in 
practice.  Some  of  the  problems  encountered  in  the  hydrodynamics 
of  high-speed  craft  are  discussed  in  detail,  others  are  only 
mentioned  in  passing,  and  yet  others,  for  example  steerability 
of  hydrofoil  and  air-cushion  craft,  are  not  mentioned  at  all. 
Nevertheless,  the  data  contained  in  the  book  can  serve  as  a basis 
for  developing  further  the  methods  used  to  calculate  the  sea- 
keeping characteristics  of  high-speed  craft.  There  is  no  dis- 
cussion here  of  the  hydrodynamics  involved  in  steady-state 
planing  since  this  subject  is  well  covered  in  the  literature. 


The  first  chapter  deals  with  the  theoretical  methods  used 
to  calculate  stationary  hydrodynamic  characteristics  of  hydro- 
foils of  different  two-  and  three-dimensional  shapes  and  also 
with  the  hydrodynamics  of  supercsvitating  and  ventilating  foils. 


* The  numbers  in  the  right  margin  indicate  pagination  in  the 
original  text. 
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The  second  and  third  chapters  deal  with  methods  for  cal- 
culating nonstationary  hydrodynamic  'forces  arising  on  hydro- 
foils and  other  lifting  surfaces  of  high-speed  craft  during 
interaction  with  a free  water  surface  and  unsteady  movement  close 
to  the  surface. 

The  fourth  chapter  deals  with  methods  of  calculating  the 
hydrodynamic  characteristics  of  foil  systems  and  the  attitude 
of  hydrofoil  craft  and  also  with  methods  for  determining  the 
drag  and  stability  of  this  type  craft. 

The  fifth  chapter  deals  with  distinguishing  aspects  of 
calculating  the  way-making  ability  of  planing  and  hydrofoil 
craft . 

• 

The  sixth  chapter  deals  with  general  principles  govern- 
ing the  movement  of  air-cushion  craft,  approximate  methods  for 
calculating  lift  and  drag,  and  also  principles  governing  the. 
functioning  of  flexible  skirts  and  calculation  of  them.  The 
end  of  the  chapter  is  devoted  to  the  aerodynamic  characteristics 
of  above-water  foils. 

The  references  employed  by  the  authors  follow  each  chapter. 

During  the  five  years  which  have  passed  since  publication 
of  the  first  edition  a great  deal  of  work  has  been  done  on  the 
hydrodynamics  of  high-speed  craft  and  this  has  led  to  the  need 
for  a second  edition. 

In  accordance  with  the  expressed  desires  of  shipbuilding 
specialists  the  authors  incorporated  corrections  aimed  at  im-. 
proving  the  content  of  the  book.  They  also  added  the  following 
new  sections: 

1.  Section  D of  Chapter  IV  "Translational  and  Rotational 
Motion  of  Hydrofoil  Craft  in  an  Irregular  Seaway"  consisting 
of  §40-41. 

2.  §52  "Calculating  the  Flexible  Skirts  of  Air-Cushion 
Craft . " 

3.  §53  "Aerohvdrodynamic  Characteristics  of  Above-Water 
Foils." 

The  first  chapter  and  §28-36  of  the  fourth  were  written 
by  V.  T.  Sokolov  and  the  second  and  third  chapters  and  also 
§57-39  of  the  fourth  by  I.  T.  Yegorov.  I.  T.  Yegorov  exer- 
cised overall  supervision  over  the  book. 

The  fifth  and  sixth  chapters  were  based  on  materials  which 
Yu.  M.  Sadovnikov  and  S.  D.  Prokhorov  were  kind  enough  to 
provide.  Materials  provided  by  A.  R.  Lukashevich,  M.  A.  Basin, 
and  Ye.  A.  Kramarev  were  incorporated  in  §5-8,  11,  and  12. 

V.  A.  Abramovskiy,  V.  V.  Klichko,  and  V.  P.  Shadrin  helped 
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prepare  the  new  sections  of  the  book  (§40-41,  52,  53)  for  print- 
ing. 

The  authors  wish  to  express  their  indebtedness  to  these 
comrades.  The  authors  also  express  their  thanks  to  Ye.  V. 
Vecherov  and  N.  A.  Koryukhin  for  their  help  in  preparing  the 
manuscript.  ' 
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CHAPTER  I.  Stationary  hydrodynamic  characteristics  of  a i r, 

hydrofoil 

In  order  to  support  movement  of  a craft  at  a given  height 
above  the  water  a foil  system  must  contain  some  provision  for 
"regulating"  the  lifting  force.  The  lifting  force  can  be 
regulated  as  foil  depth  changes  by: 

1)  using  foils  whose  lifting  area  varies  with  depth  of 
immers ion ; 

2)  utilizing  the  drop  in  lifting  force  which  occurs  as  a 
foil  approaches  the  free  surface  of  the  water; 

3)  changing  the  angle  of  attack  of  a foil,  thereby  changing 
the  lift  coefficient. 

The  following  fqil  types  can  be  distinguished  based  on  the 
above  regulating  principles: 

1)  V-  or  arc-shaped  surface -piercing  foils  which  have  a 
smoothly  changing  lifting  surface  and  also  ladder  foils  whose 
lifting  surface  changes  in  steps; 

2)  depth-effect  foils; 

3)  automatically  controlled  submerged  foils  whose  angle 
of  attack  (or  angle  at  which  flaps  are  set)  is  regulated 
automatically  by  a control  system  incorporating  a sensor  for 
maintaining  the  required  height  of  hull  above  the  water. 

In  actual  practice  use  is  made  of  more  complex  foils  which 
ombine  elements  of  the  simplest  types,  including  trapezoidal 
vfrom  configuration  of  foil  projection  on  athwartship  plane) , 
fully  submerged  dihedral,  and  variable  dihedral.  Based  on 
their  planform  foils  are  distinguished  as  having  a constant  or 
variable  chord  along  the  span  and  also  as  having  a straight  or. 
sweptback  axis. 

This  chapter  will  cover  stationary  hydrodynamic  character- 
istics of  hydrofoils  of  the  following  types: 

a)  flat  hydrofoil  with  any  planform  (with  a s-traight  axis)  ; 

b)  fully  submerged  dihedral  foil; 

c)  V-shaped  surface -piercing  foil; 

d)  sweptback  foil; 

e)  complex  foil  consisting  of  horizontal  and  inclined  ele-  [6 
ments  with  their  struts  (Fig.  1). 

§1.  Forces  acting  on  a hydrofoil  and  methods  of  determining 
them 

A hydrofoil  is  a lifting  surface  which,  when  it  moves 
through  the  water,  creates  a lift  for. supporting  a hydrofoil 
craft.  As  the  foil  moves  through  the  water  a drag  is  also 
created.  The  lift  and  the  drag  of  the  foil  both  are  projections 
of  the  principal  vector  of  the  total  hydrodynamic  force  which 
is  the  resultant  of  all  forces  exerte.d  over  the  entire  surface 


!W’*' ■ ...5,vr  'W'  1 


of  the  foil  by  the  liquid.  These  forces  consist  of  a hydro- 
dynamic  pressure  p acting  perpendicularly  to  the  foil's  surface 
*nd  a tangential  stress  t due  to  the  force  of  friction. 

These  surface  forces  yield  the  principal  vector  of 
hydrodynamic  forces 

*=\Cp  + i)dS 
s 

and  the  principal  moment 

At  a = f l(p  + T)  x 7]  ds, 
s 

where  r is  the  radius  vector  of  the  center  of  area  dS  with 
respect  to  the  selected  point  of  application  of  the  moment. 


Fig.  1.  Main  types  of  hydrofoils:  a--flat;  b--submerged 
dihedral;  c--straight;  d- -sweptback ; e--V-shaped;  f--arc- 
shaped;  g--cdmplex  foil  system. 

Drag  and  lift  are  the  projections  of  the  principal  vector 
in  the  direction  of  movement  Or  axis)  and  perpendicular  to  it 
Of  axis)  respectively 


R — X — A sin  (A,  x),  | 
Y — A cos  (A,  y).  ) 


(1.1) 


The  magnitudes  of  R and  Y depend  on  the  physical  properties 
of  the  liquid*  which  include  the  mass  density  p,  dynamic 

* Surface  tension  which  affects  spray  formation  of  very  small 
dels  is  not  included  among  these  physical  properties. 
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coefficient  of  viscosity  y,  acceleration  due  to  gravity  gf  and  the 
saturated  vapor  pressure  pd  and  also  -on  the  speed  of  movement  , 
-he  size  and  shape  of  the  foil  (chord  b ) , orientation  of  the  foil 
with  respect  to  the  direction  of  movement  (angle  of  attack  a) , 
and  location  of  the  foil  with  respect  to  the  surface  of  the  water 
(depth  of  immersion  h) , that  is: 


-ft  = f 2(  shape , b,  a , h,  v,  p,  p,  g,  pd) , 

Y = f 2 (shape,  b , a,  h , v,  p,  p,  g,  pd) . 

According  to  the  methods  of  similitude  theory  these 
relations  can  be  expressed  in  dimensionless  form. 

The  lift  coefficient  of  a foil  is 


(1.2) 


C„  = _J : 


and  the  drag  coefficient 


(shape,  X,  a,  h.  Re.,  Fr,  \)  . (I.3a) 


r — ...  r _ 

pv*  - 1'- (shape,  X,  a,  h.  Re,  Fr,  x)  • (I  .3b) 

•2 

In  these  formulas  x = l2/s  is  the  aspect  ratio  of  the 
foil;  Ti  - h/b  the  relative  depth  of  immersion;  Re  = vb  — — 

U V 

V J— 

he  Reynolds  number;  Fr  = the  Froude  number;  and  (> 

x - ^ 

the  cavitation  number. 

It  follows  from  (I.3a)  and  ( I . 3b ) that  geometrically 
similar  foils  (for  example,  those  of  a model  and  a prototype) 
when  the  angles  of  attack;  relative  depths  of  immersion;  and 
criteria  of  similitude  Fr,  Re,  and  x are  the  same  will  have 
the  same  Cy  and  Cx  . 

If  the  dependence  of  Cy  and  Cx  on  dimensionless  criteria 
Fr,  Re,  and  x is  known  for  a foil  of  any  given  shape,  the  lift 
and  drag  of  a geometrically  similar  foil  of  any  size  traveling  [8 
at  any  speed  can  be  determined  from  the  formulas: 


K = c/fs, 


(1.4) 


Determining  the  dependence  of  the  lift  and  drag  coeffi- 
cients of  a hydrofoil  on  its  shape,  angle  of  attack,  relative 
depth  of  immersion,  and  criteria  of  similitude  Fr,  Re,  and  x 
constitutes  the  fundamental  problem  in  the  hydrodynamics  of  a 
foil.  Solving  the  problem  completely  presupposes  a known  law 
governing  the  distribution  of  forces  .over  a foil's  surface. 
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In  the  hydrodynamics  of  a hydrofoil  the  principle  of 
-eparate  determination  of  forces  depending  on  their  physical 
ature  is  applied,  that  is,  the  forces  due  to  mass  and 
depending  on  l'r  and  the  forces  due  to  viscosity  and  depending  on 
Re  are  determined  separately  based  on  the  assumption  that  there 
is  no  connection  between  the  forces  in  the  liquid  attribut- 
able to  mass  and  those  attributable  to  viscos ity . The  total 
drag  on  a hydrofoil  is  found  as  the  sum  of  the  profile  (Rpr)  , 
wave  , and  induced  {Ri)  drags  and  the  coefficient  of  ‘total 

drag  as  the  sum  of  the  coefficients  of  the  corresponding  drag 
components,  that  is, 

Rf  = Rpr  + Ri)  t Ri , 

Cxf  ~ Cxpr  + Cxw  + Cxi-  (1.5) 

It  is  assumed  in  this  process  that  the  effect  of  vis- 
cosity on  foil  drag  is  taken  completely  into  account  in  pro- 
file drag  and  that  the  induced  and  wave -making  components  do  not 
depend  on  viscosity. 

Foil  lift  is  determined  as  an  integral  of  the  forces  of  hy- 
drodynamic pressure  (forces  of  friction  are  neglected) . 

Coefficients  of  hydrodynamic  forces  of  a foil  Cy  , Cxw  , 
and  Cxi  which  are  due  to  normal  pressures  are  found  “from  a ' 
theoretical  solution  to  the  problem  of  potential  flow  around 
foil  as  it  moves  beneath  the  surface  of  an  ideal  (inviscid) 
z.~avy  liquid.  The  effect  of  viscosity  on  Cy  is ‘taken  into 
account  by  introducing  an  experimental  correction  in  the  angle 
of  zero  lift  and  the  derivative  of  Cy  with  respect  to  a . The 
correction  coefficients  which  are  introduced  are  the  same  as 
for  an  unbounded  liquid,  that  is,  the  correction  for  viscosity 
is  determined  without  taking  the-  free  surface  into  account. 

Drag  coefficients  Cxw  and  Cxi  are  determined  entirely  from 
calculations.  The  separation  between  these  coefficients  is  made 
arbitrarily.  It  is  impossible  to  make  a direct  experimental 
determination  of  them. 

Wave  drag  is  determined  by  solving  a two-dimensional  prob- 
lem, that  is,  the  wave  drag  coefficient  CxW x of  a foil  of  finite 
span  is  set  equal  to  the  wave  drag  coefficient  Cxl}o°  of  a foil  of 
infinite  span.  The  effect  of  finiteness  of  span  on  foil  drag  is [9 
included  entirely  in  induced  drag. 

The  profile  drag  coefficient  Cx„r  is  determined  from  cal- 
culations, the  flow  in  the  boundary  layer  being  based  on  cal- 
culated and  experimental  pressure  distribution  curves  and 
data  on  the  point  at  which  laminar  flow  becomes  turbulent. 

An  exact  determination  is  then  made  later  based  on  data  from 
tests  of  full-scale  series-produced  foils.  The  effect  of  the 
e surface  of  the  water  and  the  Froude  number  on  Cxpr  is 
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.taken  into  account  by  introducing  into  the  calculations  actual 
curves  for  pressure  distribution  over  a profile  which  are  drawn 
I 'or  movement  of  a foil  beneath  a free  surface. 

Hence,  the  stationary  lift  coefficient  and  drag  component 
coefficients  of  a subcavitating  hydrofoil  are  finally  deter- 
mined as  functions  of  the  following  dimensionless  parameters: 

Cyh  = fl ( snape , \,  a ^ h,  Ft), 

Cxpr  = f 2 (shape,  a,  h,  ReJ, 

Cxv  = f3(Cyh>  h>  frj,_  (1.6) 

Cxi  = f 4 (shape,  Cyh,  h,  \,  Fr)  . 

Included  in  functions  f 3 and  / 4 in  place  of  a is  the 
coefficient  Cyh  since’  C~y  and  Cxi  depend  directly  on  the  inten- 
sity of  circulation  around  the  foil  which  is  proportional  to  Cyh  . 

§2.  Hydrodynamic  characteristics  of  hydrofoil  profiles  and 
their  dependence  on  geometric  parameters 

The  hydrodynamic  characteristics  of  a foil  depend  on  the 
shape  of  its  transverse  sections  and  the  ratios  between  the 
geometric  dimensions  of  their  profiles.  The  specific  con- 
ditions under  which  a hydrofoil  is  used,  that  is,  the  possibility 
that  cavitation  and  stalled  flow  (ventilation)  will  occur  under 
certain  conditions  has  led  to  the  use  of  special  profiles  differ- 
lt  from  airplane  profiles  which  avoid  these  harmful  phe- 
nomena or  allow  for  them  in  the  best  way  possible. 

In  subcavitating  hydrofoils  the  profiles  have  their 
maximum  thickness  at  chord  midpoint  or  slightly  forward  of  it 
and  they  exhibit  a smooth  pressure  gradient  curve  on  the  low- 
pressure  side.  Such  profiles  include  sharp-edged  plano-convex 
segments  and  profiles  with  a rounded  leading  edge.  Sharp- 
edged  profiles  with  a slightly  concave  or  convex  lower  side 
are  also  used. 

The  following  geometric  parameters  have  the  greatest  effect [10 
on  the  hydrodynamic  characteristics  of  a profile  (Fig.  2): 

c = c/b  --relative  thickness; 

xa  - xc/b  --location  of  maximum  thickness; 

f = f/b  --profile  curvature,  or  the  ratio 

between  maximum  depth  of  camber 
line 'and  chord; 

t 

xf  = xf/b  --location  of  maximum  curvature. 
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Fig.  2.  Shape  of  profiles  and  their  main  geometric  elements. 
Aviation  profiles  with  rounded  nose:  a - -symme trical ; b--con- 
vex  on  both  sides.  Sharp-edged  profiles:  c- -symmetrical ; 
d--convex  on  both  sides;  e - -piano- convex ; f -- concave -convex 
(quarter  moon) . 

KEY:  A--camber  line;  B--chord. 

A chord  is  the  conventional  base  line  of  a profile  from 
which  profile  coordinates  and  "geometric"  angles  of  attack  are 
measured.  Usually  it  is  a straight  line  segment  joining  the 
two  extreme  points  of  the  profile.  Sometimes  a chord  is  defined 
differently.  For  example,  the  chord  of  a plano-convex  sharp- 
edged  profile  and  that  of  a profile  with  a rounded  nose  is  a 
segment  which  coincides  with  the  flat  lower  side  of  the  profile 
and  is  delimited  by  a perpendicular  tangent  to  the  nose. 


The  main  geometric  parameters  of  the  most  common  profiles  [11 
which  are  formed  by  the  arcs  of  circles  are  related  as  follows 
(Fig.  3). 

Half  of  the  central  angle  of  the  upper  and  lower  sides  and 
the  camber  line  is 


'ft  = 2 arclg2(/  + = 4f], 

c\  - (I’7) 

<r4  = 2arctg2f/  — -^-J  Mfs. 


t|>  — 2 arctg  2/  4f. 


•••Vv,. 


■ 

r *_  _ ft  _ & 

1 ‘2  sin  <fi  * * 2 sin  <|>3  ’ r 2 sin  <(>  ’ 

Angle  of  taper  of  the  edges 

t = q>i  — «r 2 ^ 4c. 

For  a plano-convex  segment 

<p,  = 2arctg  2c  ^ 4c. 

. 


(1.8) 

(1.9) 

(1. 10) 


Fig.  3.  Geometric  elements  of  a profile  formed  by  the  arcs  of 
''ircles . 

BY:  A --fi;  B - -fu  . 

The  hydrodynamic  characteristics  of  hydrofoil  profiles 
cannot  be  determined  only  theoretically,  the  results  of  experi- 
ments must  a] so  be  used. 

When  determining  the  hydrodynamic  characteristics  of  hydro- 
foils the  initial  characteristics  used  are  those  of  profiles  in 
an  unbounded  liquid. 

The  hydrodynamic  characteristics  of  foil  profiles  are 
usually  presented  in  the  form  of: 

a)  curves  of  pressure  distribution  on  the  upper  (low- 
pressure)  and  lower  (high-pressure)  sides; 

b)  a graph  showing  the  relation  between  the  lift  coeffi- 
cient and  the  angle  of  attack  Cy  (a ) ; 

c)  a polar  (first  order),  or  a curve  in  Ch--Cx  coordinates; 

d)  a graph  of  the  moment  coefficient  Cm  ="/(o)  or 
coefficient  of  the  center  of  pressure  Caress  = /(“)"» 

e)  a curve  of  the  lift-drag  ratio  k = Cy/Cx  or  a curve  of 
the  drag-lift  ratio  e = Cx/Cy. 

The  pressure  distribution  over  a profile  and  also  the  lift 
and  moment  coefficients  can  be  obtained  by  solving  a two-dimen- 
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sional  problem  for  the  potential  flow  of  an  ideal  liquid  around 
a foil  of  infinite  span.  Such  solutions  have  been  found  by  the  [12 
method  of  conformal  mapping  for  quarter-moon  profiles  formed  by 
_ircle  arcs.  A special  case  of  quarter  moon  is  a plano-convex 
segment.  Because  of  the  uniformity  among  hydrofoil  profiles  the 
results  found  for  a plano-convex  circular  segment  can  in  most 
cases  be  extended  to  other  plano-convex  profiles.  The  following 
formulas  have  been  obtained  for  the  ordinate  of  maximum  pressure 
gradient  Cwax  and  lift  coefficient  on  the  upper  side  of  a pro- 
file CyU  based  on  the  results  of  calculations  made  of  potential 
flow  with  the  introduction  of  a correction  factor  for  viscosity: 

(.max  ~ 4.85c  + 0.42Cyy  (1. 11) 

C yu  — Z • 2 5 c + (0.5  -h  c ) C y . (1.12) 

The  formula  for  (max  holds  for  angles  of  attack  correspond- 
ing to  shock-free  angles  of  entry  when  the  maximum  of  the  press- 
ure gradient  curve  is  in  the  area  of  maximum  profile  thickness. 


Theory  prescribes  an  almost  linear  relation  between  lift 
coefficient  and  angle  of  attack  in  the  form  of  the  expression 


■jr  («  I 2/)- 


(1.13) 


Two  magnitudes,  the  derivative . dCy /3a  and  the  zero  lift 
angle  a o,  determine  the  linear  function  Cy{ a).  'Therefore  the 
lift  coefficient  is  usually  presented  in  the  form 


oc 
: 7)u 


" (a  (-  a„). 


For  an  ideal  liquid 


(l*£d 


id 

X - 00 


2a 

Till 

a 


(1.14) 


(1.15) 


and 


aOid  ~ '*f  (radians,). 


or 


aOid  = 214 f( degrees)  . 


(1.16) 


Extensive  experimental  data  reveals  that  the  relation 
between  Cy  and  the  angle  of  attack  is  indeed  close  to  linear 
but  the  numerical  values  of  the  zero  lift  angle  ap  and 
especially  the  derivative  3Cy/3a  differ  markedly  from  those 
obtained  theoretically  for  an  ideal  liquid.  These  values  depend 
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on  the  Reynolds  number,  angle  of  taper 
and  the  condition  of  the  foil  surface, 
determining  the  characteristics  of  the 
forms  on  the  foil. 


at  the  trailing  edge, 
that  is,  on  parameters 
boundary  layer  which 


that 


On  the  basis  of  experimental  data  Ye.  A.  Kramarev  proposed 
a o be  determined  from  the  following  empirical  formula: 


[13 


n0  = HOf  - 0 . 1 \ ( 6 . S - lgReJ , 
where  t is  the  angle  of  taper  at  the  trailing  edge. 
It  follows  from  (1.17)  that  when  Re  = 2.3*10^ 

a °0  = 110  f. 


(1.17) 


(1.18) 


The  simpler  formula  (1.18)  can  be  used  for  calculating  <*o 
for  full-scale  foils. 


Since  with  an  increasing  Reynolds  number  th.e  angle  of  zero 
lift  decreases  and  the  derivative  ZCy/da  increases,  the  lift 
decreases  at  small  angles  of  attack  and  increases  at  large  angles 
of  attack.  This  scale  effect  is  not  manifest  at  working  angles 
of  attack  which  for  hydrofoils  are  about  1°. 


Therefore  8Cy/3a  for  a profile  around  which  a viscous 
liquid  flows  can  Be  assumed  to  be  constant  and,  as  follows  from 
experimental  data,  is  equal  to 

a oo  = 5.5  (a  in  radians )} 

or  (1.19) 


aM  = 0.096  (a  in  degrees). 

The  derivative  of  Cy  with  respect  to  a is  practically  the 
same  for  all  profiles,  that  is,  it  does  not  depend  on  profile 
shape  or  thickness.  The  individual  distinguishing  feature  in  the 
geometry  of  a profile--its  curvature -- is  reflected  in  the  hydro- 
dynamic  characteristics  through  the  angle  of  zero  lift.  Formula 
(1.18)  can  be  used  for  making  an  approximate  determination  of 
no  for  hydrofoil  profiles  other  than  segmental. 

The  polar  of  a profile  shows  how  the  drag  coefficient  varies 
with  the  lift  coefficient  Cx  = and  makes  it  possible  to 

determine  the  lift-drag  ratio  k = Cy/Cx.  A polar  has  two  charac- 
teristic points:  a point  of  minimum  p.rofile  drag  CXpr  min  and 
a point  of  maximum  lift-drag  ratio  (in  Fig.  4 points  P and  K) . 

Point  CXyr  min  for  plano-convex  hydrofoil  profiles  corres- 
ponds to  the  zero  geometric  angle  of. attack.  CXp?  increases  as 


-12- 


the  angle  of  attack  either  increases  or  decreases. 

The  maximum  lift-drag  ratio  occurs  at  a certain  positive 
angle  of  attack.  On  the  polar  this  point  lies  at  the  point 
of  tangency  of  a ray  drawn  from  the  origin  of  the  coordinates. 

Profile  drag  depends  on  the  viscosity  of  a liquid  (equal 
to  zero  in  an  inviscid  liquid).  It  consists  of  friction  drag 
and  pressure  drag,  also  called  form  drag.  At  small  geometric 
angles  of  attack  friction  drag,  constituting  up  to  901  of  the 
total  drag,  predominates.  At  large  angles  of  attack  pressure  drag 
increases  by  several  times  and  total  profile  drag  increases  [14 

correspondingly . 

For  bodies  which  are  greatly  elongated  in  the  direction 
of  flow  friction  drag  usually  differs  very  little  from  the  drag 
of  an  equivalent  flat  plate.  This  is  not  true  of  hydrofoils. 

For  even  very  thin  hydrofoils  friction  drag  di f fers_markedly  from 
that  of  a flat  plate.  The  friction  drag  of  foils  (a  - 0.05--0.1) 
may  exceed  that  of  a plate  by  10--2(H.  This  difference  is  due 
to  the  fact  that  for  foils  which  develop  a lift  the  circulation 
component  of  induced  velocity  usually  greatly  exceeds  the  re- 
maining components  of  the  induced  velocities  of  potential  flow, 
the  magnitude  of  which  are  of  the  same  order  as  the  velocity  in- 
duced by  elongated  bodies  not  giving  rise  to  a lifting  for.ce . 


Fig.  4.  Hydrodynamic  characteristics  of  a profile. 
l--curve  of  lift  coefficient  Cy  (a);  2--polar  of  first  order; 
3--curve  of  moment  coefficient'  Cm (a) ; 4--tangent  to  polar 
drawn  from  origin  of  coordinates.  Point  K corresponds  to  the 
maximum  lift-drag  ratio  of  the  profile. 

KEY:  A -~CXpr  min  > 


Existing  methods  of  calculating  friction  drag  are  suitable 
for  calculating  the  drag  on  foils.  However,  in  order  to  use  them 
•ffectively  experimental  data  on  the  location  of  the  points  where 
laminar  flow  becomes  turbulent  must  be  available. 

When  calculating  foil  friction  drag  the  pressure  gradient 
must  be  taken  into  account.  However,  taking  the  pressure  gradi- 
ent into  strict  account  entails  rather  laborious  calculations  [15 
and  since  these  calculations  are  based  on  an  approximate  deter- 
mination of  the  points  of  transition  from  laminar  to  turbulent 
flow,  the  results  cannot  be  regarded  as  accurate.  It  is 
recommended  that  foil  profile  drag  be  calculated  by  Ye.  A. 
Kramarev's  simplified  method  which,  however,  necessitates  tak- 
ing into  account  foil-induced  velocities. 

In  calculating  friction  drag  from  formulas  for  a flat  plate 
we  take  as  calculated  velocity  not  that  of  the  oncoming  flow 
but  one  differing  from  it  vaat  • Based  on  the  fact  that  the 
relation  between  friction  drag  and  velocity  is  close  to  quad- 
ratic for  bodies  of  any  shape  and  the  tangential  stress  at 
any  point  on  the  surface  is  approximately  proportional  to  the 
square  of  the  velocity  at  this  point,,  the  calculated  velocity 
used  is  the  easily  determined  approximately  mean-square  velocity 
of  potential  flow  on  the  profile  whose  magnitude  depends  pri- 
marily on  circulation  flow.  Thus,  if  Rr  is  the  friction  drag 
of  a foil,  z,pi  the  friction  drag  of  an  equivalent  flat  plate, 
and  p its  wetted  surface,  then 


C.v 


Rf 


- = 2 


where 


0 O 

PjS 

"car^X1- 


% feat > 


The  factor  2 
wetted  surface  of 
S.  The  magnitude 
be  determined  by 


in  the  preceding  formula  occurs  because  the 
the  foil  is  double  the  area  of  its  projection 
of  for  an  aerodynamical.lv  smooth  foil  can 

one  of  several  known  methods. 


When  there  is  a turbulent  boundary  layer  the  friction  coeffi 
cient  c,pi  of  a hydrodynami cal  ly  smooth  plate  can  be  deter- 
mined by  integrating  the  Prandtl -Schlikhting  formula 


Cp l = 0.455/C lg  Rel2 


58 
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The  friction  drag  coefficient  of  smooth  plates  as  a function 
of  the  Reynolds  number  is  shown  in  Fig.  5. 


Fig.  5.  Friction  drag  coefficient  of  smooth  plates: 

1- -based  on  the  Schlikhting  formula  for  turbulent  flow 
tpl  = 0.45S/(lg  Re) 2. 58 j 2--laminar  flow;  3--mixed  boundary 
layer  (experiment) . 


The  formula  proposed  by  L . G.  Loytsyanskiy  can  be  used  in  [16 
the  case  of  a mixed  laminar-turbulent  boundary  layer  for  the  pur- 
pose of  calculating  the  friction  drag  on  a plate: 


4p7  = 1,82  | |-  ^ 1 1 0,00764  Re  (l  - *)  -f-  Re**7/G|° 7 - Re)' 

. Ro/  < V O.T-I.V/  Re  , x,  . 

where  y and  is  the  relative 

the  laminar  sector. 


i 


length 


of 


In  order  to  use  this  formula  for  making  calculations  the 
point  of  transition  from  laminar  flow  to  turbulent  must  be 
known.  If  the  surface  of  foils  is  insufficiently  smooth, 
when  kbRe/b  < 70,  where  k £>  is  the  height  of  roughness  elements, 
the  foil  cannot  be  considered  to  be  hydrodynamically  smooth; 
and  in  order  to  calculate  the  drag  coefficient  of  an  equivalent 
plate  it  is  necessary  to  use  formulas  for  determining  the  fric- 
tion of  rough  surfaces. 


The  calculated  velocity,  which  is  taken  to  be  the  mean- 
square  velocity,  is 


v ca l “ J/  4 (j  W d"~  + 1 «?  W dx  j 

(u n and  vi  are  the  potential  velocities  on  the  upper  and 
lower  surfaces  respectively  of  the  profile)  can  be  expressed  in 
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terms  of  pressure  coefficients  on  these  surfaces 


vaal  — 


V 


pu(x)  dx  H-  | Pz(x)dx  j. 


An  inspection  of  pressure  distribution  curves  obtained 
for  several  profiles  by  calculating  potential  flow  shows  that 
at  small  positive  angles  of  attack  the  expression 


( 


l>u  (a)  dx 


Y'l  (x)  dx 


in  which  the  modulus  of  the  first  term  represents  the  share  of 
the  lifting  force  created  by  the  upper  side  and  the  modulus  of 
the  second  that  of  the  lower  side,  depends  little  on  the  rela- 
tive thickness  and  the  angle  of  attack  of  profiles,  that  is, 
it  is  close  to  a certain  constant  magnitude  which  can  be 
•designated  2 mf. 


Thus , 


Veal  = YT~+~mfC^, 

Cxf  = 2sp£f:2  + mfCy). 


Cl .20) 


It  has  been  found  as  a result  -of  numerical,  integration 
of  pressure  distribution  curves  that  for  values  of  Cy  between 
0.2  and  0.6  coefficient  mf  falls  between  0.25  and  0.^0,  the 
smaller  values  of  Cy  corresponding  to  the  smaller  values  of  mf . 

When  using  formula  (1.20)  it  must  be  borne  in  mind  that 
it  is  suitable  only  for  small  positive  angles  of  attack  in 
the  range  0--2  degrees  corresponding  to  shock-free  entry. 
Furthermore,  the  formula  holds  only  for  large  Reynolds  numbers 
at  which  the  laminar  sector  of  the  boundary  layer  on  the  foil 
is  small.  If  the  Reynolds  number  is  less  than  10 ? it  is  necess- 
ary to  find  the  mean-square  velocity  and  the  drag  coefficient  of 
an  equivalent  plate  corresponding  to  the  low-  and  high-pressure 
sides  of  the  foil  separately,  taking  into  account  the  locations 
of  the  transition  points  on  each  of  the  sides. 

A formula  similar  to  (1.20)  for  Cxf  but  more  approximate 
can  be  used  to  determine  the  profile  drag  of  foils: 

Cxpr  ~ % Zpl  ( 1 + mpCu) • (1.21) 

Coefficient  mp  in  the  formula  is  determined  based  on 
coincidence  between  profile  drag  as  calculated  with  this 
approximate  formula  and  that  calculated  with  the  Squire- 
Young  formula. 
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Coefficient  mp  in  the  approximate  formula  for  profile 
drag  varies  within  the  limits  0.5--0*75.  Its  smaller  values 
* zorrespond  to  Cy  = 0.15--0.20  and  its  larger  to  Cy  = 0.5--0.6. 
The  formula  presented  holds  for  the  same  conditions  as  the 
approximate  formula  for  friction  drag. 

Both  approximate  formulas  were  obtained  for  foils  moving 
in  an  unbounded  liquid.  When  applied  to  actual  hydrofoils 
they  can  be  used  for  a relative  depth  of  immersion  of  h > 3. 
Usually  the  relative  depth  of  immersion  is  less  and  the  free 
surface  serves  to  reduce  profile  drag. 


From  the  formula  for  friction  drag  of  a foil  in  an  unbound- 
ed liquid  (1.20)  we  can  obtain  a similar  expression  for  the 
friction  drag  of  hydrofoils  in  the  form 

Cxfh  - 2^pl(l  + MfhCyh.)  > (1.22) 

but  the  magnitude  of 

I ‘ + 1 * - L to*.  --C«1±L 

2c^ 2Cyh 


in  it  depends  on  the  relative  depth  of  immersion  of  the  foils 
(see  §5)  . When  determining  this  magnitude  we  set  Cylh  = Cyl , 
that  is,  the  free  surface  does  not  affect  the  lifting  force  on 
.he  high-pressure  side  of  the  foil,  and  we  also  set  [18 


C i/h  , 

c„  v and  Cy ufo/ Cyu  — <fc j 

where  fc*  and  $ are  functions  which  take  into  account  the  effect 
of  the  free  surface  on  the  lifting  force  of  the  entire  foil 
and  of  its  upper  surface  (see  §5,  this  chapter). 

After  making  substitutions  and  the  necessary  transforma- 
tions we  obtain  the  following  formulas: 

F 0.5)  it- — »,5, 

hip 

<'•*  = 2y| 1 F [(»«,  F 0.5)  ^ - 0.5  ] C*j  • (1.23) 

It  is  important  to  no_te  that  when  the  relative  depth  of 
immersion  of  the  foil  is  h = 0.2  the  friction  drag  no  longer 
by  9 % as  in  an  unbounded  liquid  but  by  only  1.5%  exceeds  the 
drag  of  an  equivalent  flat  plate  and  at  smaller  relative  depths 
of  immersion  this  difference  diminishes  even  more  markedly. 
Hence,  nearness  of  a free  surface  causes  a noticeable  drop  in 
the  friction  drag  of  foils. 
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The  following  formula,  which  is  similar  to  the  formula 
for  Cj-fh,  can  be  used  for  determining  the  profile  drag  of  a 
'oil  moving  near  a free  surface: 


c*npr=  2^zjl  + [K  + 0,5)  JL-- 0,5 ] C,,,} . 


(I. 24) 


Coefficient  mp  in  this  formula  is  the  same  as  in  the  case 
of  an  unbounded  liquid. 

The  approximate  formulas  presented  above  cannot  be  consider- 
ed as  relations  between  friction  or  profile  drag  and  Cy  or,  im- 
plicitly, the  angle  of  attack  of  one  and  the  same  foil.  Since 
they  hold  only  for  the  range  of  angles  at  which  shock-free 
entry  occurs,  that  is,  for  angles  of  attack  of  0--2°  at  which 
hydrofoils  usually  work,  the  included  values  of  Cyh  consequently 
allow  for  the  geometric  characteristics  of  profiles. 

A profile  polar  for  large  angles  of  attack  can  be  drawn  us- 
ing the  method  of  E.  E.  Papmel  ' or  by  correcting  an  experimental 
polar  for  a foil  model.  In  the  latter  case  the  entire  polar 
should  be  shifted  along  the  x axis  so  that  at  small  angles  it 
coincides  with  the  point  calculated  from  formula  (1.24). 

The  curve  of  the  moment  coefficient  makes  it  possible  to 
determine  the  location  of  the  center  of  pressure,  that  is,  the 
^oint  where  the  hydrodynamic  force  is  considered’  to  be  applied 
.ong  the  length  of  a chord  from  the  nose.  The. coefficient  of 
the  center  of  pressure  Cpr ess  = xap/b  can  be  determined  from 
the  formula 


'press  fjb  Cucosu  -|-  C„  sin  a 


(1.25) 


The  coefficient  of  moment  with  respect  to  the  nose  of 
the  profile  is 


dCu 


and  with  respect  to  any  point  T lying  on  the  chord  of  the  pro 
file  at  a distance  of  from  the  nose 


..  !■»  i /. 

» ()('u  *'//  • fi 


There  is  a point  with  respect  to  which  the  moment  does  not 
depend  on  Cy  , that  is,  on  the  angle  of  attack.  This  point  is 
called  the  local  point  of  the  profile.  The  location  of  the 
focal  point  on  a profile  chord  can  Fe  determined  from  the 
expression 


whence 


With  respect  to  the  focal  point  cm  = Cmo  = const,  that  is, 
the  added  hydrodynamic  forces  which  depend  on  the  angle  of 
attack  are  applied  at  the  focal  point. 


Fig.  6.  Influence  of  free  surface  on  lift-drag  ratio  of  foil 
of  finite  span. 

A curve  of  the  lift-drag  ratio  k = Cy /Cx  drawn  as  a function 
of  Cy  or  a conveniently  and  clearly  describes  the  hydrodynamic 
picture  of  a profile  or  foil  of  finite  span.  Fig.  6 shows 
curves  for  the  lift-drag  ratio  of  a profile  and  foil  of  finite 
span  in  an  unbounded  liquid  and  beneath  the  surface  of  the 
water  based  on  data  obtained  from  tests  of  a model.  As  can  be 
seen  in  the  graph,  the  lift-drag  ratio  becomes  very  great,  how- 
ever, using  hydrofoils  at  maximum  ratios  is  in  practice  precluded 
because  the  relative  profile  thickness  and  working  angle  of 
attack  must  be  selected  based  on  the  need  for  cavi tat  ion- free 
flow. 


An  idea  of  the  actually  achievable  lift-drag  ratios  for 
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hydrofoils  depending  on  relative  thickness  can  be  gained  from  the 
graph  in  Fig.  7 which  is  drawn  from  data  obtained  by  calculating 
he  lift-drag  ratio  of  a flat  isolated  hydrofoil  with  a segmental 
profile.  [ 


Fig.  7.  Lift-drag  ratio  of  a segmental  hydrofoil  as  a function 
of  relative  thickness,  depth  of  immersion,  and  aspect  ratio- 
For  the  calculations  Re  = 5-10^,  Fr  =_6.75,  and  Cy  = 5a; 

Ti  = 0.5; 0.3; h = 0.15. 

The  calculations  were  performed  for  Reynolds  (5*10^)  and 


i 


nroude  (6.75)  numbers  characteristic  of  full-scale  foils  at 
^lative  deptiis  of  immersion  of  0.15,  0.30,  and  0.50.  The  values 
of  lift  coefficient  required  for  determining  the  lift-drag 
ratio  were  found  from  the  formula  Cy  = 5e  which  gives  the  most 
favorable  magnitudes  of  Cy  from  the  standpoint  of  preventing 
cavitation  since  in  this  way  the  angle  of  attack  corresponds  to 
the  midpoint  in  the  range  of  angles  of  cavitation- free  flow 
around  the  foils  under  consideration.  Profile,  induced,  and  wave 
drag  were  taken  into  account  in  the  calculations.  As  can  be  seen 
from  the  graph,  the  relative  foil  thickness  which  is  optimal 
from  the  standpoint  of  lift-drag  ratio  depends  on  the  aspect 
ratio  and  the  relative  depth  of  immersion. 

§3.  Formulation  of  the  problem  of  foil  movement  beneath  the 
free  surface  of  a liquid.  Analysis  of  boundary  conditions 

In  the  study  of  hydrofoil  movement  an  actual  viscous 
liquid  is  replaced  with  an  ideal  (inviscid)  liquid.  The  foil 
‘is  also  replaced  with  a hydrodynamic  model  in  the  form  of  a 
system  of  singularities  (vortices,  sources,  doublets)  which 
create  in  the  liquid  outside  a foil  a flow  equivalent  to  that 
created  by  the  foil.  The  hydrodynamic  model  of  a foil  used  in 
arriving  at  a theoretical  solution  is  selected  based  on  the 
purpose  behind  solving  a particular  problem. 

A foil  of  finite  span  can  best  be  modeled  by  a system  of 
. ^rtex  sources  distributed  over  the  surface  of  the  foil.  For  a 
foil  moving  at  great  velocity  (theoretically  when  Fr  -*■  ~ ) when 
the  effect  of  the  liquid's  mass  on  the  lifting  force  can  be 
neglected,  a foil  of  finite  span  can  be  modeled  by  a Chaplygin- 
Prandtl  vortex  system  which  consists  of  an  adjoining  vortex 
(lift  line)  of  variable  intensity  and  a sheet  of  free  vortices 
trailing  from  it.  With  a foil  modeled  in  this  way,  according 
to  the  hypothesis  of  flat  sections,  the  characteristics  of  the 
profile  can  be  found  from  the  solution  to  a two-dimensional 
problem . 

In  the  two-dimensional  problem  of  a foil  of  finite  span  in 
its  most  general  formulation  the  movement  is  considered  to  be 
that  of  a solid  profile  beneath  a free  surface  which  is  modeled 
by  a system  of  vortices  and  sources  distributed  over  its  con- 
tour. Only  by  this  approach  to  the  problem  is  it  possible  to 
find  the  effect  of  a free  surface  on  the  flow  around  a solid 
profile  and,  specifically,  the  effect  of  thickness  and  curva- 
ture of  a profile  on  the  lifting  force  generated  by  a hydro- 
foil . 

A vortex  layer  which  is  distributed  along  the  camber  line 
of  a profile  and  is  equivalent  to  an  infinitesimally  thin  foil  [22 
constitutes  a simpler  hydrodynamic  model  of  a foil  of  infinite 
• n.  This  kind  of  model  makes  it  possible  to  determine  the 
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Ffect  of  curvature,  the  angle  of  attack  of  a profile,  and  the 
jiniteness  of  a chord  but  it  is  unsuitable  for  determining  the 
characteristics  of  a solid  profile  of  a hydrofoil.  A flat  plate 
is  a special  case  of  this  model. 

The  simplest  model  of  a foil  of  infinite  span  is  a recti- 
linear infinite  lifting  vortex.  The  results  obtained  by  solv- 
ing the  problem  of  vortex  movement  can  be  used  to  study  the 
flow  far  to  the  rear  of  a foil,  for  example,  when  determining  . 
waves  and  wave  drag. 

In  theoretical  solutions  the  liquid  used  is  ideal,  incom- 
pressible, homogeneous,  and  subjected  to  the  force  of  gravity. 
The  foil  moves  uniformly  and  in  a straight  line  parallel  to  the 
undisturbed  surface  of  the  liquid  at  depth  h and  velocity  v . 

The  axes  of  the  coordinates  are  oriented  on  the  foil.  The 
x and  2 axes  lie  in  the  plane  of  the  undisturbed  liquid,  the 
■x  axis  being  directed  opposite  to  the  direction  of  movement. 

The  y axis  is  directed  upward.  Movement  of  the  liquid  outside 
the  foil  is  irrotational  (vortex-free) . Due  to  the  movement 
of  the  foil  waves  form  on  the  surface  of  the  liquid  and  move 
together  with  the  foil  at  velocity  v . It  is  assumed  that  the 
wave  amplitude  is  small,  making  it  possible  to  neglect  the 
squares  of  the  velocities  induced  on  the  surface  of  the  liquid. 

Mathematically  the  problem  amounts  to  seeking  the  velocity 
potential  <p  (x , y , z ) of  absolute  movement,  knowing  which  a 
determination  can  be  made  of  the  induced  velocity  field,  the 
ordinates  of  the  wave  surface,  and  the  forces  acting  on  a foil. 
The  velocity  potential  must  satisfy  the  Laplace  equation  (1.26) 
and  the  boundary  conditions  at  the  free  surface  (1.27),  around 
the  contour  of  the  foil  (1.28),  and,  in  the  case  of  a restrict- 
ed channel,  at  fixed  walls  (1.29). 

The  Laplace  equation  expresses  a condition  of  uninterrupted 
potential  flow  and  for  an  incompressible  liquid  assumes  the  form 


. dj<p  . A-<p  . dJ<p  _ n 

+ +-sf=°- 


(1.26) 


The  boundary  condition  at  the  free  surface  amounts  to 
constancy  of  pressure  (p  = Po  ~ const) . The  waves  are  assumed 
to  be  small  and  therefore  it  can  be  considered  that  this 
condition  is  met  at  the  level  of  an  undisturbed  surface. 
Neglecting  the  squares  of  the  induced  velocities  makes  it 
possible  to  linearize  conditions  at  the  f ee  surface. 

In  view  of  these  assumptions  the  boundary  condition  takes 
the  form 
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It  is  easy  to  see  that  in  the  case  of  low  velocities, 
when  v 0 and  Fr  0,  3 4> / 9 z/  = 0,  that  is,  the  induced  vertical 
velocities  are  equal  to  zero  and  the  free  surface  remains  flat.  [ 
This  case  is  similar  to  movement  of  a foil  near  a solid  wall. 


In  the  case  of  high  velocities  when  Fr  <*> , then  <j>  = const 
and  3 / 3ae  -*■  0 when  y = 0 , that  is,  the  velocity  potential  when 
y — 0 is  constant  and  the  horizontal  induced  velocity  is  equal 
to  zero. 


The  boundary  condition  3<j)/3x.=  0 for  high  velocities 
(theoretically  when  Fr  '■+  °°  and  in  practice  when  Fr  > 4 --5)  has 
great  applied  importance  since  it  becomes  possible  to  reduce 
the  problem  of  a hydrofoil  to  that  of  a biplane  in  an  unbounded 
liquid. 

The  boundary  condition  at  the  surface  of  a foil  expresses 
the  condition  of  no  flow,  that  is,  the  liquid  has  no  velocity 
with  respect  to  the  foil  in  a direction  normal  to  its  surface: 

«„  = ucos(/2,  .v).  (1 . 28) 

At  fixed  walls  the  condition  of  no  flow  assumes  the  form 


§4.  Principal  results  from  the  theory  of  a foil  moving  beneath 
the  surface  of  a heavy  liquid 

We  will  now  present  the  solution  to  a two-dimensional  prob- 
lem in  movement  of  a vortex  beneath  the  surface  of  a liquid. 

This  problem  was  solved  by  M.  V.  Keldysh  and  M.  A.  Lavrent'yev 
[1]  and  can  be  viewed  as  a special  case  of  the  general  solution 
obtained  later  by  N.  Ye.  Kochin  [2]. 

In  these  solutions  movement  at  velocity  v of  a vortex 
of  intensity  r at  depth  h beneath  a free  surface  is  considered. 
The  coordinate  axes  are  oriented  on  the  vortex.  The  x axis 
lies  in  the  plane  of  the  undisturbed  surface  and  is  directed 
opposite  to  the  movement  of  the  vortex  and  the  y axis  is 
directed  upward  (Fig.  8).  The  figure  depicts  relative  movement, 
that  is,  the  vortex  is  fixed  and  the  flow  passes  it  at  velocity 
v.  In  this  system  of  coordinates  movement  of  the  liquid  will 
be  steady. 

It  is  assumed  that  far  to  the  front  of  the  vortex  the  liquid 
is  at  rest  and  behind  the  vortex  waves  form. 


Fig.  8.  Movement  of  a vortex  beneath  the  surface  of  a heavy 
liquid.  * 

The  solution  is  found  through  functions  of  a complex 
variable  and  therefore  we  introduce  the  complex  potential 

W (z)  = <P  (x,  y)  + n|>  (x,  y), 

where  z - x + iy  is  a complex  coordinate  and  $ {x  , y)  is  a 
function  of  current. 

The  ordinates  of  the  waves  which  form  can  be  determined 
from  the  relation 


and  the  lifting  force  and  the  wave  drag  from  the  Chaplygin-  [24 

Blasius  formula 


where  C is  a contour  encompassing  the  vortex. 


. Below  we  present  final  formulas 
ordinates,  lift,  and  wave  drag  of  a 
which  are  described  by  the  following 
vortex  (when  x -*■  +<*>)  : 


Vortex  lift  is: 


v — |H'F  — i»rJ 


i 

4:i/i 


Wave  drag  is: 


for  calculating  the  surface 
vortex.  Sinusoidal  waves 
formula  form  behind  the 
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Sill  . 

(1.30) 
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(1.32) 

In  (1.31)  Ej, j {2gh  /v  2)  is  an  integral  exponential  function. 
The  first  term  expresses  vortex  lift  in  an  unbounded  liquid 
and  the  second  term,  which  depends  on  the  Froude  number  and  on 
the  depth  of  immersion,  expresses  completely  the  effect  of 
the  free  surface  on  vortex  lift.  The  sign  of  this  additional 
'ift  A Yfr  depends  only  on  the  sign  of  the  sum  in  the  parentheses 
and  does  not  depend  on  the  sign  of  the  circulation.  As  analysis 


[3]  shows,  when  the  depth  of  immersion  is  small  the  additional 
ift  is  negative  (directed  downward)  and  as  the  vortex 
approaches  the  free  surface  it  increases  in  absolute  value 
without  limit.  As  the  depth  of  immersion  increases  this  nega- 
tive increment  decreases  in  magnitude  and  then  changes  sign. 
Following  the  formation  of  a positive  maximum  it  approaches  zero 
asymptotically  at  very  great  depths. 

The  wave  drag  of  the  vortex  r = const  has  a maximum  whose  [25 
location  is  determined  from  the  relation 

v=V2 gii.  (1.33) 

Figs.  9 and  10  show  the  change  in  added  lift  AY^/aprn 
due  to  the  free  surface  and  the  wave  drag  coefficient  Cxw  . 

The  vortex  is  replaced  with  a lifting  foil  with  a chord  of  b and 
with  the  same  circulation  r as  the  vortex.  The  following  dimen- 
sionless characteristics  are  introduced:  the  relative  depth  of 
■immersion  k/b  (Fig.  9),  inverse  relative  depth  of  immersion 
b/h  (Fig.  10),  Froude  number  v // 2 gb  , and  angle  of  attack  of 
the  foilu. 


Fig.  9.  Additional  vortex  lift  due  to  free  surface  effect. 

The  problem  of  movement  of  an  infinitesimally  thin  foil 
beneath  a free  surface  was  also  solved  by  M.  V.  Keldysh  and 
M.  A.  Lavrent'ycv  [1].  They  replaced  the  foil  with  a vortex 
layer  distributed  over  the  camber  line  of  an  infinitesimally 
tMn  foil.  Solving  the  problem  amounts  to  determining  the 
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> 'ortex  distribution  density  y (s ) which  is  found  from  the  boundary 
condition  on  the  contour  of  the  thin  foil.  The  results  of  the 
preceding  problem  are  used  to  write  an  expression  for  velocity 
potential.  By  assuming  the  curvature  of  the  camber  line  to  be 
slight  and  relating  the  effective  curvilinear  vortex  distribu- 
tion to  a horizontal  projection  of  the  chord,  the  condition  on 
the  contour  can  be  linearized  and  represented  in  the  form  of  an 
integral  equation  whose  solution  yields  an  intensity  of  the  [26 

vortex  layer  y (s ) . The  integral  equation  is  solved  by  expanding 
into  a series  to  powers  of  the  parameter 

_ _b _|_ 

T ~ 4h  ' 

where  h = h /b  is  the  relative  depth  of  immersion.  The  final 
formulas  for  lift  and  wave  drag  obtained  by  solving  the  prob- 
lem (see  formulas  (19)  and  (20)  in  [3])  after  reduction  to 
•dimensionless  form  are: 
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After  dropping  the  small  terms  in  (1.35)  we  obtain  a 
simplified  formula  for  the  wave  drag  of  a foil: 


CL  _ » 
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(1.36) 


The  resulting  formulas  are  approximate  and  cannot  serve  as 
a basis  for  developing  a practical  method  for  calculating  the 
lift  of  a hydrofoil  over  the  entire  range  of  possible  depths 
of  immersion  since  they  are  based  on  great  depths  of  immersion 
only.  This  is  plainly  evident  in  the  attempt  made  by  A.  N. 
Vladimirov  to  use  formula  (1.34)  to  calculate  lift  and  a simpli 
icd  formula  coinciding  with  the  wave  drag  formula  for  an  iso- 
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ited  vortex  to  determine  wave  drag. 


Fig.  10.  Wave  drag  coefficient  of  a foil  of  infinite  span  as  a 
function  of  the  relative  velocity. 

KEY:  A--Cxw/C2ym. 


A.  N.  Vladimirov  [3]  reduces  the  formulas  for  the  lift 
coefficient  (1.54)  and  wave  drag  coefficient  (1.35)  to  the  form 


C,,h  --  nn  (M  — No.),  \ 

. W 

('  _ _2„2  J[£_  u> 


(1.37) 


The  magnitudes  of  M and  N which  appear  in  (1.37)  were  cal- 
culated by  him  and  presented  in  the  form  of  graphs.  The  value 
of  Cyh  found  by  means  of  formula  (1.34)  at  relative  depths 
of  immersion  less  than  0.5--0.7  differ  sharply  from  experimental 
data  and,  as  a consequence,  this  formula  is  regarded  as  unsuit- 
able for  determining  Cyh  for  depth-effect  foils. 

At  first  glance  the  obvious  reason  for  the  divergence 
between  theory  and  experiment  at  small  depths  of  immersion 
would  seem  to  be  linearization  of  the  boundary  conditions  at 
the  surface  of  the  liquid,  that  is,  the  assumption  that  wave 
mplitudc  is  small.  This  was  pointed  out  by  N.  Ye.  Koch  in 
.4]  in  his  article  "Conference  on  Wave  Drag":  "...a  foil  is 
considered  to  be  immersed  sufficiently  deeply  so  that  the  waves 


'"orming  on  the  surface  can  be  considered  small."  However, 

Jus  is  in  fact  not  quite  accurate,  in  any  case  for  the  high 
velocities  (when  Fr  > 4 --5)  at  which  A.  N.  Vladimirov  compared 
theory  with  experiment.  Linearization  of  a hydrofoil  problem 
involving  high  Froude  numbers  is  used  effectively  in  develop- 
ing methods  presently. used  for  practical  calculations  of 
which  yield  good  agreement  with  experiment. 

The  main  reason  for  unsuitability  of  the  formulas  obtained 
above  for  calculating  depth-effect  foils  is  the  unfortunate 
choice  of  the  parameter  for  expansion  of  the  intensity  of  the 
vortex  layer  t = b/4h  = 1/4 h,  since  this  parameter  is  small  in  [28 
magnitude  only  at  great  depths  of  foil  immersion. 

However,  it  must  be  stressed  that  even  an  exact  solution  to 
the  problem  of  movement  of  an  infinitesimally  thin  foil  beneath 
the  surface  of  a liquid  is  inadequate  for  calculating  the 
hydrodynamic  characteristics  of  an  actual  foil  since  the  effect 
of  a free  surface  on  the  flow  around  a profile  depends  on  its 
thickness  and  curvature. 

A solution  to  the  problem  of  movement  of  a foil  of  infinite 
span  beneath  th'  surface  of  the  water  with  any  arbitrary  profile 
was  found  in  completely  general  form  (for  any  Froude  number)  by 
N.  Ye.  Kochin  [2].  At  the  basis  of  his  method  is  a special 
J.  Ye.  Kochin  function"  H (A)  which  was  introduced  to  express 
uirectly  the  drag  of  a foil  as  well  as  the  lift.  The  N.  Ye. 

Kochin  function  is  a generalization  of  the  concept  of  circulation 
and  is  defined  in  terms  of  the  complex  flow  potential  W (z ) 
caused  by  movement  of  a foil  in  a liquid  when  there  is  a free 
surface, 

ll(\)=  \ <r-'l~dz, 
c,  Ul 

where  C i is  an  arbitrary  contour  encompassing  the  contour  of 
the  foil.  For  an  unbounded  liquid  H {0 ) = r. 

The  formulas  obtained  by  N.  Ye.  Kochin  are  complex  and 
cannot  in  general  form  be  solved  in  quadrature.  Ye.  N.  Kochin 
solved  in  final  form  only  a few  special  problems,  including 
problems  for  a vortex  and  a thin  foil.  For  a profile  of  ar- 
bitrary form  forces  are  expressed  in  terms  of  the  unknown 
function  //(A).  Nevertheless,  N.  Ye.  Kochin’s  solution  has  great 
theoretical  importance  and,  as  investigations  carried  out  by 
A.  N.  Panchcnkov  [4]  show,  can  serve  as  a basis  for  obtaining 
practical  results  applicable  to  some  actual  profiles. 
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. Since  it  is  difficult  to  derive  .formulas  for  making  prac- 
J ical  calculations  from  a general  theoretical  solution  for  any 
arbitrary  Froude  number,  in  the  hydrodynamics  of  hydrofoils 
extensive  use  is  made  of  methods  of  making  hydrodynamic  calcu- 
lations for  high  speeds  of  movement  (the  limiting  case  of  an 
infinitely  large  Froude  number) . 

It  is  apparent  from  formula  (1.34)  for  lift  that  when 
Fr  -*  «>  the  terms  containing  Fr  are  equal  to  zero  and,  conse- 
quently, the  lift  of  a hydrofoil  docs  not  depend  on  Fr. 

Numerous  experiments  in  determining  lift  and  drag  and  also  in 
measuring  the  pressure  over  a foil  profile  close  to  a free 
surface  show  that  a mode  of  sel f -s imil ar ity , when  the  lift  [29 

and  drag  cease  to  depend  on  the  Froude  number,  occurs  for  all 
practical  purposes  when  Fr  > 4 --5.  Inasmuch  as  under  actual 
conditions  a hydrofoil  craft  moves  at  Fr  > 4,  the  solution 
to  the  problem  of  movement  of  a hydrofoil  at  great  speeds  is  in 
complete  keeping  with  practical  purposes. 

In  the  foliowing  discussion  we  will  consider'  the  movement 
of  a foil  at  great  speed  at  which  the  boundary  condition  on 
the  free  surface  requires  that  the  horizontal  induced  velocities 
be  equal  to  zero  (see  §3).  Thus  a hydrofoil  is  considered 
to  be  moving  in  an  unbounded  liquid.  In  order  to  satisfy  the 
boundary  conditions  the  effect  of  the  free  surface  on  the 
'•°rtical  induced  velocities  is  replaced  with  the  effect  of  a 
ctitious  vortex  system  which  is  located  above  the  actual 
system  symmetrically  with  respect  to  the  plane  of  the  undis- 
turbed surface  of  the  water  and  whose  vortices  rotate  in  the 
same  direction  (Fig.  11).  Hence,  the  problem  of  foil  move- 
ment beneath  the  surface  becomes  one  of  determining  the 
characteristics  of  the  lower  foil  of  a biplane  with  a distance 
between  foils  of  2 h around  which  an  unbounded  liquid  flows. 

The  device  of  replacing  the  effect  of  a free  surface 
with  the  effect  of  the  upper  foil  of  a fictitious  biplane 
makes  it  possible  to  develop  sufficiently  accurate  and  at  the 
same  time  simple  and  practical  methods  for  making  calculations 
for  a hydrofoil  of  finite  span  with  an  arbitrary  planform, 
whether  completely  immersed  in  the  water  or  piercing  the  free 
surface.  When  solving  the  problem  of  a hydrofoil  as  formulated 
here,  use  is  made  of  the  results  and  methods  for  solving 
problems  of  a biplane  in  an  unbounded  fluid  and  also  the 
hypothesis  of  flat  sections  widely  used  in  airfoil  theory. 

Applying  this  hypothesis  to  a hydrofoil  means  assuming  that 
any  element  of  a hydrofoil  of  finite  span  experiences  the  same 
effect  due  to  a free  surface  as  an  element  of  a foil  of  infinite 
span  having  the  same  section  profile.  It  is  assumed  that  their 
true  angles  of  attack  arc  the  same  and  the  relative  depth  of  [ 

immersion  of  the  foil  of  infinite  span  is  equal  to  the  relative 
nth  of  immersion  of  an  element  of  the  foil  of  finite  span 
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under  consideration. 

Inasmuch  as  in  the  following  discussion  use  is  made  of  the 
hypothesis  of  flat  sections  the  characteristics  of  a profile 
which  are  essential  for  making  hydrodynamic  calculations  of  a 
hydrofoil  of  finite  span  are  determined  from  a solution  to  the 
two-dimensional  problem  of  movement  beneath  a free  surface  of 
a foil  of  infinite  span  which  for  large  Froude  numbers  is 
modeled  by  a biplane  of  infinite  span  in  an  unbounded . 1 iquid . 

As  experiments  show,  the  effect  of  a free  surface  on  the  lift 
of  a hydrofoil  depends  largely  on  the  relative  thickness  and 
camber  line  curvature  of  a profile.  Therefore,  in  deter- 
mining the  hydrodynamic  characteristics  of  a hydrofoil  profile, 
substituting  a simplified  hydrodynamic  model  is  impermis’s  ible  . 

The  problem  of  flow  around  a profile  of  arbitrary  form  is  [30 
very  complex  and  the  solution  cannot  serve  as  a basis  for  working 
out  practical  methods  for  making  hydrodynamic  calculations  of  a 
hydrofoil.  The  attempt  made  by  T.  Nishiyama  [5]  ‘to  obtain  a 
simplified  solution  was  not  successful  inasmuch  as  his  calcula- 
tions reflect  impermissible  discrepancies  between  theory  and 
experiment.  Therefore,  when  making  practical  calculations 
only  total  lift  of  a profile  is  taken  from  theoretical  ealeu-  [31 
lations  and  pressuie  distribution  over  the  profile  is  based 
on  measurements  of  pressure  made  beneath  the  water's  surface. 

Good  results  agreeing  with  experiment  can  be  obtained  with 
A.  B.  Lukashevich's  method  for  approximate  theoretical  deter- 
mination of  lift  of  a solid  profile  of  a hydrofoil.  The  solu- 
tion is  reached  for  a high  speed  of  movement  on  the  assumption 
that  the  profile  is  thin,  slightly  curved,  has  a sharp  leading 
edge,  and  the  angles  of  attack  are  small.  Therefore,  its  upper 
and  lower  y 2(x)  sides  can  be  considered  to  be  given 
on  a segment  of  the  horizontal  projection  of  the  chord  (Fig. 

12).  On  this  segment  a vortex  layer  of  intensity  y(;r)  and  a sys- 
tem of  sources  of  intensity  <7  (^)  are  so  located  as  to  satisfy 
the  boundary  conditions  on  the  surface  of  the  profile.  An 
unbounded  liquid  flows  around  this  system  which  models  a hydro- 
foil and  the  effect  of  the  free  surface  on  the  flow  around  the 
profile  is  replaced  with  the  effect  of  a fictitious  system  of 
singularities  distributed  over  a horizontal  segment  equal  to 
the  chord  and  located  above  the  main  system  at  a height  equal 
to  twice  the  depth  of  immersion  of  the  foil  profile.  The  vortex 
layer  has  the  same  intensity  and  the  same  sign  and  the  system 
of  sources  the  same  intensity  and  opposite  sign  (sinks)  as 
the  main  system  of  singularities. 

In  order  to  determine  the  intensity  of  vortices  and 
sources  integral  equations  are  written  to  express  the  equality 
•'otween  the  vertical  velocities  induced  jointly  by  the  main  and 


-30- 


fictitious  singularity  systems  and  the  vertical  projections  of 
Jtal  velocities  of  flow  around  the  upper  and  lower  sides  of  the 
profile  respectively. 


Fig.  11.  Hydrodynamic  model  of  a hydrofoil  of  finite  span: 
a- -the  vortex  system  of  a fictitious  biplane  in  an  unbounded 
fluid  models  a hydrofoil  when  Fr  ■*  ® ; b--when  Fr  -*  0 vertical 
induced  velocities  are  equal  to  zero  (the  "solid  wall"  effect) 
and  the  fictitious  vortex  has  an  opposite  rotation;  c--when 
Fr  ■*  ~ the  horizontal  induced  velocities  are  equal  to  zero  and 
the  fictitious  vortex  rotates  in  the  same  direction  as  the  main 
one . 


The  additional  velocities  which  are  induced  by  the 
fictitious  vortex  system  of  singularities  and  which  express  the 
effect  of  the  free  surface  on  the  flow  around  the  foil  are  [32 

represented  as  the  sum  of  three  components  which  depend  on 
the  angle  of  attack,  relative  thickness,  and  curvature  of  the 
camber  line.  These  components  are  considered  not  to  depend 
on  one  another  and  are  taken  into  account  in  the  f inal  anal - 
''  is  by  individual  corrections.  Ry  using  the  methods  of 


fr  *- 


conformal  mapping,  making  the  simplifying  replacement  of  the 
fictitious  system  of  singularities  with  discrete  singularities, 
the  following  formula  is  obtained  for  the  lift  coefficient  of 
a hydrofoil: 

Cv  ~ I A'  )-  2/.  (Auu  — A«r)  | (a,.  — Aa„)  | 

I /.(<«,■  --Ail,,)*,  (1.38) 

where  a;'  is  the  hydrodynamic  angle  of  attack  of  a profile  in 
an  unbounded  liquid_measured  from  the  axis  of  zero  lift; 

Aar  = vcO  (h)  8e/l  + the  reduction  in  hydrodynamic  angle  of 
attack  of  a solid  symmetrical  profile  beneath  a free  surface; 
and 


Act,)  = Aap  — 


(1.39) 


The  coefficients  K,  L,  and  M are  complex  functions  of 
the  depth  of  immersion  of  a profile  and  its  geometric  para- 
meters . 
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Fig.  12.  Hydrodynamic  model  of  a hydrofoil  profile. 

As  formula  (1.38)  shows,  the  lift  coefficient  of  a hydro- 
foil is  not  a linear  function  of  the  angle  of  attack,  although 
the  deviation  from  linearity  is  small. 

Using  (1.38)  and  (1.39)  for  practical  determination  of 
profile  lift  beneath  a free  surface  is  inconvenient  since 
cumbersome  calculations  are  needed  to  compute  K,  L,  and  /•/ . 

Ancillary  graphs  drawn  from  lift  calculations  for  a 
large  series  of  profiles  of  varying  thickness  and  shape  make 
it  possible  to  determine  easily  and  quickly  the  lift 
coefficient  of  a hydrofoil,  using  the  following  generally 
accepted  formula: 
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C„I,  v (70  ««,  (a  -I-  0,1  — Ao0). 


(1.40) 


where  y(h)  = ay^/a^  is  a function  describing  the  effect  of  the 
free  surface  o_f  a liquid  on- the  derivative  dCy/da  for  a profil 
(a  graph  of  y(h)  is  shown  in  Fig.  13);  a<=  and" are  deriva- 
tives of  the  lift  coefficient  with  respect  to  the  angle  of 
attack  of  a profile  when  a = « in  an  unbounded  liquid  and 
beneath  a free  surface;  a is  the  geometric  angle  of  attack; 

<*o  is  the  angle  of  zero  lift  of  a profile  around  which  an 
unbounded  liquid  flows;  Aao  is  the  change  in  angle  of  zero 
lift  of  a solid  profile  caused  by  the  effect  of  a free  surface 


e 
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Aa„= 

i < 


<>/  (/;)  a0 . 


(1.41) 


The  functions  vao  [hy  and  yf(h)'  are  shown  graphically  in  [33 
Figs.  14  and  15. 


Fig.  13.  Graph  of  the  function  y (7z)  . 

The  simplified  formula  (1.40)  expresses  a linear  relation 
between  Cy  and  a and  makes  it  possible  to  determine  with 
sufficient  accuracy  the  lift  of  a profile  moving  close  to  a 
free  surface . 

The  results  obtained  show  that  as  a consequence  of  the  free 
surface  effect  a change  occurs  in  both  characteristics  which 
determine  the  magnitude  of  profile  lift--the  derivative  of  the 
lift  coefficient  with  respect  to  the  angle  of  attack 
and  the  angle  of  zero  lift  As  the  results  of  calculations 

and  experiment  show,  the  magnitude  of  dCy /da  of  a profile 
depends  almost  not  at  all  on  its  shape  but  is  a function  of 
only  the  relative  depth  of  immersion.  The  effect,  cn  the  lift 
of  a hydrofoil  of  solidness  of  a profile  and  curvature  of  its 
camber  line  leads  to  a change  only  in  the  angle  of  zero  lift 
of  the  profile  (on  Aag) . An  examination  of  (1.41)  shows 
that,  all  other  conditions  remaining  equal,  an  increase  in 
relative  thickness  of  a profile  loads  to  a decrease  in  the 
angle  of  zero  lift  and  an  increase  in  the  curvature  of  the 
camber  line  leads  to  an  increase  in  this  angle  as  compared  with 
its  value  in  an  unbounded  flow.  As  calculations  of  the  angle 
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of  zero  lift  for  segmental  profiles  .show,  because  of  the  effect 
of  thickness  and  curvature  which  varies  in  sign,  Act  o (ft) 
changes  not  only  in  magnitude  but  also  in  sign  (Pig-  16). 

At  large  relative_depths  of  immersion  Aao  < J5,  then,  changing 
monitonically  at  ft  = 0.35,  the  curve  of  Aao(ft)  cuts  the  ft 
axis,  that  is,  Aao  = 0.  With  further  reduction  in  depth  of 
immersion  Aao,  remaining  positive,  increases  abruptly  in  mag- 
nitude. As  can  be  seen  in  Fig.  16,  the  absolute  magnitude  of 
negative  values  of  Aoq  is  very  small  and  in  practical  calcula- 
tions these  negative  values  should  be  neglected. 


Fig ,_14  . 
»c0  (ft)  • 


of (ft) . 


The  function  y(ft)  Varies  within  the  limits  0.5  <.  y (ft)  <.  1 
as  the  depth  of  immersion_o£  the  foil  varies  within  the  limits 
0 <_  ft  <.  ~ . When  ft  = 3 y(ft)  is  for  all  practical  purposes  equal 
to  about  unity,  that  is,  there  is  no_free  surface  effect  on 
lift.  When  ft  diminishes  to  unity_y(ft)  decreases  by  only  5% 
and  with  further  decrease  in  ft  y(ft)  diminishes  sharply. 


The  decrease  in  lift  of  a hydrofoil  of  infinite  span 
established  theoretically  can  be  explained  by  the  change  in 
physical  picture  of  the  flow  around  the  profile  of  a foil 
moving  beneath  the  surface  of  a liquid  which  can  be  traced 
by  the  nature  of  the  change  in  pressure  distribution  over  the 
profile . 


Experimental  investigation  shows  that  the  effect  of  a 
free  surface  on  the  flow  around  a profile  moving  at  small 
angles  of  attack  at  a great  relative,  speed  (Fr  > 4)  is  mani- 
fest for  all  practical  purposes  in  a decrease  in  the  pressure 
drop  on  the  upper  side  only,  the  pressure  on  the  lower  side 
remaining  almost  unchanged.  The  decrease  in  pressure  drop 
proves  to  be  practically  the  same  at  all  points  on  a profile 
•egardless  of  its  shape  and  angle  of  attack.  It  is  a function 
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of  the  relative  depth  of  immersior 


where  is  the  dimensionless  pressure  drop  at  a certain  poin 
on  the  upper  side  of  the  profile  beneath  a free  surface; 
C»__the  pressure  drop  at  the_same  point  in  an  unbounded  liquid 
£(/z)  varies  from  1 to  0 as  h varies  from  00  to  0;  and  when 
h = const,  i>  (h)  = const. 


Fig.  16.  Graph  of  angle  of  zero  lift  of  plano-convex  segmental 
profiles  as  a function  of  relative  depth  of  immersion  and 
relative  thickness. 


17  shows  an  experimental  curve  for  <t>  (h)  obtained 
Sokolov  which  is  well  approximated  by  the  formula 


In  actual  fact  the  pressure  also  changes  slightly  on  the 
lower  side  even  at  small  angles  of  attack.  Specifically,  a 
free  surface  has  an  effect  o-n  the  flow  around  the  leading 


idge  o£  segmental  profiles  at  angles  of  attack  differing  from 
angles  of  shock-free  entry.  Nevertheless,  assuming  absence  of 
free- surface  effect  on  the  flow  around  the  lower  side  of  a 
profile  to  express  independence  of  flow  between  the  upper  and 
lower  sides  of  a profile  which  is  an  established  principle  in 
applied  hydrodynamics  reflects  actual  phenomena  rather  well. 

S.  D.  Chudinov,  who  worked  out  an  approximate  method  for  making 
the  hydrodynamic  calculations  for  a hydrofoil  of  finite  span,  [36 
was  the  first  to  apply  to  a hydrofoil  the  principle  of  independ- 
ence between  the  flows  along  the  upper  and  lower  sides  of  a 
profile  (the  Wagner  analogy)  [7], 


Fig.  17.  Experimental  curve  of  the  function  <p  (h)  = 


Fig.  18.  Curve  of  the  function  . 

S.  1).  Chudinov  determined  theoretically  the  pressure  drop 
on  the  upper  side  of  a profile  by  comparing  the  flow  over 
the  upper  side  of  a profile  with  the  flow  over  the  upper  side 
of  an  infinitesimally  thin  profile  of  the  same  curvature. 

A practical  method  for  calculating  the  lift  coefficient 
of  a hydrofoil  profile  based  on  assumed  absence  of  the  fiec- 
surface  effect  on  the  flow  over  the.  lower  £.idc  of  the  profile 
and  use  of  the  experimental ' coefficient  <j>(F)  for  the  pressure 
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drop  on  its  upper  side  is  described  .below. 

In  fact,  in  accordance  with  the  stated  assumption 

£ h = $ £»> 

Plh  ~ Pl<=°' 

Then 


Cyh  ~ Cyi  + $CyU}  (1.44) 

where  the  subscript  "l " refers  to  the  lower  side  of  a profile 
and  "u " to  the  upper. 

Theoretical  calculations  for  an  unbounded  liquid  flowing 
around  a plano-convex  segmental  profile  leads  to  the  following 
formula  for  the  lift  coefficient  of  the  upper  side  of  a pro- 
file: 

Cyu  = 1.2 5r  4-  (0,5  -I-  c)C„,  (1.4  5) 

where  c is  the  relative  thickness  of  the  profile. 

After  substituting  cyu  into  (1.44)  and  making  the 
required  transformations,  we  arrive  at  an  approximate  formula 
similar  to  (1.40)  for  the  lift  coefficient  of  a profile  of 
a hydrofoil  (X  = «>)  : 


L 


where 


Cuh  (a  4 a»  — Actu), 

(1-46) 

V-=  1 — (0,5  + c)c-2<i>°'fi; 

/I  \ - 

(1.47) 

Aa0  0,5  \ 1J  c; 

(1.48) 

and  kA  varies  from  1 to  0.5  when  °°  <.  h ±0. 

▼ 

A graph  of  k ^ is  shown  in  Fig.  18. 

A comparison  of  the  lift  of  a hydrofoil  profile  calculated  [37 
according  to  this  approximate  method  and  the  results  of  an 
experiment  has  showed  satisfactory  accuracy. 

What  distinguishes  the  last  two  methods  from  that  of 
A.  B.  Lukashevich  which  was  presented  earlier  is  that  they 
fail  to  take  into  account  the  effect  of  curvature  of  a pro- 
file on  the  angle  of  zero  lift.  Inasmuch  as  the  absolute 
magnitude  of  the  total  correction  A«0  is  small,  the  actual 
relative  error  in  determining  it  does  not  result  in  any  sig- 
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ificant  error  in  the  final  result,  ‘especially  since  the  correc- 
tions are  greatest  when  Cy  - 0,  that  is,  at  inoperative  angles 
of  attack  of  a foil.  Therefore,  practicable  methods  develop- 
ed by  failing  to  observe  strictly  independence  between  the 
flows  over  the  upper  and  lower  sides  yield  results  which  agree 
well  with  experiment. 

§6.  Hydrodynamic  calculations  for  a hydrofoil  of  any  arbitrary 
planform  moving  at  a great  relative  velocity 

The  purpose  of  making  hydrodynamic  calculations  for  a foil 
of  finite  span  is  to  determine  the  lift,  induced  drag,  and  the 
load  distribution  over  the  span  of  the  foil. 

• 

We  will  investigate  a foil  of  any  arbitrary  planform  with 
an  arbitrary  dihedral  3 (but  without  sweepback)  moving  beneath 
the  surface  of  an  ideal  liquid  at  a great  relative  velocity. 

• The  root  section  of  the  foil  is  at  depth  h q and  forms  angle  of 
attack  a with  the  direction  of  movement.  The  subject  hydrofoil 
is  replaced  with  main  and  fictitious  vortex  systems  in  an 
unbounded  liquid,  each  of  which  consists  of  a V-shaped  adjoin- 
ing vortex  of  variable  intensity  F(£)  and  a sheet  of  free 
vortices  of  intensity  dY/dB,  trailing  to  infinity  so  as  to  form 
a piano -dihedral  surface  situated  horizontally.  The  configura- 
tion of  the  fictitious  vortex  system  is  a mirror  image  of  the 
lain  system  with  respect  to  the  undisturbed  surface,  and  the 
direction  of  rotation  of  the  vortices  of  the  fictitious  system 
coincides  with  that  of  the  vortices  in  the  main  system. 

The  foil  and  the  main  vortex  system  modeling  it  are  shown 
in  Fig.  19. 

Inasmuch  as  the  aspect  ratio  of  the  foil  is  rather  great, 
we  will  use  the  hypothesis  of  flat  sections,  that  is,  we  will 
consider  that  the  flow  around  each  element  of  a hydrofoil  of 
finite  span  is  like  that  around  an  element  of  a foil  of  in- 
finite span  which  has  the  same  chord  and  depth  of  immersion 
at  an  angle  of  attack  equal  to  the  effective  angle  of  attack 
of  the  given  element  as  determined  by  taking  into  account  the 
induced  downwash  of  the  flow  caused  by  the  free  vortices.  Then 
the  lift  coefficient  of  an  clement  of  a foil  of  finite  span  [38 

can  be  expressed  in  terms  of  the  profile  characteristics  and 
the  induced  downwash  in  the  following  form: 

Cyh  sec  = Y (h)a«,(n  - au)  , (1.49) 

where  a = au  + ap  - Aap  is  the  hydrodynamic  angle  of  attack 
of  the  hydrofoil  profile. 

We  will  note  in  passing  that  the  above  formula  also  holds 
for  a foil  as  a whole  when  the  downwash  is  constant  along  the 
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jntire  span. 


Fig.  19.  Vortex  system  of  a dihedral  hydrofoil. 

KEY:  A --<*£. 

Applying  N.  Ye.  Zhukovskiy's  lift  theorem  to  an  element  of 
the  hydrofoil,  we  can  write 

dY  = pef  (?)  dz. 

Then  considering  that 


dY  — Cjfiv-b  (')  dz, 

we  obtain  an  equation  relating  the  circulation  to  the  hydro- 
dynamic  characteristics  of  the  profile 

r(;)  = -[c^(;).  (I 

After  substituting  for Cu  from  - (1 .49)  and  transforming, 
we  obtain  the  coupling  equation  in  the  form 


(1.51) 


_2T(£) 

««v(/Ot,6W  a a^’ 

All  the  variables  in  (1.51)  pertain  to  the  element  being 
examined  which  is  removed  from  the  midpoint  of  the  foil  by  a 
distance  z (Fig . 20) . 


Fig.  20.  Configuration  of  a system  of  lift  vortices  of  a 
hydrodynamic  model  for  an  immersed  dihedral  hydrofoil  moving 
at  great  relative  velocity  and  a diagram  for  determining  the 
induced  velocities. 

The  hydrodynamic  angle  of  attack  of  the  foil  element  a and 
all  its  components  and  also  the  angle  of  induced  downwash 
entering  into  this  formula  are  measured  in  a plane  perpendicu- 
lar to  the  halfspan  of  the  foil.  The  "normal"  geometric  angle 
of  attack  an  is  related  to  the  angle  of  attack  of  the  foil's 
root  section  by 


an  — a cos  p.  , (1.5  2) 

The  induced  downwash  can  be  expressed  in  terms  of  the 
induced  velocities  by  the  formula 


a-i 


= (g 


li'n 


Wn 

V 


(1.53) 


where  wn  is  the  induced  velocity  on  the  line  of  an  adjoining 
vortex  normal  to  a halfspan  of  the  foil  (Fig.  20). 

We  will  determine  the  induced  velocity  at  an  arbitrary 
point  M (0,  y , s')  of  the  lift  vortex  vortex  of  the  lower  foil. 
Inasmuch  as  the  adjoining  vortices  do  not  create  any  downwash 
on  the  line  of  the  lift  vortex,  it  is  caused  entirely  by  the 
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effect  of  the  free  vortices. 

An  elementary  semi- inf inite  vortex  of  intensity  dY/dt,  d£ 
originating  at  point  Pi  (0 , y,  f, ) and  lying  at  a distance  ri  from 
point  M induces  at  the  given  point  a velocity  which  can  be 
determined  from  the  known  hydrodynamical  formula 


The  sought  normal  component  of  this  velocity  (in  Fig.  20 
the  elementary  induced  velocity  dw 2 and  its  normal  projection 

dwn  2 are  shown)  is  dwn— Jjdwicosi p/p  where  Qi  is  the  angle 

between  dw%  and  the  normal  to  the  lift  vortex.  The  cosine  of 
this  angle  is  determined  geometrically.  The  total  velocity 
Wn  at  point  M induced  by  all  free  vortices  is  found  by  inte- 
grating along  the  span  of  the  lift  vortices.  Integration  is 
performed  separately  for  each  of  the  four  straight  sectors 
of  the  lift  line  of  the  main  and  fictitious  vortex  systems. 

The  final  expression  for  induced  velocity  in  dimensionless 
form  is 


where 


= J 5)4+-^  J 

-I  -1  2 & 


0+1) 

(?  — 6) 

<*-!)* + £+!)*  45s  P 


(1.54) 


L(z,  |)  = 


(*  — E)  (1+  tg!  P)  — 4 -y-  tR  P 

-b — r~— npii  1^0, 

— (7—  i)  tK  fij  + 


(i-FI)tRlP+  (*-£)- 4 -f-tgp 

4— (2  + 1)  tK  P ]*  + (*— D* 


npn  1^0. 


The  dimensionless  variables  in  formulas  (1.54)  and 
(1.55)  stand  for: 


7 t 1 / J\ * ;7  — !i"\ 

z-  , , t-  t , M*)-  . . ho-  0 - , . 


X = -y-,  G(l)  = SSflt  G'(l). 
m 


(1.56) 
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After  expressing  the  downwash  in  terms  of  the  induced 
velocity  found  and  substituting  it  into  (1.51)  we  obtain 
the  main  intcgro -di f ferential  equation  for  a hydrofoil  of  finite 
span 

G (i)  — a cos  f>  = 

“ J °'(t )l£.  b4-  -gp- 


-I 

-1 


C (t)rft 

t-i 


(1.57) 


If  we  set  8 = 0 in  equation  (1.57)  it  becomes  the  integro- 
differential  equation  for  a flat  hydrofoil.  The  function 
L(z  , £)  is  simplified  and  assumes  the  form 


L(z, 


10  (17)'  + 


(1.58) 


In  that  case  when  h ■*  » function  L (a  , £ ) -*•  0 and  y (h)  ■*  1 
and  then  equation  (1.57)  will  become  the  integro -differential 
equation  for  a flat  foil  in  an  unbounded  liquid.  Thus,  function 
L[z,  £)  describes  the  free  surface  effect  on  the  circulation  of 
a toil  which  is  additional  for  a foil  in  an  unbounded  liquid. 
This  function  is  determined  by  the  configuration  of  the  foil  and 
he  ratio  hQ/l  = 'Hq/\  . 


The  solution  to  the  integro-differential  equation  yields 
the  distribution  of  circulation  over  the  span  of  the  foil, 
which  when  known  makes  it  a simple  matter  to  find  the  lift  of 
the  foil. 

. The  integro-di f ferenti al  equation  can  be  solved  by  the 
Multhopp  approximate  method  [8],  A new  independent  variable 
0 is  introduced  which  is  related  to  £ by  £ = cose  . The  variable 
0 varies  in  an  interval  from  0 to  n . This  interval  is  broken 
down  into  m + 1 equal  parts,  m being  odd.  For  a foil  with- 
out a stepped  change  in  geometric  parameters  it  suffices  to 
break  the  interval  ?r  down  into  eight  parts,  that  is,  to  set 
m = 7 (Fig.  21). 


One  value  of  zn  = cos9„  corresponds  to  each  value  of 
0 n ~ n / (m  + 1)  . 

The  dimensionless  circulation  at  any  point  on  the  span  of 
a foil  can  be  expressed  by  rr,  values  of  C(sn)  at  selected 
points  by  means  of  the  interpolation  polynomial 


«('■)  = 


V c,  b ) si" 

( 111  | I)  (cost) 


I)  Ojiin  0„ 
cos  0„) 


(1.59) 


i 


Fig.  21.  Geometric  interpretation  of  the  relation  between  the 
variables  2 and  0 . 


Using  an  expansion  into  a series 

m 

sin  (m  -f-  1)0  _ 2 ( — l)"*1  sin  |i0„  sin  |t0 

cos  0 — cos  (fT  ~ 2-1  . sin“9^  ’ f I .60') 

the  dimensionless  circulation  can  be  represented  in  the  form 
of  the  trigonometric  polynomial 

♦ 

m m 

G = 'mTl  S G (0n)  S sill  g0n  sin  {lO. 

m + 1 «=1  H=1  (1.61) 

The  relation  expressed  in  (1.61)  is  basic_for  the  calcu- 
lations which  follow.  After  substituting  2 = zn  in  (1.59) 
or  0 = 0n  in  (1.61),  these  expressions  yield  values  for  circu- 
lation G at  points  zn  or  0n  . 

In  the  following  discussion  we  will  indicate  the  sought: 
values  of  circulation  in  the  main  equation  (1.57)  when  2 = zv 
by  the  subscript  v . We  will  indicate  foil  parameters  and  depth 
of  immersion  in  the  same  way,  namely, 


Gy^G  (?v),  av  = a (zv), 
&)  1 Yv  = Y (^v>  K)- 


By  differentiating  (1.61)  we  find  G ' (0 ) which  we  substi- 
tute behind  the  integration  sign  in  equation  (1.57).  The  first 
integral  can  be  determined  in  final  form  and  the  second  [43 

approximately  using  the  rule  of  trapezoids. 


By  substituting  the  transformed  integral  equations  into 
equation  (1.57)  we  obtain  a final  expression  for  the  integro- 
differential  equation  of  a hydrofoil  for  symmetrical  distribution 
f circulation  in  the  form  of  the  following  linear  system  of 
algebraic  equations: 
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\ Yv"~  co! 


“ i\-V  j (j\'  Gy  "|-  bynG„ 


(1.62) 


where  S'  is  an  incomplete  sum,  lacking  terms  with  the  same 
val ues  of  v and  n . 

The  coefficients  included  in  (1.62)  can  be  determined  from 
the  following  formulas: 


bvv  — Bvv  T &vvi 
byn  — By/n  &vni 


(1.63) 


Bvn  — ; 2(J+ 1)  Ji, 

lv|i  = l-vn  Lv.  m f 1 • (i- 


(1.64) 


For  a dihedral  foil 


L (?v,  £,.)  = 

vv  I_ 

K-^)s  + (?v  + U2'R*P  ~ 

(%-!„)  (H-  ir3W-4-'l#  i«p 

__  * " £ ()t 

[4  - (\  ~ &n) '«  p]'  K^v-I,)* 


(*v  + C„) p -i-  (rv  - i»)  - 4 j »«  p 


- 1 5-  0. 


(1.65) 


For  a flat  foil 


l*  (*V.  I|l)  ^"V|l 


10  (t)’  + 


(1.66) 


Coefficients  Bvn  and  f£v  for  each  fixed  number  m can  be 
calculated  ahead  of  time  since  they  do  not  depend  on  foil 
parameters.  These  coefficients  are  presented  in  Tables 
1,  2,  and  3 for  m = 7.  The  function  Lvu  allows  for  the  effect  [45 
on  downwash  of  the  upper  (fictitious)  biplane  foil  depending  on 
its  dihedral  and  the  ratio  between  the  depth  pf  immersion  of 
the  root  section  and  the  span  of  the  foil  h q/7  = a q/a  . 
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The  term  2\ v /yva<*  cosft  takes  into  account  the  effect  of  the 
foil  planform  by  means  of  Xv  = b^/l  and  the  hydrodynamic 
characteristics  depending  on  hv  and  hv  of  a given  foil  element 
when  the  flow  around  it  close  to  a free  surface  is  plane -parallel 
by  means  of  the  function  yv(hv)  = Yv(hv/hv).  In  general  form 
the  true  angle  of  attack  of  a section. of  a hydrofoil  can  be 
represented  as  the  sum 


(1.67) 


where  a pz  is  the  hydrodynamic  angle  of  attack  of  a flat  foil 
measured  at  the  central  section  of  an  actual  foil  from  the  line 
of  zero  lift;  a^u(ov)  is  the  change  in  angle  of  attack  of  a 
given  section  compared  with  the  central  one  due  to  aerodynamic 
or  geometric  twist;  and  Aao(Ov)  is  the  change  in  angle  of  zero 
lift  due  to  the  free  surface  effect. 


Therefore,  due  to  the  linearity  of  the  main  equation  of  the 
foil  (1.62)  the  total  circulation  can  be  written  as  the  follow- 
ing sum: 


G - Gpi  + G^w  + G&, 


(1.68) 


where  Gpi  is  the  circulation  of  a flat  foil  without  any  twist; 
G+w  the  additional  circulation  due  to  twist  in  the  foil;  and 
Ja  the  added  circulation  due  to  the  free- surface  effect  on  the 
angle  of  zero  lift  of  the  profile. 

Hence,  for  determining  the  separate  components  of  circu- 
lation we  have  the  following  system  of  equations: 


M’w)  GVpl-av  f-  t 


(1.69) 


/ y--— 7T  'I'  k.)  Gv.,,  = 'I  Kndn.  .I 

\Yv''„cos|l  "7  vtW  cos  |i  1 ",  "tW' 


(1.70) 


(v“W  '•  Eh'A' 


(1.71) 


Equations  (1.69)  and  (1.71)  differ  only  in  the  first  term 
on  the  right  side. 

As  a consequence  of  the  fact  that  the  circulation  for  a 
foil  containing  no  twist  is  proportional  to  the  hydrodynamical 
angle  of  attack,  that  is,  since  Gpi  = Gpict,  the  initial  equation 
can  be  written  in  the  form  (subscript  "pi"  omitted)  [46 
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r'~’ 


( vfW +^v)Gv~ 1 + k i'v,‘Gn 


(1.72) 


As  a result  of  solving  this  equation  we  obtain  the  circula- 
tion distribution  over  the  span  of  an.  untwisted  hydrofoil. 

Using  the  coupling  equation  we  find  the  distribution  of 
Cv  sea  over  the  span  of  an  untwisted  hydrofoil: 


— Zl  V«v»  __  -<  n 

Cy  sec(zv)  » ~ bQ,)  °v  ' 

The  lift  coefficient  of  the  foil  is 


(1.73) 


Cyf  = \f  j 0{2)dl. 

Using  (1.43)  we  obtain  for  a symmetrical  foil 


(1.74) 


°yf  = 2irX//rm  + 2)[-Yg  m-t I + G„sinO„ 


whence 


J< " ~ 1T-h  ( 4-  G m+i  + S.  c„  sin  0„ 


(1.75) 


(1.76) 


Dividing  (1.73)  by  (1.75)  we  obtain  the  distribution  of 
the'  lift  coefficient  along  the  span  of  the  foil  when  Cyf  = 1 
that  is, 


C’ 

y sea 


~ Gy  sea^  z\>)  /Gyf 


('»  -I  - 1)  i>r 

a by 


»v 

1,1  ‘"I, 

*9"  3 ill -I  1 + S Gn  Sin  M» 

i — — If  1 


(1.77) 


It  should  be  stressed  that  the  change  in  the  angle  of  zero 
lift  Aciq  along  the  span  of  a foil  as  a consequence  of  the  effect 
of  the  free  surface  and  also  the  twist  in  the  foil  are  not 
reflected  in  the  derivative  3C,,y  /3a  inasmuch  as  these 
additions  remain  constant  at  all  angles  of  attack.  Hence, 
formula  (1.75)  holds  for  hydrofoils  of  any  planform  and  any 
dihedral.  The  variability  in  Aap  and  the  twist  in  the  foil 
are  reflected  only  in  the  load  distribution  ove?-  the  span  and 
in  the  angle  of  zero  lift  of  the  foil  as  a whole. 


The  distribution  of  the  added  load  over  the  span  due  to  [47 
twist  in  the  foil  is  calculated  from  the  formula 
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1 


///-  I 


Cuth)(*\)  — 2XVI  GvfcD  Gv 


J A* 

2 «H  1 . % . 

— *=-» 


(1.78) 


~Y  6,„ , , +.  G„tw  sin  n„ 


n 1 


where  Gvtw  is  the  added  circulation  due  to  the  twist  in  the  foil 
as  determined  from  formula  (1.70)  and  Gv  is  the  circulation  of  a 
flat  foil. 


The  added  load  due  to  the  effect  of  the  free  surface  on  the 
angle  of  zero  lift  of  the  foil  profile  can  be  found  from  the 
formula 


/ 


m-  1 


C^(?v)=2X 


"V 


~2~C  m \ 


G,;  s Mil  O'; 


GvA  — Gv 


(1.79) 


G m+i  + £.  °«  si"  °« 


n — 1 


where  is  the  added  circulation  determined  from  formula  (1.71). 


Hydrodynamical  calculations  of  a hydrofoil  using  the 
Multhopp  method  are  basically  simple  but  require  lengthy 
numerical  work.  A simple  approximate  method  which  calls  for 
precise  calculations  only  in  an  unbounded  liquid  can  be 
recommended  for  determining  circulation  distribution  over  a 
span  and  the  hydrodynamic  characteristics  of  a hydrofoil. 

The.  effect  of  a free  surface  on  the  magnitude  of  circulation 
at  a particular  section  of  a hydrofoil  is  taken  into  account  by 
the  introduction  of  a certain  function  which  depends  on  the  aspect 
ratio  and  depth  of  immersion  of  the  foil  and  the  location  of  the 
section  along  the  span. 


After  solving  equation  (1.51)  with  respect  to  r(a)  and 
introducing  the  dimensionless  magnitudes  indicated  in  (1.56) 
we  obtain  another  form  of  the  main  equation  for  a foil  of 
finite  span  mo\ring  near  a free  surface 


G (*)  = 1“  — a i(z,  K /7)1  = 


2XP) 
V<7')^„  a 


(1.80) 


2X<*)  I‘-a.(z.  A)). 


where  av(s,  X,  h)  = a ? (a,  X,  h) a is  the  value  of  the  induced 
angle  of  downwash  at  the  particular  foil  section. 
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I 


F 


,1 


We  will  introduce  the  function  ' 

^(z,  k,  = 

(r.  '■) 

In  the  above  formula  Gm  (a  , A)  stands  for  dimensionless  [48 

circulation  at  a particular  section  as  the  foil  moves  in  an 
unbounded  liquid.  Using  (1.80)  we  obtain 

t(*.  K 5)sY(5)-^4i. 

* — A) 

In  a foil  whose  planform  varies  from  rectangular  or  in  a 
banked  rectangular  foil  the  magnitude  of  aCyfem/aa  will  vary 
for  sections  over  a -span  due  to  the  effect  of  the  free  surface 
of  the  water.  In  the  first  approximation  the  induced  angle  of 
downwash  at  a certain  section  is  the  same  as  in  an  optimal 
hydrofoil  along  whose  span  the  derivative  of  the  lift 
coefficient  of  sections  with  respect  to  the_angle  of  attack  is 
constant  and  equal  to  its  value  at  section  zv,  that  is,  it  is 
equal  to  dCyhv »/9a.  We  will  also  set  in  the  first  approximation 
ip(Fv)  ~ i>  where  ipg  is  the  function  ^ calculated  for  the  indi- 
cated optimal  foil.  According  to  data  presented  by  T.  Nishiyama 
[5]  the  planform  of  an  optimal  hydrofoil  differs  only  slightly 
from  elliptical.  Neglecting  this  difference  and  using  the 
solution  to  the  problem  of  a foil  and  biplane  with  an  optimal 
circulation  distribution  over  the  span  [9],  we  obtain  the 
following  expression  for  determining  function  i|)  at  a particu- 
lar hydrofoil  section  av: 


(1.81) 

(1.82) 
(1.83) 

^ ) is  read  from  the  graph  in  fig.  2 2;  and 

hm  = hr,/bm  is  the  mean  relative  depth  of  immersion  of  the  foil 
as  determined  from  the  depth  of  immersion  of  the  center  of 
gravity  of  the  foil  area. 

We  find  the  circulation  at  section  sv  from  the  formula  [49 

Gv==  VL(zv)-  (1.84) 

The  circulation  distribution  over  the  span  of  a particular 


’I’v  — V (/<  v)  f^"v 


where 


«£« 

a£ov  — 


1 % 

" ~ \ "T : 

2 V(*y)«» 


x , 2 - 

71  Aj 


V ~ ~s  : 
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foil  moving  in  an  unbounded  liquid  G(zv)  can  be  determined  by 
the  Multhopp  method  mentioned  above  or  taken  from  reference 
books  on  the  aerodynamics  of  a foil.  The  circulation  dis- 
tribution over  the  span  of  a flat  foil  in  an  unbounded  liquid, 
either  straight  or  with  a varying  degree  of  taper,  is  shown  in 
Fig.  23  which  is  recommended  as  an  aid  for  calculating  flat  foils. 

When  the  circulation  distribution  over  the  span  of  a hydro- 
foil is  known  the  lift  can  be  found  from  formulas  (1.75)  and 
(1.76)  and  the  restoring  moment  with  respect  to  the  midpoint  of 
the  foil  can  be  determined  from  the  following  expressions: 


c,„ =%*<“+ 


-1 


Aa«io  = ’ 

da 


A Cm0  = — j G (?v)  Aa0  (a)  dzv 


(1.85) 


Approximate  formulas  ensuring  adequate  accuracy  which 
were  derived  based  on  the  following  thinking  can  be  recommended 
for  making  practical  calculations  of  the  total  coefficients  of 
lift  and  induced  drag  of  a flat  hydrofoil. 


Fig.  22.  Graph  of  the  function 

The  induced  downwash  of  a hydrofoil  can  be  expressed  in 
terms  of  the  induced  downwash  in  an  unbounded  liquid  with  a 
correctional  factor  allowing  for  the  effect  of  the  free  sur- 
face 

%„  - «i>S  (x)  (!  T)  (~k  ) ’ 

(1.86) 
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Fig.  24.  Graph  of  correctional  factor  for  the  planform  of  a 
foil . 


With  an  optimal  circulation  distribution  over  the  span  of  [51 
a hydrofoil  when  b const  use  can  be  made  of  the  solution  for 
an  optimal  biplane^ in  an  unbounded  liquid  [9]  from  which  it 
follows  that 


C(ih 


( Hit 

.i  i 


•> 

X * 


(1.87) 


where  x = f(h/\)  (see  Fig.  22). 

A comparison  shows  that  z « 2/x  . 


Substituting  the  expression  for  aih  as  written  in  (1.86) 
into  formula  (1.49)  and  transforming,  we  obtain  an  approximate 
formula  for  calculating  Cyh  f°r  a flat  hydrofoil 


b 1/ U 


V (/')«„ 


('  i-t)t 


4) 


(a  + a„  — Aat„). 


(1.88) 


The  induced  drag  is  a projection  onto  the  direction  of 
movement  of  a lift  vector  which  is  deflected  from  the  vertical 
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by  the  angle  of  downwash.  Therefore.,  the  coefficient  of  induced 
drag  can  be  found  from  the  relation 


Cvi=«£Cv/,=----f  (1  f-6K 


(1.89) 


where  6 is  a coefficient  allowing  for  the  effect  of  the  planform 
as  determined  from  the  graph  in  Fig.  26. 


Fig.  26.  Graph  of  correctional  coefficient  <5  as  a function  of 
aspect  ratio  and  taper  of  a foil. 

For  approximate  calculations  use  can  be  made  of  the 
graph  in  Fig.  27  showing  values  of  the  derivative  a 

for  a rectangular  hydrofoil  plotted  as  a function  of  the  depth 
of  immersion  and  aspect  ratio  as  calculated  from  the  formula 


(1.90) 


In  many  practical  problems  the  load  over  the  span  of  a [ 

flat  hydrofoil  can  be  determined  in  a simplified  fashion  by 
considering  it  to  be  the  same  as  that  of  a foil  in  an  unbounded 
liquid  and  using  the  diagram  shown  in  Fig.  23.  The  basis  for 
this  is  the  weak  effect  nearness  of  a free  surface  has  on  the 
nature  of  load  distribution  over  the  span  of  a flat  rectangular 
hydrofoil  as  established  by  calculations  and  confirmed  by 
experiment  [61.  In  most  actual  foils  foils  differ  little  in  form 
from  a flat  rectangular  foil. 

All  recommendations  made  for  calculating  flat  foils  per- 
ain  in  full  measure  to  foils  with  slight  dihedral  whose 
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Kihedral  angle  is  not  greater  than  6--8%.  For  all  practical 
purposes  the  dihedral  angle  of  all  depth  effect  foils  never  ex 
ceeds  the  indicated  range. 


Fig.  27.  Diagram  of  the  derivative  9 Cyh/3a°  of  3 flat 
rectangular  hydrofoil  plotted  as  a function  of  relative 
depth  of  immersion  and  aspect  ratio. 

I.  I.  Isayev  carried  out  calculations  for  dihedral  foils 
using  the  Multhopp  method,  taking  dihedral  completely  into 
account.  He  identified  the  error  in  determining  lift  which 
results  from  calculating  a dihedral  foil  from  the  formulas 
for  a flat  foil.  A graph  of  the  error  made  in  this  way  in  th 
form  of  the  ratio 


for  a foil  with  a straight  planform  and  an  aspect  ratio  of 
X = 6 is  shown  in  Fig.  28. 


W/ . Hydrodynamical  calculations  of  a V-shaped  sur face -piercing 
foil 

For  large  relative  speeds  of  movement  determining  the 
characteristics  of  a V-shaped  surface -piercing  foil  (Fig.  29) 
amounts  to  calculating  the  characteristics  of  a lift  system 
with  the  configuration  shown  in  Fig.  30. 


Fig.  29.  Geometry  of  a V-shaped  foil. 


Fig.  30.  Configuration  of  a system  of  lift  vortices  of  a 
hydrodynamic  model  of  a V-shaped  sur face -piercing  foil. 

The  main  integro- di  f fe.renti  al  equation  of  a sui  facc- 
piercing  V-shaped  foil  is  completely  identical  in  outward 


appearance  to  equation  (1.57)  which  is  for  a completely 
immersed  dihedral  foil.  All  the  variables  in  this  equation 
have_the  same  meaning  for  a V-shaped  foil  and  the  function 
L (z,  O is  a limiting  case  of  a similar  function  for  a dihedral 
foil  and  can  be  obtained  from  formula  (1.55)  by  substituting  in 
it  an  expression  for  the  depth  of  immersion  of  the  root  section 
of  a dihedral  foil  in  terms  of  the  dihedral  angle  h q - ltgB/2. 

For  a V-shaped  foil  function  L (a  , f; ) takes  the  form 

2~l 
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(1.91) 


The  integro-differential  equation  for  a V-shaped  foil  can 
be  solved  and  its  characteristics  determined  from  the  formulas 
in  §6 . 


Coefficients  Bvn  which  do  not  depend  on  the  specific  dis- 
tinguishing features  of  a foil  arc  determined  from  Table  1. 
Coefficients  g§n  depend  not  only  on  the  number  of  points.  w_at 
which  circulation  is  calculated  but  also  on  function  L(a,  5). 
Since  function  L depends  only  on  the  dihedral  angle  8, 
coefficients  b$v  and  bfa  depend  only  on  this  parameter. 

TABLE  4 

Numerical  Values  of  Coefficients  b*v  and  b*n  for  a V-Shaped  Foil 

V I V 

I ]F  [ »»  j _ » r ' ■ r | « | an  } « 


0,105 

0,02.5  0.01-5 

o,  I 

0,108 

0,085 

0.0 

0,8.5  0.8  b\.. 

0,07 

• o.n 

- 0,24 

a,r> 

2.35  2.2  J'n 

1.41 

1.15 

1 ,50 

0.7 

0,75  -0,8  l’u  ■ 

2.2 

1,88 

1,00 

Table  4 gives  values  for  the  indicated  coefficients  as 
a function  of  the  dihedral  angle  of  a foil  for  m - 7. 

After  establishing  the.  values  of  circulation  <7V  at  m [57 

points  along  the  span  of  a foil,  formula  (1.76)  is  used  to  deter- 
mine dCi/h/Sa  for  a V.-shaped  foil.  Based  on  the  values  of  the 
added  circulation  £v a due  to  the  free  surface  effect  on  the 
angle  of  zero  lift  of  foil  sections  the  added  lift  coefficient 
is  found  to  be 


1 

~ [ f'v,\dzv. 


This  force  is  a negative  one,  that  is,  it  leads  to  a 
decrease  in  the  angle  of  zero  lift  of  the  foil  by 


Aa, 


Cy\ 

dCu ' 


da 


(1.92) 


A similar  correction  is  made  in  the  angle  of  zero  lift 
when  the  foil  has  an  angle  of  twist. 


The  lift  coefficient  of  a foil  is  determined  by  substi- 
tuting the  magnitudes  found  into  the  equation 


•f 


cos  (1 


■Aa 


(1.93) 


This  method  was  used  to  calculate  a series  of  V-shaped 
foils  differing  in  dihedral  angle,  planform,  and  depth  of 
immersion  at  the  root  section.  The  curves  drawn  from  the 
results  of  calculations  (Figs.  31--34)  make  it  possible  to 
establish  in  general  form  the  effect  of  dihedral  B,  wetted 
aspect  ratio  A = Z:hm,  relative  depth  of  immersion  of  root 
section  Aq  = hg:ho,  and  taper  angle  a (the  angle  between  the 
leading  and  trailing  edges  measured  in  the  plane  of  a half- 
foil) on  the  hydrodynamic  characteristics  of  V-shaped  foils. 
They  can  be  used  for  selecting  the  geometric  parameters  of 
foils  and  determining  their  hydrodynamic  characteristics. 

It  follows  directly  from  an  examination  of  the  graphs 
that  a decrease  in  dihedral  and  increase  in  aspect  ratio 
contribute  to  equalizing  the  load  distribution  over  the  span. 
However,  the  relative  effect  of  dihedral  (Fig.  31)  and  aspect 
ratio  (Fig.  32)  on  the  distribution  of  Cyacc  of  a straight 
V-shaped  foil  as  well  as  of  one  widening  toward  the  tips  is  not 
great.  Widening  a foil  has  a greater  effect.  It  leads  to  an 
increase  in  Cyseo  *n  the  midpart  and  a decrease  at  the  tips  of 
a foil.  The  derivative  dCyf/da (Fig . 53)  increases  sharply 
with  an  increase  in  t lie  aspect  ratio  and  depends  little  on  di- 
hedral. At  large  aspect  ratios  an  increase  in  dihedral  leads 
tO  a reduction  in  /8a.  Within  the  limits  3 = 1S--300  it 
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^5  not  great  and  becomes  more  manife'st  when  the  dihedral  reaches 
45°.  At  small  aspect  ratios  corresponding  to  small  depths  of 
immersion  the  effect  of  dihedral  is  the  reverse,  that  is,  an 
increase  in  it  is  accompanied  by  an  increase  in  dCyf/da. 

It  is  easy  to  employ  the  graphs  presented  to  determine  the 
lift  coefficient  of  a V-shaped  foil.  for  this  purpose  the 
graph  in  Fig.  33  can  be  used  to  determine  dCyf/da  and  that  in  [60 
Fig.  34  to  find  Aa0.  Substituting  the  data  found  into  formula 
(1.93)  makes  it  possible  to  determine  the  lift  coefficient  of  a 
V-shaped  foil. 


§8.  Hydrodynamical  calculations  of  a flat  foil  with  vertical 
struts  and  a foil  wi*th  inclined  stabilizers 


Foil  systems  on  craft  may  be  complex  in  form,  having 
horizontal  lift  foils  combined  with  vertical  or  inclined 
supporting  struts  and  with  inclined  lift  elements  (stabilizers, 
takeoff  foils,  etc.).  One  possible  design  for  a foil  system  is 
shown  in  Fig.  88.  The  simplest  hydrofoil  system  consists  of  a 
flat  foil  supported  by  one  or  two  vertical  surface -piercing 
struts  . 

If  a flat  foil  of  finite  span  has  vertical  surf ace -piercing 
ctruts,  they  cause  a change  in  the  induced  downwash  and  a 
.orresponding  change  in  the  lift  and  induced  drag.  For  large 
speeds  of  movement  (Fr  > 4--5)  the  induced  downwash  of  a 
flat  hydrofoil  with  vertical  struts  can  be  found  by  solving 
the  problem  of  movement  in  an  unbounded  liquid  of  a biplane 
consisting  of  foils  with  the  same  lift  connected  by  two  struts. 

The  height  of  the  biplane  (distance  between  upper  and  lower 
foils)  is  equal  to  double  the  depth  of  immersion  2 h of  the 
hydrofoil.  After  making  the  additional  assumption  of  constancy 
of  the  angle  of  downwash  over  the  span,  that  is,  assuming 
optimal  (elliptical)  circulation  distribution  over  the  foil,  A.  B. 
Lukashevich,  using  methods  from  the  theory  of  a foil  of  finite 
span  [9],  determined  the  coefficient  x by  substituting  which 
in  formula  (1.87)  he  was  able  to  find  the  induced  downwash 
of  a rectangular  foil  with  vertical  struts.  The  values  of 
x as  a function  of  h/l  and  a /l  are  shown  graphically  in  Fig. 

35  where  h is  the  depth  of  immersion  of  the  foil,  a the  dis- 
tance between  struts,  and  l the  foil  span. 


The  lift  coefficient  is  determined  from  formula  (1.88) 
in  which  coefficient  t is  replaced  with  2/x.  The  derivative 
of  the  lift  coefficient  is  accordingly  expressed  by  the  formula 

<x.yh  V- 
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Pig.  35.  Coefficient  x for  the  effect  of  the  struts  of  a 
hydrofoil  on  induced  downwash  as  a function  of  h /l  and  a /l  . 

It  is  apparent  from  Fig.  35  that  the  existence  of  vertical 
struts  entails  an  increase  in  x and,  consequently,  a decrease 
in  the  induced  downwash.  The  struts  are  more  effective  when 
the  depth  of  immersion  of  the  foil  is  greater  and  when  the  struts 
are  located  right  at  the  tips  of  the  foil.  When  a /l  = 0,  that  [61 
is,  for  a foil  with  one  strut  in  a plane  of  symmetry,  a strut 
has  no  effect  and  x coincides  with  the  x in  Fig.  22. 

_ As  calculations  show  3Cy/3a  for  depth-effect  foils 
( h = 0. IS- -0.30)  is  not  great  and  even  when  the  struts  are 
located  at  the  tips  does  not  exceed  1%  . Beginning  with  a 
depth  of  immersion  of  h = 1 3Cy/3a  reaches  5%  when  the  struts 
are  located  at  the  tips.  When  the  struts  are  closer  together 
thej_r  effect  rapidly  diminishes  and_it  disappears  completely 
at  A = 0.37  5 when  a /l  = 0.9  and  at  h =1  when  a.jl  - 0.7. 

These  conclusions  pertain  to  struts  whose  chord  is  equal 
to  that  of  the  foil  and  which  extend  over  the  entire  width 
of  the  foil. 

An  approximate  method  similar  to  that  described  in  §6 
can  be  recommended  for  calculating  the  hydrodynamic  character- 
istics of  a hydrofoil  with  inclined  stabilizers.  This  is  true 
because  the  horizontal  flat  foil  generates  most  of  the  lift  in 
the  main  mode  of  movement  and  the  inclined  stabilizers 
contribute  little. 
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In  our  investigation  of  the  characteristics  of  a foil  with 
f inclined  stabilizers  we  will  consider  only  the  horizontal 
projection  of  the  system.  This  is  similar  to  taking  into 
account  only  the  vertical  components  of  lifting  forces  devel- 
oped on  the  different  elements  of  a hydrofoil  with  inclined 
stabilizers  and  lying  perpendicular  to  the  plane  of  the  given 
elements.  The  horizontal  components  of  the  lifting  forces 
are  of  no  practical  interest  in  an  investigation  of  a ship's  be- 
havior in  a vertical  plane  since  their  total  effect  on  the 
characteristics  of  a foil  is  small. 

As  a rule,  the  midpart  of  a foil  (horizontal  flat  foil) 
is  rectangular  in  the  plan  and  the  inclined  stabilizers  are 
either  rectangular  or  widen  toward  the  ends. 


Fig.  36.  Geometry  of  banked  trapezoidal  foil  with  inclined 
stabilizers . 

KF.Y : A--2gt2>  h--zS£3. 

We  will  now  examine  the  geometric  characteristics  of  a 
foil,  knowledge  of  which  is  essential  for  calculating  circula- 
tion distribution  over  the  span.  We  will  derive  formulas  for 
determining  the  indicated  characteristics  in  the  most  general 
case,  that  of  a foil  banked  at  an  angle  of  0 with  widening 
inclined  stabilizers  piercing  the  water's  surface. 


I 


We  will  subdivide  the  foil  (I'ig-.  36)  into  three  sectors: 
a --the  foil's  midpart;  2 --the  stabilizer  which  enters  the 
water  during  a bank;  and  3--the  stabilizer  which  leaves  the 
water  during  a bank. 

As  indicated  above,  the  midpart  of  the  foil  Ts  in  the  form 
of  a foil  with  a rectangular  planform.  We  will  designate  the 
length  of  this  sector  7- () . When  a foil  is  mounted  on  a craft  the  [63 
midsection  of  sector  1 will  coincide  with  the  centerline  plane 
of  the  craft.  We  will  regard  this  section  (point  O')  as  initial, 
relative  to  which  the  depth  of  immersion  of  the  foil  h is 
given.  The  horizontal  a axis  of  a fixed  system  of  coordinates 
passes  through  point  O'  and  the  y axis  passes  through  the  mid- 
point of  the  span  l of  the  foil's  projection.  Let  z0  / be  the 
distance  of  the  midpoint  of  sector  1 from  the  origin  of  the 
coordinates  and  ba>  the  chord  of  this  foil  sector.  Introducing 
the  dimensionless  magnitude  z = 2 z/l  for  the  purpose  of  deter- 
mining zQ  > = 2 Zq>  / 1 and  local  aspect  ratio  X (zQ  i ) = l/bQ  > 
for  the  midsection  of  the  foil,  we  obtain  the  following  formula^: 

cos  0 + (ft  + y sin  0 ) cl8  (P  ~ °)  + 

+ (ft  — -y  sin  o)  ctg  ((5  + 0), 
zo-  = ^-4^  [(/T-f-^-sinO)  ctg(P  — 0)  — 

— (ft  — -y  sin  0)  clg  (p  -f  0) J , 

where  Xq  £q/&0  ’ is  the  aspect  ratio  of  the  midsection  of  the 
foil  and  h = h/b0>  the  set  relative  depth  of  immersion  of  the 
section  corresponding  to  the  midpoint  of  sector  1. 

The  locations  of_the  star_t  of  stabilizers  2 and  3 along 
the  span  of  the  foil  zst2  ar>d  zst3  are  determined  from  the 
formulas : 

zst2  = [ • 

zst3  = + 


Poi  local  aspect  ratio  corresponding  to  a section  of  any 

c t*  iiV\  i 1 l " n r*  urr>  1*  n i n 


here 


6(7,)  = j + *O’)—h>Cm0  lE  0_  ; 


cos  (j)  — 0) 


6(7,)  , , *(*0')  fa  — !o')~  V^j?  a 

-131=  1 + CQS  (ti  -!T!1 *-T 


and  o is  the  taper  angle  of  the  stabilizers. 
The  foil  aspect  ratio  is 


V“^X(2u')* 

* It  I (*  1 2“  Si"  ")  | ' ' ^ 

:?  I sin  (j;  0) 


/,  K ■ ,Ali  • cos  o 

sin  (|i  H-  0) 


Finally,  local  depths  of  immersion  corresponding  to  the 
first,  second,  and  third  sectors  of  the  foil  and  the  mean  depth 
of  immersion  can  be  found  from  the  formulas 

h (?,)  = 7T—  X 'l tg  - (z  —Jo  •); 
h(z2)  = h + ^ sin  0 - islti)  [>.  (Z0.)  ( I z*  1 + ?0')  - h cos  0]; 

/T(23)  = Ti- sin  0 - %-((Lhg> [X (zo*) (*»  - r„.) - J-o cos 0); 


where 
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♦ The  value  of  dimensionless  circulation  6’(av)  at  sections  of 
a foil  with  inclined  stabilizers  can  be  determined  from  formulas 
(1.84)  and  (1.81).  If  angles  of  attack  are  measured  relative  to 
an  axis  perpendicular  to  the  direction  of  movement  and  lying  in 
the  plane  of  the  middle  sector  of  the  foil,  in  order  to  take 
into  account  the  effect  of  the  angle  of  inclination  of  the 
stabilizer  on  the  hydrodynamic  characteristics  of  the  foil 
the  derivative  of  the  coefficient  of  lift  with  respect  to  the 
angle  of  attack  (or  the  magnitude  of  dimensionless  circulation 
G)  of  a section  corresponding  to  the  inclined  stabilizer  should  [65 
be  multiplied  by  cosg  and  the  angle  of  zero  lift  divided  by  cosg . 

The  coefficients  of  lift,  induced  drag,  and  restoring  mo- 
ment calculated  with  respect  to  the  origin  of  the  coordinates 
can  be  determined  from  the  formulas: 


<•',/  - --J-f- (<*  + 


%/-  = V jc  W*. 


a i,r  = 


G (z)  «0  (?)  itz 
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(•1.95) 


(1.96) 


The  system  of  forces  can  be  referred  more  conveniently  not 
to  the  origin  of  the  fixed  system  of  coordinates  but  to  point 
O'  (to  the  midpoint  of  sector  1).  In  this  case 
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Cmo'  - C„,0 — -?■'  dC!jf  (a  + a0y)  = + a mo-) . 
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da  2 d& 
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§9.  Calculating  the  velocity  corresponding  to  the  limit  of  [66 

subcavi tat ing  flow  around  a hydrofoil 

When  designing  hydrofoils  it  must  be  borne  in  mind  that 
under  certain  conditions  a cavitation  cavity  will  form  in  the 
liquid  flowing  around  a foil  and  this  will  disrupt  continuity 
of  flow.  Cavitation  can  lead  to  undesirable  consequences  such 
as  loss  of  lift,  shift  in  center  of  pressure,  reduction  in 
lift-drag  ratio,  and  also  foil  erosion  damage 

Significant  reduction  in  the  lift-drag  ratio  of  a foil 
occurs  only  with  strongly  developed  cavitation  when  the  cavi- 
tation cavity  extends  beyond  the  limits  of  a foil  profile.  In 
the  initial  stage  when  the  cavity  is  confined  to  the  profile  the 
foil  lift  is  not  reduced  but  if  the  velocity  field  is  variable 
rosion  damage  to  the  foil  can  occur.  Cavitation  on  a foil  of 
ordinary  (streamlined)  profile  is  generally  considered  to  be 
impermissible  and,  if  it  cannot  be  avoided,  the  foil  should 
be  made  supercavitating , utilizing  for  this  purpose  special 
profiles  over  the  entire  upper  side  of  which  the  flow  separates. 

For  depth-effect  foils  cavitation  is  impermissible  in  prin- 
ciple. A depth-effect  foil  which  cavitates  along  its  entire 
upper  side  loses  its  main  property  of  automatic  stabilization 
since  as  it  approaches  the  free  surface  its  lift  will  increase 
whereas  the  lift  of  a subcavitating  depth-effect  foil  will 
decrease . 

Determining  the  limiting  velocity  of  subcavitating  flow 
and  finding  ways  to  avoid  the  onset  of  cavitation  arc  of  prac- 
tical interest. 

Cavitation  is  usually  considered  to  begin  when  the  pressure 
at  a given  point  on  a profile  reaches  saturation  vapor  pressure, 
that  is, 

P = Pd- 

In  this  event  the  dimensionless  overpressure  can  be 
expressed  by  the  formula  />,,  | v/,| 

I'  “ i “ ' i 
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Designating  a negative  pressure  the  coefficient  of 
pressure  drop  £ = -p , we  obtain  the  condition  for  onset  of 
cavitation  in  the  form 


£uux 


1'h  — pd  l-y h 

l 

~2  f,UK 


(1  .98) 


where  1 is  the  maximum  ordinate  of  pressure  drop  on  a pro- 
file at  a given  angle  of  attack  and  is  the  ve]ocity  of  onset 
of  cavitation. 


Considering  that 


Pn~  I’ll 

' ... .. 


and  comparing  it  w'ith  the  [67 


expression  for  p,  we  obtain  the  condition  for  onset  of  cavita- 
tion in  another  form: 


(I .98a) 


that  is,  cavitation  begins  when  the  coefficient  of  press- 
ure drop  at  any  point  on  a profile  becomes  equal  to  the  cavi- 
tation number  x.  Solving  equation  (1.28)  for  y& , we  obtain  a 
formula  for  determining  the  velocity  at  which  cavitation  begins 
on  a profile 


v 


K 


Pu  — Pd  -1  Y h 
1 t 
*2"  P&max 


(I  .99) 


Hence,  armed  with  the  curve  of  pressure  distribution  over 
a profile  we  can  find  the  place  where  cavitation  begins  for 
a given  angle  of  attack  and  also  determine  the  velocity  at 
which  it  begins. 

Depending  on  the  nature  of  the  flow  around  the  leading 
edge  of  a profile  and  the  place  where  the  cavitation  cavity  for 
forms,  the  following  types  of  cavitation  can  be  distinguished 
(Fig  37): 

a)  cavitation  on  the  upper  (low-pressure)  side  of  a pro- 
file beginning  at  the  nose  and  occurring  at  rather  large 
positive  angles  of  attack  when  the  zero  line  of  the  flow  touches 
the  lower  side  of  the  profile  and  the  liquid  flow's  around  the 
nose  from  the  bottom  upward  at  great  speed; 

b)  cavitation  on  t lie  upper  side  beginning  on  the  back  of*, 
a profile  at  the  point  of  greatest  thickness  and  occurring  in 
"shock- free"  entry,  that  is,  when  the  zero  line  of  flow  coin- 
cides with  the  entering  edge; 

c)  cavitation  on  the  lower  (high -pressure)  side  of  a pro- 
file beginning  at  the  entering  edge  and  occurring  at  negative 
angles  of  attack  when  the  zero  line  of  flow  touches  t lie  upper 
side  and  the  liquid  flows  around  the  nose  from  the  top  downward; 
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d)  concurrent  cavitation  types  b and  c.  Such  cavitation 
occurs  at  small  negative  angles  of  attack. 

The  boundary  separating  the  zone  of  subcavitating  flow 
from  the  cavitation  zone,  that  is,  a curve  drawn  in  cavi- 
tation number- -angle  of  attack  coordinates,  has  the  form  shown 
in  Fig.  37.  Curve  sector  AR  corresponds  to  the  start  of 
cavitation  of  type  a,  sector  BC  marks  the  boundary  of  onset 
of.  type  b,  and  curve  CD  the  boundary  of  onset  of  type  c. 

Determining  the  boundary  of  cavitation  of  types  a and  c which 
begins  at  the  nose  of  a profile  based  on  the  relation  E,max  ~ x 
is  very  difficult  since  measuring  or  calculating  the  magnitude 
of  pressure  drop  right,  at  the  leading  edge  is  very  complex. 
Determining  the  pressure  drop  Kmax  on  the  back  of  a profile 
and  the  velocity  corresponding  to  onset  of  cavitation  of  type 
b doesn't  entail  any  particular  difficulty.  It  is  just  this  case 
wherein  a foil  moves  at  angles  of  attack  within  the  shock-free  [69 
entry  range,  making  it  possible  to  achieve  the  greatest  velocity 
in  subcavitating  flow,  that  is  of  the  greatest  practical  interest. 

The  pressure  drop  in  an  unbounded  liquid  which  is  required 
for  calculating  the  velocity  of  onset  of  cavitation  can  be  calcu- 
lated, however,  more  complete  data  on  the  onset  and  development 
of  cavitation  are  yielded  by  cavitation  diagrams  which  are 
based  on  direct  observations  of  the  flow  around  profiles  in  cavi- 
tation tunnels.  It  is  difficult  under  laboratory  conditions 
to  model  cavitation  on  hydrofoils  and  observe  it  directly  and, 
therefore,  it  is  recommended  that  the  effect  of  a free  surface 
on  the  boundary  of  subcavitating  flow  be  calculated  based  on  an 
empirical  relation  between  pressure  drop  and  relative  depth  of 
immers ion . 

Fig.  38  presents  cavitation  diagrams  of  the  most  widely 
used  hydrofoil  profiles:  two  segmental  profiles  with  relative 
thicknesses  of  0.0385  and  0.0735,  and  Fig.  39  presents  Falkner 
profile  diagrams  Nos.  10  and  11  which  were  based  on  the  results 
of  observations  of  the  development  of  cavitation  in  an  unbounded 
liquid.  The  contours  of  these  profiles  arc  shown  in  Fig.  40. 

The  cavitation  diagrams  are  drawn  in  the  form  of  the  relation 
ac  = fix)  where  aOT  is  the  angle  of  attack  of  a profile  of  a 
foil  of  infinite  span  in  an  unbounded  liquid.  The  upper 
curve,  which  is  designated  x = 0,  represents  a cavitation  bound- 
ary of  type  b,  the  curve  a:  = 0 . 5 which  goes  downward  a boundary 
of  type  b,  and  the  lower  curve  x = 0 a boundary  of  type  c. 

Within  these  curves  is  a zone  of  subcavitating  flow  and  outside 
them  a cavitation  zone.  Within  the  cavitation  zone  are  curves 
designated  by  the  numbers  25,  50,  75,  and  100  indicating  a 
length  of  cavity  along  the  profile  equal  respectively  to  25, 

50,  75,  and  100*  of  profile  chord.. 
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diagrams  of  Falkner  profile 


The  velocity  corresponding  to  the  onset  of  cavitation  in 
an  unbounded  liquid  is  determined  from  the  following  formula 
which  can  be  derived  directly  from  the  expression  for 
cavitation  number: 


Fig.  41  shows  a diagram  of  the  velocity  corresponding  to 
the  onset  of  cavitation  as  determined  from  formula  (I. 100) 
as  a function  of  the  angle  of  attack  for  two  segmental  pro- 
files and  four  Falkner  profiles  in  an  unbounded  liquid  at 
atmospheric  pressure. 


Contours  of  Falkner  profiles : a- -No.  11 
c = 0.0385;  c - -No . 6,  a = 0.075  ; d--No 


For  analysis  and  convenience  in  use,  the  individual 
cavitation  diagrams  for  each  profile  can  easily  be  drawn  in 
Cy/ "o~  ~ x/~c  coordinates  on  one  general  diagram.  Fig.  42  shows 
such  a diagram  for  segmental  and  Falkner  diagrams.  It  is 
apparent  from  the  diagram  that  the  Falkner  and  segmental  pro- 
files show  practically  coinciding  boundaries  for  t lie  onset  _ 
of  cavitation  of  type  b-  At  the  same  time  the  range  of  Cy/c 
between  the  boundaries  for  cavitation  of  types  a and  c is 
much  greater  for  Falkner  profiles  than  for  segmental  profiles 

Hence,  the  shape  of  the  profiles  discussed  here  lias  an 
effect  only  on  the  range  of  shock-free  angles  of  attack.  The 
velocity  of  subcavi tating  flow  corresponding  to  the  onset  of 
type  b cavitation  depends  practically  not  at  all  on  the  shape 
of  the  profile  but  is  determined  entirely  by  relative  thickne 
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£ angles  of  attack  for  subcavitating  flow  around  profiles  when 
responding  values  of  Cy  (b)  as  a function  of for  an  unbounded 
lar  segment;  2--Falkner  profiles  Nos.  5 — 8 ; 5 - -calculated  Cy  - 


0,08  0,09 

Fig.  44.  Velocity  of  onset  of  cavitation  at  midspan  of  a rcc 
tangular  hydrofoil:  a--as  a function  of  relative  depth  of 
immersion;  b--as  a function  of  relative  foil  thickness. 
Calculated  from  formula  (1.104):  Solid  line  h = ] m ; broken 
line  b = 2 m.  KEY:  A- -knots;  B- -m/sec. 


Prom  the  data  presented  we  can  graph  (Pig.  43a)  the  range 
of  angles  of  attack  of  shock-free  entry  of  a profile  as  a 
function  of  relative  thickness  for  segmental  and  Palkner  pro- 
files. The  lift  coefficient  at  these  angles  of  attack  as  a 
function  of  relative  thickness  is  plotted  in  the  Cy{a)  graph 
shown  in  Pig.  43b. 

It  is  apparent  from  a consideration  of  the  general  cavi- 
tation diagram  in  Fig.  42  that  one  and  the  same  point  with  the 
following  coordinates  can  be  used  for  all  profiles  for  the 
purpose  of  determining  the  velocity  of  onset  of  cavitation 
and  finding  the  lift  coefficient  of  a profile  as  a function 
of  thickness: 


= 5;  ~ = C. 
c c 


(1. 101) 


Up  to  now  we  have  been  considering  the  cavitation  char- 
acteristics of  profiles,  that  is,  foils  of  finite  span  under 
conditions  of  flow  in  an  unbounded  liquid.  When  a foil  moves  [78 
beneath  a free  surface  the  velocity  of  subcavitating  flow  in- 
creases and  the  lift  coefficient  generated  by  the  foil  decreases. 

The  effect  of  the  free  surface  is  taken  into  consideration 
by  assuming  that  the  range  of  angles  of  shock-free  entry  of  a 
foil  profile  beneath  the  free  surface  remains  the  same  as  in 
an  unbounded  liquid  and,  according  to  formula  .(1.42)  the 
pressure  drop  on  the  upper  side  decreases  proportionally  to 


£>hmax  ~ ‘Hoo max’ 

Since  the  pressure  drop  coefficient  and  cavitation  number 
are  equal,  the  value  of  xk  f°r  a hydrofoil  profile  at  a fixed 
angle  of  attack  corresponding  to  a cavitation  boundary  of  type 
b also  decreases  proportionally  to  <j> , that  is, 


X kh  'f’Xftoo. 


(I  .102) 


By  substituting  from  formulas  (1. 101)  and  (1.102)  into 
ti  ) and  taking  into  account  the  height  of  a column  of  water 
the  foil,  we  obtain  the  following  approximate  formula  for 
■ Ms  the  velocity  of  onset  of  cavitation  on  a profile 
t • I of  finite  span)  beneath  a free  surface: 


„ _ 1 / Pa  ~ Pd  + yhb 

*"*  Y 0,5p'6M|> 


(1.103) 


. for  a foil  of  finite  span  uniformity  of  lift 
the  span  should  be  taken  into  account.  The 
i!  ie  of  the  lift  coefficient  of  a rectangular 
i '"oint  of  the  span  and  is  equal  to 


■ 


" nsec  = 1-14 Cyf  (see  l:ig.  17).  Assuming  that  the  local  value 
j'f  t*max  increases  in  the  same  ratio,  we  obtain  the  formula  for 
calculating  v ^ for  a rectangular  foil  in  the  form 


„ _ •,  / Pa  — Pd  + yhb 

K''  X 0,5p- 1 , 14<p- 6c  m/seo.  (1.104) 

In  Fig.  44  a and  b are  diagrams  of  the  velocity  of  onset 
of  cavitation  for  a rectangular  hydrofoil  which  are  based  on 
calculations  made  with  formula  (1.104)  for  two  values  of  foil 
chord,  1 m and  2 m.  By  using  these  diagrams  we  can  evaluate 
approximately  the  velocity  of  onset  of  cavitation  on  a foil 
for  a given  relative  thickness  and,  conversely,  wrc  can 
determine  the  permissible  relative  thickness  necessary  for 
ensuring  subcavi tating  flow  around  a hydrofoil  at  a given 
maximum  velocity. 

As  can  be  seen  in  Fig.  44  at  small  relative  depths  of 
immersion  the  velocity  of  onset_of  cavitation  rises  sharply. 

The  use  of  depth-effect  foils  {h  = 0.1--0.2)  makes  it  possible 
to  delay  the  velocity  of  onset  of  cavitation  by  up  to  20  knots. 


§10.  Recommendations  as  to  selection  of  profile  and  area  of  [79 
a hydrofoil 

Based  on  the  above  presentation  recommendations  can  be 
offered  as  to  the  selection  of  the  shape  of  a.profile  and  its 
relative  thickness  and  as  to  determination  of  the  lift  area 
of  a subcavitating  hydrofoil. 


The  profile  of  a subcavitating  hydrofoil  must: 

1)  be  free  of  cavitation  at  the  greatest  possible  velocity 
and  over  the  greatest  possible  range  of  angles  of  attack; 

2)  prevent  the  occurrence  of  stall  on  the  upper  surface 
over  the  greatest  possible  range  of  angles  of  attack  when 
moving  in  direct  proximity  to  the  surface  of  the  water  and 
when  piercing  it; 

3)  have  the  highest  possible  lift -drag  ratio. 

The  main  parameters  on  which  meeting  the  above  demands 
depends  in  large  measure  are  the  relative  thickness  and  shape 
of  the  profile,  area  of  the  lift  surface  (correct  selection 
nsures  the  proper  angle  of  attack),  depth  of  immersion  of 
the  foil  beneath  the  free  surface  of  the  water,  and  swecpback 
in  the  plan. 

The  shape  of  a profile  must  ensure  the  fullest  and 
smoothest  (no  peaks)  possible  pressure  gradient  curve  on  the 
upper  side  (low-pressure  side).  A Falkner  profile  or  segmental 
profile  that  is  plano-convex  or  close  to  it  meets  these  demands 
letter  than  others.  The  shape  of  Falkner  profiles  is  very 
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I Ariose  to  that  of  a theoretical  profile  with  a given  constant 

W pressure  on  the  upper  side.  They  are  characterized  by  a flat 
lower  side,  a slightly  raised  and  rounded  nose,  and  a maximum 
thickness  near  midchord.  Their  chief  advantage  over  segmental 
[ profiles  is  their  more  than  doubled  range  of  subcavitating  angles 

of  attack.  Profiles  of  the  Falkner  type  are  recommended  only 
for  deeply  submerged  foils;  for  depth-effect  or  surface -pierc - 
I ing  foils  they  are  unsuitable  since  their  rounding  leading  edges 

engender  stall. 

I It  is  recommended  that  sharp-edged  profiles  with  their 

lower  side  flat  and  their  maximum  thickness  located  about  0.4 
chord  back  from  the  nose  be  used  for  surf ace -piercing  and  depth - 
effect  foils. 

Plano-convex  segmental  profiles  can  also  be  used.  As 
tests  show1,  due  to  the  increase  in  curvature  of  the  camber 
I.  . line  at  the  leading  edge  the  range  of  angles  of  stall -free 

flow  around  them  is  greater  than  around  segmental  foils. 

The  relative  thickness  of  a foil  is  selected  based  on 
absence  of  cavitation.  The  following  formula  which  was 
obtained  from  (1.104)  for  a velocity  corresponding  to  the 
onset  of  cavitation  of  a foil  of  finite  span  rectangular  in 

If  the  plan  can  be  used  to  make  approximate  calculations  of  relative 

thickness:  [80 

r » /*■/ 1 y1'1’ 

' WpCu-11  • (1.10  5) 

Diagrams  of  velocity  corresponding  to  the  onset  of  cavitation 
can  also  be  used  for  determining  the  thickness  of  a profile 
(Fig.  44). 

We  will  point  out  that  formula  (1.105)  includes  the 
factor  3.4  in  the  denominator  which  allows  for  the  local 
increase  in  Cy  at  midspan  on  a rectangular  foil. 

Calculations  based  on  (1.105)  yield  the  greatest  permissible 
profile  thickness  based  on  avoidance  of  cavitation  at  a given 
speed.  The  least  possible  relative  thickness  of  a foil  pro- 
file is  based  on  considerations  of  strength.  For  the  designs 
and  materials  now  in  use  this  thickness  is  close  to  c = 0.04. 

At  this  thickness  the  greatest  permissible  velocity  of  sub- 
cavitating flow  of  a deeply  submerged  foi.l  is  about  60  knots 
and  for  a depth-effect  foil  about  80  knots.  It  must  be 
remembered  that  decreasing  the  relative  thickness  of  a foil 
for  the  purpose  of  increasing  the  velocity  of  subcavitating 
flow  leads  to  a reduction  in  the  range  oT  angles  of  sub- 
cavitating flow  and  as  a result  there  may  be  a sharp  reduction 
I in  scakceping  characteristics  of  a craft.  There  is  no  need  to 
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use  profiles  thinner  than  those  required  based  on  considcra- 
ions  of  cavitation  since  decreasing  the  thickness  further  merely 
leads  to  a decrease  in  the  resulting  range  of  angles  of  attack. 

The  calculated  lift  coefficient  and  therefore  the  area  of 
the  lift  surface  of  a foil  is  selected  based  on  the  requirement 
that  at  all  operational  modes  the  true  angle  of  attack  of  any  foil 
section  must  not  lie  outside  the  zone  of  subcavitating  angles  of 
attack.  Typical  values  of  these  angles  and  corresponding  values 
of  C-  plotted  as  a function  of  profile  relative  thickness  (foil 
of  finite  span)  for  an  unbounded  liquid  are  shown  by  the  curves 
in  Fig.  43b  which  were  drawn  from  cavitation  diagrams.  The 
angles  of  attack  of  subcavitating  flow  around  a profile  (when 
X = for  a foil  of  finite  span  are  determined  based  on  the 
assumption  that  the/  are  the  same  in  an  unbounded  liquid  and 
beneath  a free  surface.  Sequential  change  in  Cv  (a ) of  a profile 
in  an  unbounded  liquid  in  transition  to  a profile  beneath 
a free  surface  and  then  to  a foil  of  finite  span  beneath  a free 
surface  is  shown  in  Fig.  45. 


Fig.  45.  Change  in  range  of  geometric  angles  of  attack  of 
subcavitating  flow  in  transition  from  a profile  in  an  un- 
bounded liquid  to  a hydrofoil  of  finite  span. 

By  assuming  equality  between  angles  of  attack  of  a profile 
in  an  unbounded' liquid  and  beneath  a free  surface  and  using 
’■ig.  45  we  can  find  the  relation  between  angles  of  attack 


» and  the  lift  coefficient  'Cym  of  a profile  in  an  unbounded 
liquid,  on  the  one  hand,  and  between  these  same  characteristics 
for  a hydrofoil  of  finite  span  on  the  other. 

When  = a co 


whence 


C„...  .-=  u„.  (a,„  | «»), 

Cyh*>  — («*  |-  a(i  — Aa(1), 

= yCyix,  1 — :py-  j • 

\ od  • 0 / 


(1.106) 


Based  on  the  hypothesis  of  flat  sections 
Cyio.  — Cy/llx,  when  a'in  ~ a/|>-  — Act£/,. 


Since 

obtain 


Act^j,  = ~^Wyh<  taking  (1.106)  into  account  we 


ah\  = a»  -f  V -r?  S («eo  + ao  — Aa0). 


(1.107) 


The  subscripts  used  for  Cy  and  a have  the  following 
meanings:  for  a profile  in  an  unbounded  liquid  Cn  = °° » 

X = «)  ; h°°  for  a profile  beneath  a free  surface  (h  = &]_, 
x =co)  ; h\  for  a hydrofoil  of  finite  span  (?z  = /zi,A  = Aq)  . 

The  values  of  coefficient  Cyh  for  =5  at  different 

depths  of  immersion  are  determined  from  the  graph  in  Fig.  46 
for  Cyk « = /(e)  which  was  drawn  based  on  calculations  made 
with  Jormula  (1.106). 

_ Fig.  47  shows  a graph  for  the  relation  Cyh/Cyvo  for 
a = 0.06  which  shows  the  free-surface  effect  on  the  lift 
coefficient  of  a given  foil. 

The  geometric  angle  of  attack  of  a hydrofoil  of  finite 
span  is  greater  compared  with  that  of  a profile  in  an 
unbounded  liquid  a™.  As  calculations  made  with  formula 
(1.107)  show,  the  change  in  angle  of  attack  is  due  mainly  to  the 
effect  of  the  finiteness  of  a span  and  depends  almost  not  at  all 
on  depth  of  immersion.  For  example,  when  A = 5 the  magnitude 
of  . in  front  of  the  parentheses  in  the  second  term  of 
Y^X? 

formula  (1.107)  in  the  range  h = 0.1--1  remains  practically 
constant  and  is  equal  to  about  0.4.  The  corresponding  increase 
in  geometric  angle  of  attack  with  an  aspect  ratio  of  A - 5 
when  a - 0.05  is  about  1°. 
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Fig.  46.  Effect  of  free  surface  on  calculated  lift  coefficient 
corresponding  to  the  boundary  of  subcavitating  flow  around 
a profile  (A  =<*>). 


Fig.  47.  Relation  between  calculated  lift  coefficient  and 
depth  of  immersion  on  the  boundary  of  subcavitating  flow 
for  a profile  with  a relative  thickness  of  a = 0.06. 
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The 
Ao u,  \/ Aaco 
foil  and 
from  the 


ratio  between  the  ranges  of  angles  of 
and  therefore  the  ratio  bCyh \ /hCya, 
profile  in  an  unbounded  liquid  can  he 
following  relations: 


shock-free  entry 
for  a hydro- 
determined 


A C),/, — Y A 

a«*>.  — Act.,.  ( i i V t:). 


(1.108) 

(1.109) 


As  can  be  seen  from  (1.108),  the  range  of  change  in 
A Cyhx  within  the  limits  of  angles  of  shock-free  entry  is 
less  for  a hydrofoil  than  for  a profile  in  an  unbounded  liquid. 
The  range  of  angles  of  attack  of  shock-free  entry  is  always 
greater  for  a hydrofoil  of  finite  span  than  for  a profile  in  an 
unbounded  liquid.  \s  calculations  show,  the  range  of  angles 
Aa^x  of  a foil  with  an  aspect  ratio  of  X = 5 at  a depth  of  immer- 
sion of  h - 0.1--1  is  approximately  38  — 4 3%  greater  than  the 
range  of  AaK.  As  a consequence  of  the  fact  that  the  effects  of 
the  parameters  y and  c are  mutually  exclusive  the  increment 
Aahx  is  practically  constant  and  differs  little'  from  the  incre- 
ment when  h -*■  ® , being  equal  to  about  35°. 

By  using  formula  (1.104)  for  and  formulas  (1.106)  and 

(1.101)  for  Cyh  and  Cy  <» , it  is  possible  to  determine  the 
specific  load  on  one  square  meter  of  foil  lift  area  corres- 
ponding to  the  limiting  velocity  of  subca/itating  flow: 


1* 

Y 


= ?(/»)■ 


(I .110) 


Fig.  48  shows  a graph  of  specific  load  for  two  values  of 
chord,  b = 1 m and  b - 2m,  as  calculated  with  formula  (1.110). 


Fig.  48.  Greatest  permissible  specific  load  of  a rectangular 
hydrofoil  corresponding  to  the  limiting  velocity  of  subcavi- 
tating  flow. 

It  is  interesting  to  note  that  at  the  velocity  corres  [84 

ponding  to  the  onset,  of  cavitation  at  the  boundary  of  cavita- 
tion of:  type  6 (x  = 6c)  with  a li_ft  coefficient  correspond i ng 
to  the  calculated  point  (Gy«>  = Sc)  the  permissible  specific 


* 
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load  Y /S  is  the  same  for  profiles  of  any  thickness  and  depends 
'Tactically  not  at  all  on  the  relative  depth  of  immersion, 
while  at  the  same  time  Cyh  as  the  profile  draws  closer  to  the 
free  surface  is  cut  in  half  (Figs.  47  and  48).  So,  for  b_=  1 m 
when  0 . 3 < h < 2 Y ,/s  - 9000  kgf/m 2 = const  and  only  when  h =0.1 
does  it  decrease  to  8300  kgf /m  2 t When  b = 2 m Y /S  changes  within 
the  limits  9500--10,000  kgf/m 2. 

The  indicated  values  of  specific  load  are  for  that  case  when 
the  relative  thickness  is  determined  for  a foil  operating  at  the 
boundary  of  cavitation  of  the  second  type  Under  actual  conditions 
specific  loads  can  differ  markedly  from  what  is  indicated.  For 
example,  the  specific  load  on  the  bowfoil  on  the  Raketa  is  only 
about  2300  kgf/m 2 and  on  the  sternfoil  about  3000  kgf/m 2.  This 
great  difference  can  be  explained  by  the  fact  that  the  relative 
foil  thickness  of  0.06  which  is  used  is  much  smaller  than  what 
is  permissible  based  on  considerations  of  cavitation  which  with 
, respect  to  the  cavitation  boundary  is  more  than  0.2. 

Hl 

§11.  The  effect  of  sweepback  on  lift  and  velocity  of  sub- 
cavitating  flow  around  a hydrofoil 


It  was  indicated  in  the  preceding  section  that  the  use  of 
depth -effect  foils  makes  it  possible  to  greatly  increase  the 
velocity  of  subcavitating  flow  around  a- hydrofoil.  However,  this 
entails  impairment  of  the  scakecping  characteristics  of  hydro- 
oil craft. 

It  is  better  for  seagoing  craft  to  increase  the  velocity  [85 
of  subcavitating  flow  by  imparting  sweepback  to  the  foils, 
thus  improving  rather  than  impairing  seakeeping  characteristics. 


In  determining  the  hydrodynamic  characteristics  of  a 
sweptback  foil  a procedure  similar  to  the  hypothesis  of  flat 
sections  is  employed. 

We  will  consider  the  flow  around  an  element  of  a sweptback 
foil  (Fig.  49a)  of  rather  great  span  to  be  identical  to  the 
flow  around  a slant  foil  (Fig.  49b)  which  has  the  same 
chord  and  angle  of  attack  and  whose  angle  of  slant  is  the  same 
as  the  angle  of  sweepback.  The  characteristics  of  a slant  foil 
can  be  simply  and  clearly  determined  from  a comparison  of  the 
flow  around  it  and  the  flow  around  a straight  foil. 


Let  a slant  foil  move  at  a velocity  va  at  an  angle  of 
slant  cf  x to  the  direction  of  movement  (Fig.  49b).  The 
velocity  of  the  oncoming  flow  va  can  be  broken  down  into  compo- 
nents--one  parallel  to  the  span  r^sinx  and  one  perpendicular 
to  the  span  Ujcosx.  The  first  component  does  not  disrupt 
boundary  conditions  on  the  surface  of  the  foil  and  its  trailing 
edge  and  therefore  it  can  be  neglected  in  making  calculations  of 


Fig.  49.  Geometry  of  a sweptback  foil  and  breakdown  of 
velocity  of  flow  into  components:  a--sweptback  foil; 
b--slant  foil. 

In  order  to  compare  the  flow  around  straight  and  slant 
foils  further  it  is  necessary  to  stipulate  methods  for  deter- 
ining  the  profile  of  a sweptback  foil.  The  profile  of  a foil 
obtained  by  passing  a plane  perpendicular  to  the  lift  line  will 
be  called  normal  and  all  elements  of  it  and  also  the  pro- 
jection of  velocity  onto  this  plane  will  be  indicated  with  the 
subscript  "n."  A profile  in  a plane  parallel  to  the  line  of  [86 
movement  will  be  called  a flow  profile  and  its  characteristics 
indicated  with  the  subscript  "c."  The  following  relations  are 
apparent  between  the  geometric  characteristics  of  the  normal 
and  flow  profiles: 


(I. Ill) 


We  will  consider  the  flow  around  a slant  foil  in  the  simplest 
case  when  the  normal  profile  coincides  with  the  profile  of  a 
straight  foil. 

Postulating  that  if  the  angle  of  attack  of  a straight  foil 
is  equal  to  the  angle  of  attack  of  a normal  profile  of  a slant 
foil,  that  is,  if 


l>n  — cos  x;  cn— 


jv_ . 
cosx  ’ 


L 


_fc_  , 

cos  X ' 


“°n= 


v- 

goc 
'cos  X ■ 


5Ev 

cos  x ’ 


a ~ un= 


cos  x 
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then  the  following  relation  must  hold: 

Auc  Au 

'it cos  X ~ V ' (1.112) 

where  hvc  is  the  increment  of  velocity  of  flow  around  a normal 
profile  of  a slant  foil  coinciding  in  direction  with  the  normal 
component  of  velocity  and  Ay  is  the  corresponding  increment 
of  velocity  of  flow  around  a straight  foil. 

The  pressure  distribution  over  the  surface  of  a slant 
foil  of  infinite  aspect  ratio  can  be  determined  by  using  the 
Bernoulli  equation.  Despite  the  fact  that  the  velocity  com- 
ponent along  a slant  foil  ycsinx  does  not  violate  boundary 
conditions  on  a foil,  when  writing  the  Bernoulli  equation 
obviously  it  must  be  taken  into  account: 

Po  + — Pc  + -f-  f (VC  cos  x + Aac)2  + v;  sin2  x | . 


Now  it  is  easy  to  determine  the  pressure  coefficient 


——.A'  “1 rl (Vc cos x + Attc): -f  vc s'1"2 xl  = 

K v; 

”T 

2Afc  / At)c  \ 2 

= c°s  x ” \~vT ) ' 


Using  relation  (1.112)  we  obtain 


cos2  x ■ 


(1.113) 


Completely  analogously,  for  a straight  foil 


[87 


Hence , 


Pc  — P COS5  X. 


(1.114) 


(1.115) 


and  since  the  lift  coefficient  of  a profile  can  be  expressed 
by  the  integral 


Cu  = <J'  p (ix, 

where  x = x/bf  consequently, 
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(1.116) 
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In  this  case 
and  similarly 


Cyc  — CyCOs2  x- 
ac  ==  a cos  x 
aoc  = «0  cos  / 


(1.117) 


From  the  last  two  relations  it  follows  that 


(0Cy\ 

Ulc“ 


dCy 

a^C0SX- 


(1.118) 


By  using. the  relations  found  it  is  easy  to  obtain 
theoretical  formulas  for  determining  lift  coefficients  and 
the  induced  drag  for  a sweptback  hydrofoil  of  finite  span 


where 


CyhC  — ' 


COS  X 

1 + “nX -0-MK 


T\(a  + aoc  — Aa0/lC); 


(i) 


(1.119) 


P.— Oo 


C'c““^('+«)C 


(1.120) 


for  a normal  profile;  y (h)  is  deter- 


mined from  depth  of  immersion  referred  to  the  normal  chord; 
and  a-Go  and  A a0ha  are  found  from  the  corresponding  char- 
acteristics of  a normal  profile. 


Calculations  performed  with  formula  (1.119)  yield  a some- 
what exaggerated  effect  of  sweepback.  The  experimental  value 
of  (<5Cj/c/6u)/i=oo  is  somewhat  greater  than  that  obtained  from 
calculations. 


If  the  velocity  corresponding  to  the  onset  of  cavitation 
of  a profile  (a  straight  foil)  is  known,  the  velocity  of  onset 
of  cavitation  of  a slant  foil  can  be  determined  from  the  con- 
dition of  equality  between  absolute  pressures,  that  is: 


Pc 


P"c  — py'J 

— Po—  Pc-Tf  = P — P0  = P 


Utilizing  this  equation  and  relations  (1.115)  we  can  [ S S 

express  the  velocity  corresponding  to  the  onset  of  cavitation 
of  a slant  foil  in  terms  of  the  velocity  of  the  profile 


(1.121) 


We  will  now  consider  another  case  when  a flow  profile 
of  a slant  foil  coincides  with  tbc  profile  of  a straight 
foil . 
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Since  the  normal  profile  of  a slant  foil  and  its  angle  of 
attack  will  nuw  be  different  from  that  of  a foil  with  no  slant, 
in  the  general  case  it  is  impossible  to  obtain  the  given 
characteristics  for  a slant  foil  directly  from  the  usual 
cavitation  characteristics  of  a foil  profile.  Therefore, 
it  is  first  necessary  to  determine  by  any  existing  method 
for  any  given  an  , fn,  and  an  the  induced  velocities  Ay  on 
a normal  profile  and  then,  using  the  Bernoulli  equation,  to 
determine  pa  . 

Indeed,  if  Ay  is  the  induced  velocity  at  a certain  point 
on  a profile  of  a straight  foil,  then  v + Ay  is  the  total 
velocity  at  the  given  point.  Then  from  the  Bernoulli  equation 

« 

Po  + ^ = P + -f-  (v  + Ay)2. 

After  the  necessary  transformations  we  obtain  a formula' 
for  determining  the  relative  excess  pressure  on  a profile  of 
a straight  foil 


and  correspondingly  for  a slant  foil 


The  condition  for  onset  of  cavitation  will  be 

x,  --  - /V  • 


(1.122) 


(1.123) 


If  cavitation  diagrams  are  available  for  a profile  coin- 
ciding with  a normal  one,  that  is,  if  it.  is  possible  to  deter- 
mine the  cavitation  number  xk  corresponding  to  the  onset  of 
cavitation  for  this  profile  for  an  angle  of  attack  an , then  the 
induced  velocity  in  the  zone  of  greatest  pressure  drop  can  be 
found  as  follows: 


Consequently , 


Ay 

V 


ra  —I  -|«  V \ |-  x„.  . 


(1.124) 


Considering  that  v ~ yecosx>  we  can  easily  obtain 
/>t  • — 12  0^1  -t-x*—  l)(l  — cosx)  + xK cos x] cos’ x. 


(1.125) 


In  one  particular  case  of  interest  when  the  edge  angle  of  [89 
attack  of  a slant  foil  is  else  to  zero  and,  consequently, 

« a ~ a we  can  obtain  a direct  tie  between  the  maximum 
velocities  of  subcavitating  flow  for  slant  and  straight  foils 
if  the  profile  of  the  latter  coincides  with  the  flow  profile  of 
the  slant  foil.  The  assumption  is  made  that  the  velocities  in- 
duced on  the  surface  of  two  profiles  in  one  and  the  same  family 
are  related  by  hvi/vj:h V2/V2  = q , where  q is  a constant  defining 
the  ratio  between  profile  ordinates  at  equal  abscissa  x. 


?=  -It. 

Vt 

This  assumption,  can  be  made  because,  as  indicated  in  §9, 
regardless  of  the  relative  thickness  of  a profile  c the  ratio 
X^/c  is  constant  and  close  to  6.  This  holds  for  segmental 
profiles  as  well  as  for  Falkner  profiles  but  only  at  small 
positive  angles  of.  attack  when  cavitation  starts  on  the  back 
of  a profile. 

Using  formula  (1.24)  and  assuming  that  = 6c,  we  obtain 


— ^ -1  -|-  Y 1 + Gr^2.5t\ 


(I .126) 


Consequently, 


Calculations  of  potential  flow  around  profiles  for  several 
particular  cases  also  point  to  the  same  conclusion.  If  a 
normal  profile  of  a slant  foil  and  a profile  of  an  ordinary 
foil  coinciding  with  a flow  profile  are  regarded  as  profiles 
of  one  family,  then 

..  Av..A<:r_. 


t'c  tos  X 


Since 


/=/„cosx  n <7  = — 


Ai>c  At> 


(1.127) 


Using  this  relation  and  the  formulas  obtained  earlier 
we  can  find  the  tic  between  maximum  velocities  of  subcavitating  [90 
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flow  around  slant  and  straight  foils.: 


“A“  1 


2 cos  x 1 — — 


Considering  that  at  -die  onset  of  cavitation  at  the  point 
of  greatest  pressure,  drop  pc  = ~xka>  we  can  find  from  the  for- 
mula for  the  pressure  coefficient 


Consequently, 


—cos  y + |/  cos  y + xKC- 


v c n 1 f 2 — COS  X + /cos  X -f  xKC 
V cos  X I-  /cos  X + xKC 


When  x = 30--S0°  and  xkc  - 0.10--0.40,  that  is,  in  the 
entire  range  of  change  in  these  magnitudes  of  interest,  we 
:an  assume  with  sufficient  accuracy  for  all  practical  pur- 
poses 

„ _ „ \f  kkc  ~ ] 

c V 2 cos  X -1-  Xkc 


or  even 


a,  -=  - _ 

V cos  X 


Above  we  considered  the  effect  of  slant  on  the  cavitation 
characteristics  of  an  infinite  slant  foil.  But  the  pressure 
distribution  and  consequently  the  cavitation  characteristics 
of  an  actual  foil  are  affected  also  by  the  finitencss  of  span 
and  a slant  or  sweptback  foil  arc  affected  differently  than 
an  ordinary  one . 

Fig.  50  shows  straight,  slant,  and  sweptback  foils  and 
also  the  load  distribution  over  their  spans.  Obviously  the 
difference  in  nature  of  load  distribution  can  be  explained  by 
the  difference  in  magnitudes  of  velocities  induced  on  these 
foils  by  the  converging  vortices.  For  example,  for  the  slant 
foil  the  velocity  and  downwash  angle,  at  point  Aj  are  less  and 
at  point  /I  A greater  than  at  corresponding  point  Ay  on  the 
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straight  foil  since  the  adjacciit,  most  intensive  tip  vortices 
in  the  first  case  begin  lower  and  in  the  second  case  higher 
with  respect  to  the  flow  than  for  the  straight  foil.  Vortices 
converging  farther  from  the. tips  of  the  foil  have  an  opposite 
position  with  respect  to  points  /■.{  and  A 2 but  the  velocity 
induced  by  them  is  opposite  in  direction  and  therefore  they 
also  contribute  to  an  increase  in  the  load  at  point  a[  and  a 
decrease  at  point 


Fig.  50.  Effect  of  sweepback  on  the  flow  around  a foil  of 
finite  span.  The  induced  velocity  at  corresponding  points 
along  the  span:  a--straight  foil;  b--slant  foil;  c--swept- 
back  foil;  d- -distribution  of  load  along  the  span  of  a swept 
back  and  a slant  foil. 

l--straight  foil;  2--slant  foil;  3--sweptback  foil. 


For  the  same  reason  as  with  the  slant  foil  with  the  swept  - 
back  foil  the  load  increases  on  tips  which  are  deflected  rear- 
ward and  decreases  in  comparison  with  the  load  in  the  middle  of 
an  ordinary  foil.  The  additional  increase  in  downwash  in  the 
middle  of  the  sweptback  foil  is  due  to  the  effect  of  adjoining 
vortices  which  is  lacking  in  the  case  of  the  straight  foil. 


The  occurrence  during  tests  of  a cavitation  cavity 
simultaneously  over  the  entire  leading  edge  of  a sweptback 
foil,  in  distinction  from  an  ordinary  foil  where  cavitatio 
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starts  at  midfoil,  is  apparently  due.  to  the  strong  downwash 
in  the  centerline  and  close- to-centerl ine  sections  of  a [92 

sweptback  foil,  this  kind  of  downwash  compensating  for  the  lack 
of  slant  effect,  and  therefore  the'  sometimes  recommended 
twisting  of  sweptback  foils  for  the  purpose  of  decreasing  the 
angle  of  attack  at  midfoil  doesn't  appear  advisable. 

It  is  natural  to  expect  that  at  small  angles  of  attack, 
due  to  the  absence  of  slant,  the  middle  of  a foil  will  begin 
to  cavitate  first.  However,  in  this  case  twisting  a foil  will 
apparently  not  produce  a positive  effect  and  may  only  contribute 
to  the  onset  of  cavitation  at  the  nose  on  the  high-pressure 
side  of  the  foil.  An  increase  in  the  velocity  of  subcavitating 
flow  around  the  midpart  of  a sweptback  foil  at  small  angles  of 
attack  can  be  achieved  by  decreasing  the  relative  thickness  or 
decreasing  the  relative  depth  of  immersion  of  the  midpart  by 
increasing  the  chord  and  simultaneously  narrowing  the  foil  tips. 


Fig.  51.  Movement  of  a sweptback  foil  accompanied  by  drift. 

Hence,  with  the  geometric  characteristics  of  the  profiles 
of  ordinary  and  slant  or  sweptback  foils  the  same.,  the  maximum 
velocity  of  subcavitating  flow  around  the  latter  is  signifi- 
cantly greater.  If,  for  example,  for  ordinary  relatively  deeply 
submerged  foils  having  the  minimum  relative  thickness  of  4% 
encountered  in  practice  this  velocity  reaches  60  knots,  the 
calculated  velocity  of  subcavitating  flow  around  a foil  with  an 
angle  of  slant  of  45°,  the  normal  profile  remaining  t lie  same, 
may  reach  80- -85  knots. 

Another  advantage  of  a sweptback  foil  is  that  in  a turn 
it  creates  a moment  banking  the  ship  in  the  direction  of  turn, 
thereby  improving  stability.  The  occurrence  of  this  moment 
for  an  angle  of  drift  y (Fig.  51)  is  due  to  the  fact  that  on  the 
half  of  the  foil  on  the  inside  of  the  circle  the  angle  of  slant 
increases  from  x td  x + 7 and  this  leads  to  a drop  in  lift. 

On  the  other  half  of  the  foil  the  angle  of  slant  decreases 
to  x - Y ami  this  leads  to  an  increase  in  lift. 
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Finally,  the  advisability  of  imparting  swecpback  to  foils 
can  be  decided  only  after  its  effect  on  the  lift-drag  ratio 
and  seakeeping  characteristics  of  the  craft  and  foil  strength 
have  been  determined. 

Experimental  data  show  that  when  the  profiling  of  ordinary 
and  sweptback  foils  is  the  same,  the  lift-drag  ratio  of  the 
latter  is  somewhat  less. 

Tn  practice  ordinary  and  sweptback  or  slant  foils  having 
about  the  same  relative  depth  of  immersion  and  calculated  for 
the  same  load  and  velocity  can  have  different  relative  thick- 
nesses. 

An  approximate  ratio  between  relative  thicknesses  which 
are  the  maximum  permissible  based  on  absence  of  cavitation  for 
normal  profiles  of  a slant  and  an  ordinary_f oil  can  be  found  as 
follows.  If  vc  = V and  Xc  = X , then  pc  = p.  We  obtained 
earlier 


?<  = -4H2  + 4?)c<>s,>: 


?—T  («+■?)• 


Since  at  high  speeds  of  movement  hv/v  and  kvc/vc 
are  small  compared  with  2,  we  can  obtain 


Ac-  Ac 


ui»c  uy  i 

vT  * v cos*  X 


From  the  ratio  presented  earlier 

Ac,  _ Ac.,  r, 

~ ■ ~t>r  ^ ' 


and  inasmuch  as  v = vc , it  follows  that 


r Ac-  I 
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■"s’x  , that  is.  T-  0 rn—  7.hJx  ' 
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Increasing  the  relative  thickness  of  sweptback  foils  is 
advisable  since  it  makes  possible  increasing  the  range  of  angles 
of  subcavitating  flow  and  this  should  play  a positive  role  dur- 
ing movement  in  a seaway  and  during  transitional  modes  when 
the  angles  of  attack  of  foils  are  variable  and  differ  sig- 
nificantly from  those  calcinated  for  full  speed  in  calm  water. 


L 


Decreasing  the  derivative  3C’y/3a  by  introducing  slant  should 
also  have  a favorable  effect  on  seak'eeping  characteristics 
since  the  change  in  angles  of  attack  of  foils  due  to  the  orbital 
velocity  of  waves  will  lead  to  a smaller  change  in  lift.  fur- 
thermore, the  great  length  of  slant  foils  in  the  direction  of 
movement  makes  them  less  sensitive  to  short  wave?  which, 
especially  at  a small  depth  of  foil  immersion,  cause  sharp 
rolling. 

The  lift -drag  ratio  of  the  foils  on  high-speed  craft  at 
angles  of  attack  considered  permissible  from  the  standpoint 
of  absence  of  cavitation,  usually  l--2°,  is  determined  mainly 
by  the  magnitude  of  their  area  or,  in  other  words,  by  the  lift 
coefficient.  As  already  noted,  w'hen  the  profiling  of  ordinary 
and  slant  foils  is  the  same,  the  lift  coefficient  of  the  latter 
is  smaller,  since 

(dCy\  dC„ 

aoc  = a0  cos  X and  (-gs-)e  = '35"  cos  * 

If  now  it  is  assumed  that  cn  - e/cos^  , then  [94 

a0n  ~ a0  / cos^x.  Considering  that  aga  = a,jncosx,  we  obtain 

„ _ 

a«c  - cos*' 


Taking  into  account  that  dCy/da  depends  almost  not  at  all 
m relative  foil  thickness,  we  can  write 


dcyc 

~,ja  (uik  ~r  **«■)  — 


OCyC 

d'j. 


(«0  f accos  y). 
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Hence,  at  a zero  edge  angle  of  attack  (aa  = 0)  the  lift 
coefficients  of  slant  and  ordinary  foils  coincide  if  these 
foils  have  the  same  maximum  pressure  drop  coefficient.  At 
the  small  positive  angles  of  attack  which  occur  in  practice 
Cyo  can  be  somewhat  smaller  than  Cy  (Fig.  52).  Considering  that 
friction  drag,  which  depends  on  foil  area,  accounts  for  the 
greater  part  of  foil  drag  at  small  angles  of  attack,  imparting 
sveepback  to  them  should  not  lower  the  lift-drag  ratio 
appreciably . 

Assuming  that  the  lift  coefficient,  load,  span,  and 
distance  between  supports  in  a direction  perpendicular  to 
the  centerline  plane  are  the  same  for  slant  and  straight 
foils,  it  is  easy  to  find  the  ratio  between  the  stresses 
arising  in  them.  The  relation  between  distances  between 
supports  under  these  conditions  is  = ^/cos^x.  Since  $c  = S 
then  by i = 1'cosx.  Furthermore,  in  this  case  = c/cos^x. 

If  wbcnd  = Kll?  and  W = K2bc2  - K2b^a 2,  where  A’:  and  [95 
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K 2 are  coefficients  of  proportionality,  then 


ot-  _ leb'Jc-  . 

° ~ ‘&h~  (1.133) 


Therefore,  under  the  same  conditions  with  respect  to 
cavitation,  slant  and  straight  foils  have  about  the  same 
bending  strength. 


Fig.  52.  Lift  coefficient  of  a sweptback  foil  as  a function 
of  angle  of  attack. 

--straight  foil;  2--sweptback  foil. 

Hence,  imparting  sweepback  to  foils  makes  it  possible  to 
delay  the  onset  of  cavitation  and  improve  seakceping  and  also 
maneuvering  capabilities  of  hydrofoil  craft.  This  can  be 
achieved  without  significantly  changing  foil  drag  or  strength 
characteristics . 

§12.  Some  data  on  the  hydrodynamic  characteristics  of  super- 
cavitating  and  ventilating  profiles 

When  achieving  a given  speed  of  movement  with  subcavitating 
flow  around  the  foils  becomes  impossible  for  a high-speed  craft, 
it  is  best  to  employ  foils  with  supercavitating  profiles.  By 
supercavitating  is  meant  profiles  in  which  the  low-pressure 
side  is  completely  covered  by  a cavitation  cavity  which 
extends  beyond  the  trailing  edge  and  the  lift  is  created  only 
by  the  pressure  on  the  high-pressure  side. 

The  main  demands  made  of  supercavitating  foil  profiles 
first  formulated  by  Academician  V.  L.  Pozdyunin  [10]  in  1945 
arc  the  following: 

a)  they  must  provide  for  rapid  transition  to  a super- 
cavitating mode  so  as  to  rapidly  byp.ass  the  first  stage  of 
cavitation  which  is  harmful  with  respect  to  erosion; 


b)  their  high-pressure  side,  which  is  the  working  side, 

• must  not  cavitate; 

c)  the  shape  of  the  profile  must  provide  for  a high  lift- 
drag  ratio  under  conditions  of  developed  cavitation  for  cavi- 
tation numbers  ranging  from  0.15  to  0.01. 

For  the  purpose  of  determining  the  hydrodynamic  character- 
istics of  a supercavitating  profile  it  is  necessary  to  know  the 
cavitation  number  which  defines  the  pressure  in  the  cavity  and 
the  pressure  distribution  over  the  high-pressure  side.  The  low- 
pressure  side  should  be  profiled  such  that  it  is  completely 
covered  by  the  cavity,  provides  the  required  foil  strength,  and 
prevents  sharp  jumps  in  lift  and  drag  during  transition  from 
unseparated  flow  to  developed  cavitation.  These  demands  are  met [96 
by  foils  with  a wedge-shaped  profile. 

The  main  problem  of  the  designer  is  to  select  an  optimal 
angle  of  attack  and  an  optimal  shape  for  the  high-pressure  side 
of  the  profile  and  also  to  determine  the  hydrodynamic  forces 
acting  on  the  foil. 

Existing  domestic  and  foreign  theoretical  and  experimental 
research  makes  it  possible  to  solve  many  practical  problems  in 
designing  and  calculating  supercavitating  profiles.  In  the  case 
of  strongly  developed  cavitation  the  coefficients  of  hydrodynamic 
forces  arising  on  foils  do  not  depend  on  the  absolute  pressure 
in  the  cavity  or  on  what  the  cavity  is  filled  with--vapor  or  air. 

It  is  only  necessary  that  the  cavitation  number  calculated  from 
the  pressure  in  the  cavity  correspond  to  that  given.  This  makes 
it  possible  by  delivering  air  to  a cavity  to  model  supercavitat- 
ing flows  at  velocities  much  slower  than  those  corresponding  to 
natural  cavitation.  The  main  distinction  between  such  "venti- 
lated" foils  and  foils  operating  under  natural  cavitation  is 
that  air  delivered  to  any  point  on  a profile  does  not  spread 
forward  and  so  the  point  at  which  the  cavity  starts  to  form  can 
be  considered  fixed.  Delivery  of  air  behind  the  trailing  edge 
of  a wedge-shaped  profile  at  speeds  corresponding  to  pre- 
cavitating  modes  of.  flow,  which  makes  it  possible  to  greatly 
reduce  the  drag,  has  almost  no  effect  on  lift,  thereby  causing 
a sharp  rise  in  the  lift-drag  ratio  at.  intermediate  modes  of 
movement. 

Inasmuch  as  the  main  operating  mode  of  supercavitating 
and  ventilating  foils  corresponds  to  small  cavitation  numbers, 
the  theory  of  jet  streams  in  an  ideal  liquid  can  be  used  with 
sufficient  accuracy  to  determine  the, forces  acting  on  the  pro- 
files of  such  foils. 

Wc  will  consider  the  flow  around  a thin  foil  of  infinite- 
span  as  it  moves  beneath  the  free  surface  of  an  ideal  liquid  at 
depth  h and  constant  velocity  a . The  flow  is  accompanied  by  sep- 
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aration  of  the  stream  at  an  arbitrary  fixed  point  on  the  low- 
pressure  side  and  on  the  trailing  edge  of  the  high-pressure 
side  of  the  profile  (Fig.  53).  The  cavitation  number  is 
infinitesimally  small  (x  ■*  0)  and  the  relative  velocity  great 
(Fr  -►  °°)  . Consequently  on  the  free  surface  and  in  the  free 
streams  forming  the  boundaries  of  the  cavity  the  velocity  of  flow 
is  equal  to  v 2,  that  is,  there  are  no  induced  horizontal  velocities 
on  the  free  surface.  Such  a formulation  of  the  problem  means  n 
neglecting  the  effect  of  the  liquid's  mass.  Assuming  that  the 
induced  velocities  are  small  and  that  the  conditions  on  the  pro- 
file and  on  the  boundaries  of  the  cavity  are  met  on  the  x axis 
makes  it  possible  to  linearize  the  problem.  Linearizing  bound- 
ary conditions  makes  it  possible  to  reduce  the  problem  of 
seeking  velocities  o.f  flow  to  a problem  of  seeking  an  analytical 
function  whose  values  are  given  at  the  boundaries  (Fig.  54).  Af- 
ter the  induced  velocities  have  been  found  it  is  easy  to  deter- 
mine the  hydrodynamic  characteristics  of  a profile. 


Fig.  53.  Movement  of  a supercavitating  profile  beneath  a 
free  surface. 


Fig.  54.  Hydrodynamic  model  of  a supercavitating  hydrofoil. 

If  the  shape  of  the  high-pressure  side  of  a profile,  the 
angle  of  attack,  and  the  depth  of  immersion  are  known,  it  is 
possible  to  determine  the  lift  and  drag  of  a profile  operating 
in  a supercavitating  mode  (Fig.  55b) . 


We  will  present  formulas  which  make  it  possible  to  deter- 
| mine  the  hydrodynamic  characteristics  of  a profile  on  the  high 
I pressure  side  in  the  form  of  a circle  arc  and  a Tulin  profile 
with  the  shape  of  the  high-pressure  side  optimal.  We  will 
consider  the  chord  of  the  profile  to  be  the  line  connecting 
the  forward  and  rear  edges  of  the  high-pressure  side  of  the 
foil.  The  angle  between  it  and  the  oncoming  flow  is  the  pro- 
file's angle  of  attack. 


Fig.  55.  Flow  around  a profile:  a- -ventilated  profile  with 
separation  occurring  at  trailing  edge;  b - -supercavitating 
profile . 


Profile  with  high-pressure  side  in  the  form  of  a_  circle  arc 


pressure  side  oT  the  profile  is 


The  equation  for  t 


where  y is  the  central  angle  of  the  arc  forming  the  high- 
pressure  side  of  the  profile  and  fh  ~ y/8  the  maximum  relative 
camber  of  the  profile's  high-pressure  side. 

For  the  case  of  an  unbounded  liquid 


Cx  cav 


where  3.5 fh  is  the  angle  of  zero  lift. 

When  aaav  = y/8  = f cavitation  theoretically  begins 
on  the  low-pressure  side. 


The  Tulin  prof i 1 c 
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Fig.  56  shows  curves  for  the  angle  of  zero  lift  and  3Cy/ 3a 
as  a function  of  the  depth  of  immersion  on  the  high-pressure 
side  of  the  two  types  of  profile  indicated  above,  making  it 
possible  to  determine  the  coefficient  of  lift  of  a super- 
cavitating  profile  beneath  a free  surface. 

The  formulas  of  linear  theory  give  results  close  to 
actual  for  profile  angles  of  attack  up  to  8--IO0.  In  the  case 
of  large  angles  of  attack  the  results  of  nonlinear  stream 
theory  must  be  used  to  determine  hydrodynamic  forces. 

For  a flat  plate  moving  in  an  unbounded  flow  the  formulas 
for  calculation  take  the  form 


P n sin  2a  1 

'u  4 -|-  n Sjn  a < 


2;i  sin*  a j 
4 | n sin  a ‘ j 


(1.138) 


For  a profile  with  a curved  high-pressure  side  {Jh  t 0) 
the  formulas  for  Cy  and  Cx  can  be  written  in  the  form 


Cy  — 11  4" 

f-x  — (b’., ) ^ 0 + 


(1.139) 


where 

(-§L)  ^ — 3.5a  f-  5,5, 

' IG.n  sill  a 
, ''  (-H  :i  siii  u)* 

:i  sin  a cos1  a 1 
4 (4  ~j-  ji  sin  a)  J 


1 — — sill2  a 


(I .140) 


The  data  presented  hold  for  a zero  cavitation  number.  To 
obtain  more  accurate  values  for  hydrodynamic  characteristics  it 
is  necessary  to  introduce  a correction  for  the  cavitation  number: 


Cy  cai>  — (*  HOC*  », 
C.x  anv  ~~  ^ ^ ")Cvx-o. 


(1.141) 
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Fig.  56.  F.ffect  of  free  surface  on  the  derivative  of  Cy 
with  respect  to  a and  the  angle  of  zero  lift  of  a super  - 
cavitating  profile. 


These  formulas  hold  only  for  low  cavitation  numbers,  [100 

for  higher  x the  relation  becoming  more  complex.  However, 
they  are  entirely  suitable  for  making  practical  calculations 
of  supercavitating  foils  since  they  provide  for  adequate 
accuracy. 

In  order  to  calculate  the  total  drag  coefficient  of  a super- 
cavitating profile  it  is  necessary  to  add  to  the  cavitation  drag 
coefficient  a friction  drag  coefficient  for  the  high-pressure 
side  of  the  profile  which  can  be  set  equal  to  CXpr  = 0.0025. 

Calculations  of  various  profiles  show  that  operative 
for  a supercavitating  foil  are  angles^  of  attack  of  a = 5--9, 
curvature  of  the  high-pressure  side  f} l - 0.01--0.03,  and 
relative  profile  thickness  5- -7%.  Corresponding  values  of  Cy 
are  0.10--0.25. 
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CHAPTER  II.  Nonstationary  hydrodynamic  characteristics  of  [101 

hydrofoils 

A.  Some  results  from  the  theory  of  a nonstationarily  moving 
thin  foil 

In  the  preceding  chapter  we  discussed  methods  of  determining 
hydrodynamic  forces  acting  on  the  lift  surfaces  of  high-speed 
craft  during  steady  movement.  The  hypothesis  of  stationarity 
can  be  used  to  determine  the  forces  acting  on  structures  of 
a ship's  hull  and  also  on  lift  foils  mainly  under  the  con- 
ditions prevailing  in  calm  water  or  in  a seaway  but  at  low 
speeds.  With  an  increase  in  a ship's  speed,  especially  in  a 
seaway,  its  movement  becomes  much  more  dynamic  and  marked 
pitching  and  rolling  give  rise  to  impacts  against  waves.  All 
this  means  that  lift  surfaces  operate  in  nonstationary  modes. 

A need  therefore  arises  to  study  nonstationary  hydrodynamic 
forces  acting  on  the  lift  structures  of  craft  during  un- 
steady movement. 

The  lift,  surfaces  of  craft,  rudders,  propeller  blades, 
stabilizers,  and  other  structures  are  made  in  the  form  of  foils 
having  one  profile  and  aspect  ratio  or  another  depending  on 
their  purpose  and  design  peculiarities. 

From  the  standpoint  of  hydrodynamics  the  hull  of  a craft  al- 
so can  be  considered  to  be  a foil  of  small  aspect  ratio  oriented 
in  a certain  way  with  respect  to  the  water's  surface.  Such  an 
approach  finds  application  in  the  study  of  planing,  wave  drag, 
controllability,  and  also  many  other  areas  in  ship  theory. 
Consequently,  in  this  chapter  we  will  devote  principal  atten- 
tion to  a consideration  of  unsteady  interaction  between  a 
surrounding  liquid  and  the  lift  surfaces  of  a craft  which  take 
the  form  of  foils  or  something  close  to  them. 

§13.  Hydrodynamic  patterns  of  movement  of  a liquid  and  hydro- 
dynamic  forces  acting  on  a foil  during  unsteady  movement 

In  the  past  the  principal  investigations  of  nonstationary 
forces  acting  on  a foil  have  been  based  on  the  concept  of  a 
straight- line  vortex  wake  introduced  by  Prandtl  and  developed 
later  by  Birnbaum  [1].  Nevertheless , because  of  the  different 
approaches  which  have  been  used  to  describe  the  patterns  of 
formation  and  development  of  a vortex  wake  and  also  the  diff-  [102 
crcnt  methods  used  to  reach  analytical  conclusions,  three 
identifiable  trends  of  investigation  exist. 

The  first  of  them  is  the  quasistationary  solution  of  Karman 
and  Scars  which  is  based  on. a pattern  with  a vortex  wake  un- 
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folding  at  every  instant  of  time  toward  an  infinitely  distant 
point.  The  second  is  the  dynamic  theory  of  Birnbaum  and  Kyussner 
which  is  based  on  the  idea  of  a vortex  wake  developing  contin- 
uously and  having  over  a concrete  time  interval  a definite 
length  which  increases  with  the  passage  of  time.  The  third 
trend  of  investigation  is  illustrated  in  the  works  of  S.  A. 
Chaplygin,  M.  V.  Keidysh,  M.  A.  Lavrent'yev,  and  L.  1.  Sedov 
in  which  the  intensity  of  a dynamically  developing  vortex 
wake,  movement  of  the  liquid,  and  hydrodynami c forces  are 
found  by  using  functions  of  a complex  variable. 

We  will  not.  discuss  the  first  two  methods  of  drawing  vortex 
patterns  and  solving  the  problem,  t lie  reader  being  invited 
to  read  the  recognized  monograph  by  A.  I.  Nekrasov  [2],  but 
will  proceed  to  a direct  discussion  of  the  results  found  by 
the  Soviet  school.  We  will  consider  movement  from  a state  of 
rest  of  a thin  profile  (-a,  a)  with  a rounded  leading  edge  and 
a sharp  trailing  edge  (Pig.  57).  The  profile  begins  its  move- 
ment at  point  oj  which  is  the  origin  of  a fixed  system  of  x.2\\2 
coordinates.  We  will  consider  the  geometric  angle  of  attack 
of  a profile  Bo  formed  by  the  angle,  between  the  x axis  of  the 
coordinates  which  is  rigidly  oriented  on  the  profile  and  the 
line  oxj  representing  the  direction  of  main  forward  movement  at 
a velocity  of  uo  to  be  small.  Along  with  velocity  uq  the  pro- 
file may  also  have  vertical  y ' and  also  angular  uq  velocities 
whose  projections  onto  a perpendicular  to  the  foil  are  comparable 
in  magnitude  with  the  product  [uqBq)  . 

The  normal  component,  of  the  velocity  vector  for  a profile 
with  a flat  lower  side  can  be  determined  from  the  following 
equation  (Pig.  58):  [ 

*'«  (•' i 0 IJ  Ifni  hi  I f T T -i  •> 


At  the  instant  movement  of  the  foil  starts  the  flow  of  an 
ideal  liquid  around  it.  is  characterized  by  the  existence  on 
the  profile  of  two  points  A and  B with  a zero  velocity  and  one 
point  C with  an  infinite  velocity  (Pig.  59). 


Pig.  57.  Unsteady  movement  of  a thin  foil  in  an  unbounded 
liquid  (main  notation). 
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Fig.  58.  Positive  directions  of  velocities  of  foil  movement. 


Fig.  59.  Critical  points  on  a foil. 

In  an  actual  liquid  infinite  velocity  is  impossible  since, 
according  to  the  Lagrange  integral  this  would  lead  to  the’  rise 
of  infinite  negative  pressures  at  point  C.  Therefore,  at  the 
initial  instant  of  movement  particles  of  liquid  strive  to  get 
around  the  sharp  edge  of  the  foil . As  a consequence  of  the 
reduced  pressure  created  here  their  movement  increases,  as  a 
result  of  which  the  streams  of  liquid  arriving  at  the  trail- 
ing edge  from  above 'and  below  the  foil  have  different  vel- 
ocities. The  discontinuity  in  velocities  of  liquid  flow  which 
occurs  is  characterized  by  the  fact  that,  on  line  segment  oj(-a) 
(see  Fig.  57)  the  normal  component  of  the  velocity  vector  is 
continuous  and  the  tangential  component  reflects  a discontinuity. 
The  surface  of  the  velocity  continuity,  as  is  known,  is  equiva- 
lent to  a vortex  sheet..  In  accordance  with  Thompson's  theorem 
the  intensity  of  the  vortex  layer  trailing  from  the  foil  is 
compensated  for  by  the  circulation  occurring  around  the  profile. 
As  a result  of  the  gradual  increase  in  circulation  the  point  of 
zero  velocity  fi  shifts  toward  the  trailing  edge  of  the  profile; 
in  this  process  the  particles  of  liquid  cease  to  try  to  pass 
around  the  sharp  edge  of  the  foil  and  smooth  flow  at  a finite 
velocity  begins  around  the  sharp  edge  of  the  profile.  This 
flow  persists  around  the  profile  until  a new  disturbance  to 
steady  movement  occurs. 

For  an  analytical  study  of  the  phenomenon  described  above 
it  is  assumed  that  the  vortices  forming  the  wake  remain  unmov- 
ing in  the  liquid.  During  straight-line  forward  movement  of  a 
foil  the  vortex  wake  is  considered  to  be  straight-line  and  the 


[104 


direction  of  propagation  of  the  wake  to  be  directly  opposite 
to  the  velocity  vector  of  the  profile  [ 1 ] . 

Using  the  above  pattern  to  describe  the  phenomenon  makes 
it  possible  to  formulate  the  following  mathematical  problem  [3]. 

It  is  required  to  find  a function  for  the  velocities  of 
flow  of  a liquid 

dio  . 

~dT  ~ ~ rt'»>  ~ v ~ UJ)>  (II  . 2) 

which  will  be  regular  over  an  entire  plane  with  the  exception  of 
a segment  (o j,  +a ) and  equal  to  zero  at  infinity.  On  the  line 
of  velocity  discontinuity  the  derivative  di,/dy  = vo  is 
continuous  and  the  derivative  d$/dx  = u0  finite  at  point  (-a) . 

The  function  du/dz  is  determined  based  on  the  following 
boundary  conditions. 


On  segment  (-a,  a ) the  derivative 

di  |. 

"dj  ~ l'"  (11.3) 

has  given  values  as  calculated  from  formula  (II. 1). 

If  we  assume  the  liquid  to  be  weightless  and  neglect  in 
the  Lagrange  integral  the  squares  of  the  velocities  of  abso- 
lute movement  of  the  liquid,  the  boundary  condition  on  the  real 
axis  outside  the  segment  (oj , +a ) can  be  written  in  the  form 

di/dt  = 0 when  co  **  ^ 


. Inasmuch  as  movement  began  from  a state  of  rest  and  at  the 
start  of  movement  we  can  consider  that  <f>  = 0,  the  boundary  con- 
dition on  the  real  axis  outside  segment  (o. , +a ) will  be 

if  = 0.  (II  .4) 

For  further  exposition  we  will  introduce  the  concept  of 
a velocity  disconti nuity  function  ug(a)  or,  as  its  doubled 
value  is  called,  a function  of  intensity  or  density  of  vor- 
tices trailing  from  the  rear  edge  of  a foil.  Function  j*o(a)  is 
related  to  circulation  r along  a certain  contour  L (Fig.  37)  by 
the  relation 

1'  — 2 \ it..  (n)<l<y. 

« ‘ (II. 5) 

and  is  determined  from  the  condition  of  finiteness  of  the  vel- 
ocity of  flow  of  the  liquid  at  the  rear  edge  during  unsteady 
movement  (the  Chaplygin-Zhukovskiy  condition). 
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We  will  present  the  function  du/d 
of  two  functions 


in  the  form  of  a product 


We  will  write  the  function  g (a ) in  the  form  [3] 


In  expression  (1 1. 7)  when  Real  z > a the  root  carries  a 
plus  sign,  that  is  g (a)  > 0. 

If  the  Cauchy  formula  is  applied  to  (II. 6),  function  du/d 
becomes 


where  Lisa  circle  of  small  radius  with  its  center  at  point  z 


(11.8)  can  be  written  in  the  form 


Deforming  circle  L into  an  infinitely  distant  contour 
and  into  the  contour  of  segment  (o j , +a) , we  obtain 


In  the  last  expression  as  contour  1)  tends  to  infinity 
the  first  integral  vanishes  since 


The  integral  over  contour  L 2 can  be  written  in  the  form 


I 1 l>  * 
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where  us  and  V2  are  the  horizontal  and  vertical  components  [106 

of  velocities  when  approaching  the  cut  (oj  , +a ) from  above  and 
u:  and  V2  from  below. 

Keeping  in  mind  that  us  (a)  = us  - uj  and  us  = -u;  and  also 
V]  - V2  = -vn,  we  obtain 
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(I  I .10) 


In  formula  (1 1. 10)  the  variables  a and  C are  related  by 
£ = a - ct  j ~ a. 

On  the  other  hand,  the  following  expansion  into  a Loran 
ser.ies  can  be  obtained  for  functions  du>/c?a  close  to  an  infinite- 
ly distant  point: 


din  I q 1 i iC)  , i'Cj 

“3T  “ TT  T"  “7T 


(ii. id 


where  is  the  circulation  over  an  infinitely  distant  contour 
which  is  constant  over  time. 

Coefficients  \'q,  C2,  and  C 3 are  determined  by  comparing 
(11.10)  and  (II. 11).  For  this  purpose  formula  (II. 10)  can  be 
transformed  into 
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If  in  (II.  11)  and  (11.12)  the  coefficients  of  l/z  are 
equated,  assuming  in  (11.12)  that  a = ~ , we  obtain 


« a, 

J’o  = - 2 j n„  (6,  /)  ]/ ~£  4 + j tu  {a)  ]/  pi 


(II.13) 


For  determining  Cp  and  C3 , after  expanding  (II.  10)  into 
a Loran  series  and  comparing  the  resulting  expansion  with  (II. 11), 
the  following  relations  are  found:  j 1 1 


C,  = 4 
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(11.14) 


(11.15) 


Expressions  for  the  hydrodynamic  forces  can  be  obtained  by 
using  formulas  [3] : 


'K  — — 2jxplla„C,  (>„jt  d<.‘:' , j 


(II .16) 


where  p 0 is  the  density  of  the  liquid,  Y is  the  lift,  and 
the  moment  in  the  plane  of  the  profile. 

After  substituting  the  values  of  \'o,  Cp,,  and  C3  into 
(11.16)  the  following  general  formulas  are  derived  for  deter- 
mining Y and  0,7,  : 

a, 
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(11.17) 
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The  suction  force  X is  found  from  the  formula 


X = 2 p0nn  V7, 


((/„  i 


(II  .18) 


(11.19) 


In  formulas  ( 1 1 . 1 7)  - - (1 1 . 19)  : Vv—ij'  — it{ 4’,,. 

is  a force  allowing  for  the  effect  of  adjoining  masses, 

X 2 “ — 2(>„nrt//0  the  quasistationary  force  of  N.  Ye. 

Zhukovskiy,  and  Y3  — — Von  (t‘o  b j the  component 

0 

of  hydrodynamic  forces  allowing  for  the  effect  of  trailing 
vortices  whose  intensity  can  be  determined  from  the  function 

Mg  ( 0)  . 

From  the  expressions  obtained  it  follows  that  the  magnitude 
of  Y,  -9,  and  X can  be  found  for  a given  movement  only  after 
determining  function  Mg(al. 

Finding  the  relation  between  ug( a)  and  the  kinematic 
parameters  of  profile  movement  amounts  to  solving  equation 
(11.13)  which  for  known  values  of  To  and  Vn(.K,  t)  can  be 
regarded  as  an  integral  equation  with  respect  to  function  1*2(0.). 

Equation  (11.13)  can  be  written  in  the  form 
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The  right  side  of  equation  (11.20)  which  is  a Volterra 
equation  of  the  first  order  for  the  given  law  governing 
movement  of  the  foil,  is  a known  function  of  time. 

The  first  solutions  to  equation  (11.20)  for  movement  of  a 
foil  from  a state  of  rest  at  a constant  velocity  and  smoothly 
accelerating  movement  were  obtained  by  G.  Wagner  in  [4],  In 
view  of  the  fact  that  the  particular  cases  indicated  above 
involved  movement  of  a foil  from  a state  of  rest,  circulation 
Yq  in  equation  (11.20)  was  assumed  to  be  equal  to  aero  and  as 
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a result- Wagner  solved  the  following  equation: 
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where  Vp  and  to  are  given  functions  of  the  dimensionless  path 
a = aj/2a  expressed  in  chords  and  x = a /2a,  o <.  x <.  s . 

Presenting  the  solution  to  equation  (11.21)  in  the  form  of 
a series 

«» 

"•‘I'')  ^ I *"  ' 0 


and  also  expanding  into  a scries  the  known  right  side  of 
equation  (II  .21) 

II  jV 

ly  M"  !',,  ••  1)  H„  I v".  (T  T . 

Wagner  reduced  determination  of  the  function  ng(,r)  to  seeking 
the  values  of  the  coefficients  Cm  in  Die  expansion  of  (li.22), 
As  a result  of  numerical  calculations  lie  found  values  for 
these  coefficients  for  the  indicated  two  types  of  foil  move- 
ment. Specifically,  for  foil  movement  at  a constant  velocity 
Wagner  obtained  function  w2(.r)  in  the  form  of  the  following 
series: 


«.  W ^ »o  [ 1 . 1 328  ( Y - 0,4 883  ( Y 


Later  in  the  text  we  shall  deal  with  an  analysis  of  these 
solutions  in  greater  detail. 

. For  determining  the  function  w^(a)  in  the  case  of  steady 
harmonic  oscillations  of  a foil  we  will  transform  equation 
(11.21)  to 
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where  a + aj  - a = ac,  r(aj)  is  the  circulation  over  the  contour 
of  the  foil,  and  vno  is  the  normal  velocity  during  steady  move- 
ment . 

G.  Glauert,  M.  A.  Lavrcnt’ycv,  and  M.  V.  Keldysh  in  the 
works  cited  above  give  solutions  to  equation  (If. 21)  for  simple 
harmonic  oscillations  of  a rigid  thin  foil.  L.  1.  Sedov, 


presenting  the  harmonic  oscillations  of  a deformed  foil  around 
£ steady  forward  movement  at  a velocity  of  u0  in  the  form 

I ik*l%  I 

v„(x,  7)  - vll0 (x)  — Rea!  | /'  (x)c  «•  | 

(f ii)  is  a function  giving  the  form  of  oscillation  and  k the  fre- 
quency), obtained  the  following  solution  for  equation  (11.21): 


n.(ti  | a,  us)-.  J]1  " 


(11.26) 


where 


n$Up)\  ’ 


I « 

/i  2 j/-(a|/;f-2,/f, 

y = ka/uQ\  and  //(^  (y)  is  a second-order  Hankel  function. 

L.  1.  Sedov  obtained  a similar  solution  for  steady  har- 
monic oscillations  of  a foil  with  a variable  chord.  He  pre- 
sented his  solution  in  the  form 


(a„  -fa,—  e0s)  = — Real  ~dL 


l)c'nC  "« 


(11.27) 


his  determination  of  constant  D amounting  to  calculating  the 
integral  1 /Tq-'i  (1  ^ and  then  solving  the  resulting 

, ! oo  I .<  — i 

algebraic  equation.  The  result  of  these  operations  is 



where  y = kap/up  and  A = Apcos(kt  + e),  Aq  being  the  amplitude 
of  oscillation. 

In  view  of  the  linearity  of  integral  equation  (11.12) 
the  formulas  obtained  can  be  used  for  determining  ug(a)  for 
any  periodic  steady  movement  of  a foil.  Direct  use  of  them 
for  calculating  velocity  discontinuity  functions  during  un- 
steady aperiodic  movement  has  proved  to  be  ineffective. 

One  more  partial  solution  of  integral  equation  (11.13) 
which  was  obtained  during  an  investigation  of  self-similar 
immersion  of  a step  in  a liquid  is  known.  However,  prior 
to  discussing  this  solution  we  will  consider  the  possibilities 
and  conditions  under  which  the  solutions  presented  above  can 
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be  applied  to  nonstationary  movement  of  a foil  or  plate  over 
t Ixe  surface  of  a liquid. 

§14.  Extending  the  methods  and  results  of  the  theory  of  a 
thin  foil  to  planing  and  impact 

The  formulas  of  the  preceding  sections  were  derived  for  move- 
ment of  a thin  foil  in  an  unbounded  liquid.  Despite  this,  thanks 
to  the  above  formulation  of  the  problem,  the  results  obtained  can 
be  applied  to  the  case  of  planing  and  impact  [3],  [5]. 

In  this  section  we  will  discuss  the  possibility  of  apply- 
ing to  unsteady  movement  an  analogy  between  foil  movement  and 
planing  over  the  water's  surface  during  steady  movement. 

As  follows  from  boundary  conditions  (1 1. 3)  and  (1 1. 4)  the 
function  du/dz  on  the  xj  axis  assumes  real  values.  Over  the 
entire  plane,  with  the  exception  of  the  segment  (o j , +a) 
du/ dz  is  regular  and  continuous.  These  circumstances  make  it 
possible  to  apply  to  this  function  a known  theorem  from  the  prin- 
ciple of  symmetry  from  which  it  follows  that  under  the  indicated 
conditions  $ and  d$/dt  above  and  below  the  real  axis  are  equal 
in  magnitude  and  opposite  in  sign  [6]. 

The  conditions  of  symmetry  make  it  possible  to  view  movement 
of  the  liquid  in  the  upper  and  lower  half -spaces  independently. 
Excluding  the  upper  space,  we  reduce  the  problem  of  unsteady  [111 

movement  of  a thin  foil  in  an  unbounded  liquid  to  a problem  of 
unsteady  interaction  between  it  and  the  surface  of  the  liquid 
filling  the  entire  lower  half-space.  It  should  be  kept  in  mind 
that  the  condition  on  the  free  surface  (II. 4)  holds  only  at  large 
relative  velocities.  Therefore,  the  indicated  transition  from 
an  unbounded  liquid  with  a free  surface  is  justified  only  for 
conditions  corresponding  to  the  assumptions  made  in  the  first 
section . 


Fig.  60.  Flow  around  the  bottom  rear  edge  of  a planing  hull. 

The  description  presented  above  of  development  of  lift  on 
a foil  is  confirmed  also  for  a foil  or  plate  moving  over  a 
liquid's  surface.  This  can  be  seen  most  clearly  in  the  devel- 
opment of  flow  around  a planing  model.  Fig.  60  shows  the  flow 
around  t lie  transom  of  a model  drawn  from  moving  pictures  taken 
at  the  instant  of  change  from  displacement  mode  to  planing  mode 
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as  the  model  picked  up  speed  approximately  linearly  from  a state 
of  rest.  It  can  easily  be  seen  that  in  this  nonstationary 
process,  as  in  the  case  of  nonstationary  movement  of  a foil 
from  a state  of  rest,  at  the  initial  instant  particles  of  liquid 
strive  to  pass  around  the  sharp  edge  C (curve  1).  As  the  model 
continues  to  pick  up  speed  the  pressure  drop  increases  at  the 
trailing  edge  and  particles  do  not  succeed  in  passing  around 
it,  as  a consequence  of  which  at  a sufficiently  high  speed  the 
liquid  separates  from  the  transom  (curve  2).  The  cavity  formed 
behind  the  model  becomes  filled  with  air.  As  the  process  con- 
tinues the  flow  levels  off  behind  the  transom  until  the  stream 
finally  begins  to  trail  from  edge  C smoothly  (lines  3--5).  The 
instant  at  which  smooth  flow  around  the  model  starts  corresponds 
to  the  instant  when  stable  movement  begins  and,  consequently,  com- 
plete development  of  the  forces  supporting  it,  that  is,  a lifting 
force. 

The  pattern  presented  illustrates  the  analogy  between  un- 
steady movement  of  a foil  and  unsteady  planing. 


On  the  basis  of  the  foregoing  the  lift  acting  on  a foil  or 
plate  during  unsteady  movement  over  a liquid's  surface  will  be 
equal  to  half  the  force  obtained  from  expression  (11.17),  that 
is,  it  will  be  determined  by  the  formula  [7]  [112 
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(11.28) 


During  steady  forward  movement  over  a liquid's  surface 
the.  first  and  third  components  of  force  Y are  equal  to  zero 
and  therefore 


Y — Y'i  = (py/j)  a, 


(11 .29) 


that  is,  we  obtain  the  well-known  Wagner  formula  for  lift  dur- 
ing steady  planing. 


If  unsteady  movement  occurs  without  the  existence  of 
horizontal  velocity  (z/p  = 0),  there  is  only  potential  move- 
ment of  the  liquid  caused  by  motion  of  the  plate  at  velocity 
y ' . The  resultant  of  hydrodynamic  pressures  on  the  plate  will 
lie  due  to  the  effect  of  the  adjoining  masses  and  determined 
by  the  first  term  in  formula  (11.28),  that  is, 


r = y, 


(11.30) 


Setting  in  this  formula  Am  = p^irc‘<'/2  and  y ' = -v 
and  differentiating,  we  transform  it  into 
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If  an  initial  velocity  of  vo  is  imparted  instantaneously 
to  a body  of  mass  m floating  on  the  surface  of  a liquid,  its 
speed  of  movement  according  to  the  law  governing  movement 
[ (m  + A m)v  = mVQ ] will  be  determined  by  the  formula 


where  y = A m/rn  is  the  adjoining  mass  of  the  liquid. 

Substituting  (11.32)  into  (11.31)  and  differentiating,  we 
obtain  the  Wagner  formula 


<l  + n):‘  dll' 

where  h = -y  is  the  displacement  of  the  body  and  v = dh/dt. 

Formulas  (11.33)  and  (11.34)  were  derived  by  Wagner  for 
a wedge  or  inclined  plate  immersed  in  a liquid.  Despite  the 
ract  that  they  were  obtained  from  the  theory  of  potential  flow 
around  a flat  plate  at  a zero  angle  of  attack  (8#  = 0)  and  ex- 
tension of  them  to  a wedge  is  conditional,  these  formulas 
cannot  be  used  for  calculating  hydrodynamic  forces  on  a plate 
immersed  as  described.  This  is  due  to  the  fact  that  during 
inelastic  impact  the  velocity  of  the  plate  and  the ■ adjoining 
mass,  of  liquid  changes  instantaneously  and  as  a result,  as 
follows  from  the  formulas  presented,  an  infinite  hydrodynamic 
force  acts  on  the  plate. 


Fig.  61.  Landing  of  a plate. 

Using  the  analogy  cited,  G.  Wagner  [5]  and  L.  I.  Sedov 
[7]  considered  also  the  problem  of  interaction  between  a plate 
and  a liquid's  surface  in  the  presence  of  horizontal  velocity 
( uo  t 0).  This  is  the  well-known  problem  of  a step  landing  on 
an  undisturbed  surface  (Fig.  61).  The  problem  is  solved  under 
the  assumption  that  the  velocity  V remains  constant  during  the 
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immersion  process.  During  such  immersion  movement  of  the  liquid 
nt  various  instants  of  time  is  dynamically  similar,  as  a con- 
equence  of  which  the  wetted  length  of  plate  and  circulation  of 
liquid  are  proportional  to  time,  that  is, 

u2  ~ 0 /V)  (dr /dt)  = const. 

This  makes  it  possible  to  remove  function  u^( <* ) in  (11.21) 
from  behind  the  integration  sign  and,  after  simple  transformations, 
write  it  in  the  following  form: 

u I x)_ 

2 " _ i/fii (s0z y:4  —■  i j ' (n.35) 

where  sq  = 1 + a^/a  > 1 and  6 and  x are  angles  as  illustrated 
in  Fig.  61. 

Substituting  (11.35)  into  (11.28)  and  integrating,  we  find 
the  external  forces  acting  on  a step  upon  impact  with  the  water , 

Y = (mV2 lie,  (11.36) 

where  h is  the  depth  of  immersion  of  the  trailing  edge  of  the  [114 
step 
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A curve  of  function  e is  shown  in  Fig.  62. 

The  moment  acting  on  the  step  is  determined  from  the 
relation 


.r.,  pxy'rt  (,  , H \ bn -ML 
2 ^ x ) (s«—  I)4 


(11.39) 


It  follows  from  Fig.  62  that  function  c has  a minimum. 
This  suggests  the  existence  of  a least  value  of  hydrodynamic 
forces  during  the  landing  process. 


Solution  (11.35)  together  with  those  presented  in  the 
second  section  exhaust  all  the  partial  solutions  to  integral 
equation  (11.21)  found  in  the  literature. 

The  general  expressions  for  hydrodynamic  forces  obtained 
in  the  theory  of  a thin  foil  and  presented  above,  retaining 
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^•.hc  assumptions  made,  can  he  used  as  a basis  for  determining  the 
f xternal  forces  acting  on  the  lift  surfaces  of  a ship  during 
unsteady  movement.  However,  prior  to  using  them  for  this  pur- 
pose several  additional  investigations  must  be  carried  out, 
the  results  of  which  will  make  it  possible  to  take  into  account 
in  these  general  expressions  distinguishing  aspects  of  unsteady 
movement  of  the  lift  surfaces  of  a craft  and,  consequently,  to 
adapt  them  for  solving  hydrodynamic  problems  in  ship  theory. 


Pig.  62.  Curve  of  function  e(8/x)- 

§15.  Hydrodynamic  forces  during  ai'bitrary  unsteady  movement 
of  a foil  in  an  unbounded  liquid 

A study  of  movements  of  lift  surfaces  of. a craft  which  are 
aperiodic  with  respect  to  time  and  space  is  of  great  interest  in 
shipbuilding  practice.  This  can  be  explained  first  of  all  by 
the  fact  that  with  existing  rates  of  ship  movement  most  harmonic 
processes  proceed  relatively  slowly,  not  extending  beyond  the  [115 
framework  of  the  hypothesis  of  stationarity , but  at  the  same 
time  aperiodic  movements  of  craft  lift  surfaces  proceed  very 
rapidly  with  abrupt  changes  in  velocity.  Impacts  of  hull, 
motion  stabilizers,  or  lift  foils  against  the  water  when  moving 
in  a seaway  or  sudden  application  of  a load  above  the  waterline 
constitute  far  from  all  the  hydrodynamic  processes  illustrat- 
ing kinematic  parameters  of  movements  which  are  aperiodic  functions 
of  time.  Therefore  a need  arises  to  determine  hydrodynamic  forces 
during  movements  of  lift  surfaces  different  from  those  considered 
in  foil  theory.  Investigation  of  these  forces,  as  follows  from 
the  preceding  section,  is  limited  in  the  main  to  steady  pro- 
cesses at  velocities  which  are  constant  or  change  harmonically 
over  time. 

The  main  difficulty  in  determining  hydrodynamic  forces  in 
various  types  of  unsteady  movement  lies  in  solving  integral 
cqxiation  (11.20).  Due  to  the  multiplicity  of  forms  of  non- 
stationary movement  of  a craft's  lift  surfaces  it  becomes 
necessary  to  find  a general  solution  to  this  equation  whose 


use  might  in  each  individual  case  make  it.  possible  to  establish 
the  function  of  velocity  discontinuity  without  solving  the 
integral  equation  itself.  Such  a problem  has  been  posed  and  in 
this  chapter  we  will  present  a general  solution  for  equation 
(11.21)  as  obtained  from  nonsymmetr ic  Fourier  formulas.  The 
relations  found  make  it  possible  to  determine  the  velocity  dis- 
continuity function,  circulation,  and  hydrodynamic  forces  when 
any  arbitrary  law  governs  the  movement  of  a foil  in  an  unbounded 
liquid.  By  "arbitrary”  is  meant  any  movement  of  a lift  surface 
not  transgressing  the  limitations  adopted  in  the  theory  of  a' 
thin  foil  [8] . 

Let  us  return  to  a consideration  of  integral  equation 
(11.20).  Using  (II.l),  we  can  calculate  the  integral 
standing  on  the  right  side  of  this  equation: 
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(11.40) 


The  expression  in  parenthesis  in  formula  (11.40)  is  the 
normal  velocity  of  a profile  at  a point  lying  at  a distance  of 
one-fourth  chord  from  the  trailing  edge  (Fig.  63). 


Fig.  63.  Normal  velocity  at  rear  focal  point  on  a foil. 

Consequently,  the  initial  integral  equation  can  be  written 
in  the  form 
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Introducing  the  notation 
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we  will  transform  equation  (11.41)  as  follows: 
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where  V£  Is  a known  given  function  of  time. 


(11.43) 


The  latter  equation  can  be  made  dimensionless  by  making 
the  substitutions  x - a/a  and  s = uj/a : 


j 11 : ( v)  (/"  ' * - 'dx  - ■ .nt'.j  (s). 


(II  .44) 


Equation  (11.44)  has  a difference  kernel  and  in  type 
resembles  an  Abel  equation.  The  solution  for  this  equation 
presented  below  is  based  on  the  use  of  nonsymmetrical  Fourier 
formulas  for  solving  integral  equations  [9]  . 

We  will  multiply  equation  (11.44)  by  y ~ e"0' ds  and  inte- 


grate from  0 to  «.  In  the  following  discussion  in  equations 
containing  the  complex  multiplier  ctioS  only  the  real  part 
will  be  of  interest. 


As  a result  we  obtain 


co  % 


00 

= — V 2a  j c’j  (s)  e“°'ds. 
o 


By  using  the  Dirichlet  formula  we  will  change  the  order 
of  integration  on  the  left  side  of  the  resulting  equation: 


Setting 


Vi  .f  «*  M <lx  j V~izrr  e'at  ds ' 

0 0 

on 

~ — Y2n  | v2  (s)  C,M*  ds. 

6 

no 

o (o))  = V ‘i  f vz  (s) r""' ds 


(II .46) 
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and  making  the  substitution  (c  -a?)  = t in  equation  (11.45) 
e change  it  to 


CO  oo 

]/ j u,  (x) elax  dx  f Y~- eM  dt  = — nG  (w). 


(11.47) 


CP 

U (<»)  — |/~  | Ma  (x)  e'1"  dx, 

f II 

x («)  = Yir]  yilic'-'  dt. 


then  equation  (11.47)  can  be  written 


(11.48) 


(1 1.49) 


whence 


(o))/C  (o)  =-  — nG  (to), 


(11.50) 


Integral  equation  (IT. 48)  imposes  certain  limitations  on 
the  behavior  of  function  U2(x)  at  infinity.  In  view  of  the 
act  that  function  U2{x.)  is  being  sought,  the  question  of 
existence  of  the  integral  in  (11.48)  remains  open.  Never- 
theless, even  if  the  integral  in  (11.48)  doesn't  exist  for  real 
values  of  w = u it  may  exist  for  complex  values  of  « = u + ix> 
where  v is  a certain  positive  number  when  x > 0 . 

* So  that  the  convergence  multiplier  c~vx  improve  the 
convergence  of  the  integral  in  (11.48),  it  must  be  assumed 
that  function  u^(a:)  exists  only  on  the  half-axis  x > 0; 
when  x < 0 ws(.r)  = 0 also  agrees  with  the  physical  conditions 
of  the  problem  under  consideration. 

Function  ag(a-)  can  be  represented  as  a Fourier  integral  [118 
as  follows: 

(l  UJ 

//.,  (v)  — • *-  j c '“‘Vho  f it.,  (/)  eM  dt. 


The  latter  expression,  considering  that  t<2(f)  = 0 when 
t < 0,  can  be  written  in  the  form 


at  eo 

it,  ( v)=  -1--  I c dm  J u,  (t) 


pii*t  (if' 


(11.51) 


Comparing  (11.48)  and  (11.51)  we  see  that  l'(w)  is 
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I 


£• 


Fourier  transform  of  the  function  up,(x)e~V:r  for  x > 0 and  0 
when  x < 0 . I rans forming , we  obtain  the  following  expression 
for  the  sought  function  U2  U)  [10]: 


1<X  f oo 


; (h<  i. 


I • | 0 


(11.52) 


Jlere  a is  a certain  positive  number  in  the  area  x > 0. 


Bearing  (11.50)  in  mind,  we  can  write  (11.52)  as  follows: 


I/..  <\) 


I I I .-o 

f (i  (m) 

J l\  (<••) 

in  ; ii 


'“"(Ini. 


(11.53) 


Formula  (11.53)  yields  a general--or  as  it  is  sometimes 
called  formal - -solution  for  integral  equation  (11.44). 

Let  us  consider  the  term  K (us)  which  occurs  in  (11.53). 
Using  the  substitution  t = p - 1 we  transform  it  into 


A (o>)  -•  j/  ^ c ^ j/'|  : j 

f 


f T; 

... 

1 

V 

.1 

1 ( u 

<i  * j * 

\)  ^ 

^ j ji  f 

■ 1 
•>  IV 

c"""  </ii . 
' '1 

Ue  will  make  one  more  change  in  variables  in  the  expression 
obtained.  Assuming  that  y = chy , we  find 


A (<•')  h »11K c||  -Kfa  j [ 'i' K dr. 

* ■'  I 0 i'i  J 

Keeping  in  mind  that 

m J \f 

| eiu cii  kc|,  pK  fa  — -f-  e v //p 1 (co), 
u 

we  obtain  the  following  expression  for  A;(w): 

A («)=  j/JL  (>-'<"  [///,',”(<■•)-  /■/!"  (o.)], 

where  Hp  * (w)  is  a first-order  Ilankel  function. 
Substituting  (11.54)  into  (11.53)  we  obtain 

cn 


(s) : 


i/j  r G(u>)t  fM* 

1 * «i 


i»)i 
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(11.54) 


(11.55) 


-121- 


In  (11.55)  we  will  replace  s wi th  n , multiply  it  by 
n,  and  integrate  from  0 to  s with  respect  to  r,  : 


/a  • 0f> 


I “-/-T  j 7= 


i'a  | 0 


--■■j-  — . f C _ 1 ’> (li\  (/('). 

//{'» (<»)]* 


Sett ing 

* 

//*i  (s)  | H.  (n)  rfn 

0 

and  considering  tliat 

\ 

f <•  "i"’  </i| 


(11.56) 


(,■  *»■  - i) 

( -M)  ' 


we  obtain  the  expression 


“«(*)=-  .1 


iH  | () 


C (<*)  (e  I) . 


(11.57) 


Taking  into  account  (11.46)  and  tlie  replacement  of  <?  by 
n,  we  write  (11.57)  in  the  following  form: 

” J t,:  11 ' ''  J. „ ’<  I '/'«"(«.*)  • //j“  (...) I‘ 

For  future  derivations  expression  (11.58)  can  be  con- 
veniently written  in  the  form 


where 


" 1 1 (*)  : — -f-  J ; (’1  • s)  '^b 

0 


/ (l|.  s)  — 


i'l  I "■ 

J 

/o  |0 


lr'<"  1,1  *’-•  rf«J 

(-Me-'"  j .//tvr(t..)  — //;,j  (...) ! ■ 


(11.59) 


(11.60) 


It  can  be  demonstrated  that  the  integrand  in  (IT. 60), 
in  the  interval  of  change  in  argument  of  interest  to  us, 
does  not  contain  singularities.  For  proof  of  this  let  us 
consider  the  following  limits  which  characterize  the  demonin- 
ator  of  the  integrand: 

R (,„)  = (_/«)  c ,w  [iVlo’M  - H\"  (w)l: 
limg  («i)  — lim  |( — in)  e | if AV*  (a)  — //!"  (»)|l- 

to  li  li  >0 
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k 


- 


Li 


(Kv  is  a MacDonald  function)  and  also  the  asymptotic  expressions 


K.  «’)  ■ In  A;  Kv  (v)  • 2V 


V I) 


we  obtain  the  limit  of  interest  to  us 


lini  a1  (»■>)=  lim  A {Wn>  |/(„  (v)  | /<,  (i-)l)  = 


V >11 
u 0 


V >11 


= lim  [tie"  flu  v | = A. 

U-XI  -‘IV  l'  ) I » 


In  this  way  it  can  he  proved  that  with  any  approach  to  zero 
in  the  interval  of  change  in  the  argument  (-it  < w < n/2)  func- 
tion <7(w)  has  the  limit  lim  p(“’)  = 2/n. 

w->-0 


When  w ->  ® the  integrand  diminishes  monotonicall  y . After 
analyzing  the  integrand,  we  will  return  again  to  (11.60). 
Integrating  along  the  contour  (Pig.  64)  we  can  write  this 
equation  in  the  form  of  a sum: 


|121 


Dr  o a | 

+ 1 + J 'I*  J 4 .[[•  (13.61) 

0 RA  (' j,  v II  (i  | 

In  (11.61)  all  integrals  with  (n  - a)  > 0 and  n > 0 
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re  equal  to  zero.  The  convergence  multiplier,  in  view  of  the 
good  convergence  of  the  integral  in  (11.60),  can  he  set  equal 
to  unity,  that  is,  a = 0. 


Fig.  64.  Contour  of  integration. 

When  R -*■  °°  the  integral  over  contour  Cr  vanishes  in 
accordance  with  the  Jordan  lemma. 

Inasmuch  as  within  the  contour  of  integration  under  consid- 
eration there  are  no  singular  points,  according  to  the  Cauchy 
theorem  the  sum  of  the  integrals  remaining  in  (11.61)  is  equal 
“■0  zero.  This  makes  it.  possible  for  convenience  of  subsequent 
calculations  to  express  the  real  part  of  the  integral  in  (11.60), 
which  is  of  interest  to  us,  in  terms  of  an  integral  with  respect 
to  the  imaginary  axis. 

We  will  transform  the  integral  in  (11.61)  on  the  basis  of 
what  we  have  stated.  For  this  purpose  we  will  first  of  all  write 
the. integrand  in  polar  coordinates 

I'a-J-  no 

c‘  (T>~S)  p'"eti  (pj<r) 

( /(*•"<’)  .•  - |.7/'»  jT//j"'(7j")  I ’ 

where  p = and  4 = arctg  v/u  - 2k’n  ( k is  a whole 

number)  . 

Keeping  in  mind  that 

ii  «**  e» 

/ (,),  s)  = } =S  ~ f , 

fl  0 v — m 

for  the  last  integral  with  respect,  to  the  imaginary 
v and  t = - n / 2 , we  will  write  the  integral  of  interest 
the  form 


and  that 
axis  p = 
to  us  in 


I (n,  s)  = j 

in  | 0 
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' ' J (-ive-‘n»)  c~'“'  '*■'*  [///»»  («?-'•«»)  — //i"  U-  ",'2)J 


<•-  <”“s>  "•  du, 


.1  vu-[<,(«'/n/:V"!1>(v,:,/Or 


where  vq  = -v 


Taking  into  account  the  above  formula  for  transition  from  [122 
a llankel  function  to  a MacDonald  function  and  dropping  the 
subscript  of  the  argument,  we  transform  the  last  integral  as 
follows : 


/ (»|.  s)  = i 


e~  <’>“«)  ’do 


J ^ [''  7Jk° 


ue 


/ S)  = i JL  — f ^ dv . 

2 [J  l‘<’  lA'o(t')  !-Ki(u)l 

Substituting  (11.62)  into  (11.59),  we  obtain 

to  eo 

, f f r~v  <'1-0 

“n  (s)  — ‘ v.,  (ip  ih]  — dv.< 

; -J  IAo  6')  -!-  ki  (i’)] 


(11.62) 


(II  .63) 


Keeping  integral  equation  (11.56)  in  mind,  we  find  the 
following  expression  'for  function  y 2(c): 


'D  (s)  =--= 


s on 


c~v  <n  *) 

w*  [A'o  (i>)  -h  AT  (t’)l 


/ 1 — \ — ay, 

J w*  l/C0(i’)  f A'i(u)! 


(11.64) 


then  the  function  for  velocity  discontinuity  behind  a foil  is 


ii,  (a)  = — « -y-  J y,  (it)  /,  — S) 

1)  I 

It  follow's  from  (11.65)  that  double  integration  must 
be  performed  in  order  to  determine  function  m>(£<). 


(11.65) 


Prior  to  proceeding  to  calculation  of  Jj(n  - a)  we  will 

- 1 2 5 - 


analyze  its  integrand.  The  denominator  of  the  integrand  has 
zhe  following  limits: 


lim 


— lim  • 


v-n)  vev\KAv)  + Ki(v)]  u >o  Vev  ^|„  JL  + JLj 


= I. 


lim 


J 


lim  ■ 


*-►«  If  (/(„  (v)  -|-  Ki  (l')I  i>->u, 


(Vv^+V*' J) 


-■=0. 


Consequently  the  integrand 


r (n  — s,  v)  - 


--V  (11-5) 


^"1/CoO'H-  K,  (i')J 


(11.66) 


within  the  limits  of  0 v ± 00  changes  monotoni cal ly  from 
1 to  0,  and  as  (n  - s)  increases  this  function  tends  to  zero 
exponentially . 

Fig.  65  shows  curves  of  function  (11.66)  for  different 
values  of  (n  - s) . By  measuring  the  curves  of  the  function 
f’(  n - s,  v ) with  a planimeter  we  find  numerical  values  for 
12  which  is  of  interest  to  us.  These  values  are  presented 
graphically  in  Fig.  66. 

Using  a numerical  value  for  Tj  for  subsequent  determina- 
tion of  function  u 2(s)  is  greatly  hindered  by  the  existence 
behind  the  integral  sign  in  (11.65)  of  the  arbitrary  function 
w2(n)*  Therefore  in  order  to  pursue  an  analytical  solution  to 
the  problem  we  will  find,  relying  on  the  numerical  solution 
found,  the  value  of  the  equation  for  I]  . IVe  will  represent 
the  integrand  in  the  equation  for  I]  in  the  form  of  a product 
of  two  functions: 


The  function 


/ 1 


l 


<1|  5) 


Vo  V ocv  |A'0(yM-  A'i  (f)I 


dv. 


(II .67) 


d (V)  : 


Vocv  [/Co  (u)  -F  /Cl  (t’)l 


(II  .68) 


is  constant  in  sign  in  the  interval  0 < v < (Fig.  67). 


The  remaining  part  of  the  integrand  in  this  interval  is 
continuous.  This  makes  it  possible  to  use  the  second  mean  value 
theorem  to  calculate  I j: 


/i  = A ( v ,)  J — dv, 


(11.69) 


.here  0 < v-f  < 
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□ztrri 

10 


Pig.  66.  Values  of  the  equa- 
tion IjC n - s)  = p*  e~v  dv 

(v)  -I-  A',  601 

Solving  (11.69),  we  obtain 


Acuvnirpr’i  | 

■ !"  nri 


fllxpij.  I.  I Li — t 

Fig.  67.  Curve  of  the  func- 
tion /.  (v)  . 

KPY : A- -asymptote . 


■ , ^w(-r) 

1 ’ 


(11.70) 


where  r (.1/2)  is  an  Euler  gamma  function. 

The  numerical  value  found  above  for  ij  can  also  be  trans- 
formed to  the  same  form  as  (11.70) 


Ar(h-s|) 


(H.71) 


A graph  of  Ap(|n  - s j ) is  shown  in  Pig.  68.  Equating 
(11.70)  and  (11.71),  wTe  find  the  condition  for  determining 
function  A(i’i) 


A(v,)r'(-±-)=Av  (hi -si). 


(11.72) 


It  follows  from  identity  (11.72)  that  A (v{)  is  a [125 

function  of  the  difference  |n  - sj.  As  numerical  calculations 
from  zero  to  rather  large  values  of  | n - e|  show,  identity 
(11.72)  is  satisfied  best  when 


« — T/.-r-  ".Tra-r- — 7 • 

V I I i ij  — s I 

At  very  large  asymptotic  values  of  |n 
is  satisfied  best  by  tlie  function 


(11.73) 
identity  (II  .72) 


A (tv) : 


V^\2A  |n- *n 


(11.74) 


For  a comparison  witli  exact  values  of  /.  r curves  of  the 
functions 
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. 


j/2;i  V\  f ] i|-sf 

are  presented  in  Fig.  68. 


ana 


\ - f 

V-3*  |2  + |i|-  .s  || 


A 

1 


Fig.  68.  Approximate  and  exact  values  of  the  function  A ( | n - s | 
1--Ar;  2--  ..  . ; 3--  r(  i) 

Y'iix  t~  l l » ! n I)  j/ys  v i ! i s - ni ' 

As  a result  of  the  analysis  performed  for  determining  the 
value  of  the  integral  equation  for  I],  we  obtain  the  following 
formulas : 

a)  exact  solution 

/ — ■ dll  A ~ * I) . 

’ (11,78) 

b)  approximate  solution  which  holds  from  zero  to  rather 
large  values  of  j n - e| 


i 

V S — >i  V\  + |S  — ijl’ 


(11.76) 


c)  approximate  solution  for  very  large  and  asymptotic 
values  of  ] n - s | 


1 

(2  + Is  — Ul)' 


(11.77) 


An  analogous  approximate  solution  could  be  found  for 
the  entire  range  of  change  0 <.  | n - & | <.  by  presenting 
graphical  function  Ij  in  tlie  form  of  the  scries 


[126 


t djtv,  I 


7“u  (*  ’i)  - 

or  even  in  the  form  of  a trigonometric  series.  However , 
such  expansions  are  not  effective  for  purposes  of  investigat- 
ing further. 

By  substituting  (II  . 75) -- (II  . 77)  into  (11.65)  we  obtain 
the  following  relations  for  determining  the  function  wg  (s ) . 

An  exact  solution  to  integral  equation  (11.44)  is 


tit  (K)  - ■ 


,/  I’.'J  Cl)  4|.  (I  'll) 

i/v  ,1  |/  s-  1| 


I")  4,  I'.) 


\ "/('ll 


A.  (:  x >i  ;) 


where 


<>■:  f'|) 


An  approximate  solution  to  equation  (11.44)  which  holds 
from  zero  to  rather  large  values  of  s is 


u,  (s)  ^ 


•(1) 


4 . f X(1>  ‘ ' 

VW  <»  .)  Vs-  i'i  •/  I I |s~  if) 


An  approximate,  solution  for  asymptotic  values  of  s is 

,uiK\  r.  > A/  CD  r- 

K tin  .1  |/.s-  i|  (■_•  i |.v  up  ‘ ' 


It  can  easily  be  seen  that  the  expressions  obtained  for 
small  values  of  ja  - n|  <<  2 become  the  well-known  solution 
of  an  Abel  integral  equation  [12] 

* 

i \ I d I*  i'.,  (t|)  . 

//••(*)  - - . • 1 - dll, 

V'i  ,h  j'  Vs  'i  (II, 

which  can  be  found  directly  from  equation  (11.44)  if  the 
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f ei'nel  J/'ft*.— f is  replaced  with -its  approximate  value  j/  -^ 

By  using  formulas  (II .78) — (II .82)  it  is  possible  to 
find  the  function  V2 (n)  for  a given  velocity  u 2 (s ) , that  is, 
to  find  the  intensity  of  the  vortex  sheet  trailing  from  the 
sharp  edge  of  a nonstationari ly  moving  foil. 

Using  the  substitutions  x = a/a  and  a = a i/a  to  transform 
(11.5)  and  also  formulas  (1 1 . 1 7)  - - ( 1 1 . 1 9)  to  dimensionless 
form,  replacing  s in  u 2(c)  with  x , and  integrating,  we  deter- 
mine for  a given  value  of  y2(n)  the  circulation  and  hydro- 
dynamic  forces  acting  on  a foil  during  nonstationary  movement . 

Below  we  present  several  examples  of  computations  ofz^Cr), 
r (e) , and  y(s)  for  the  most  typical  types  of  function  V2(n). 
There  is  also  a comparison  of  data  obtained  with  the  results  of 
solutions  previously  found. 

By  way  of  a first  and  very  simple  example  we  will  con- 
sider the  movement  of  a profile  from  a state  of  rest  at  a 
constant  velocity  of  uq  = const.  Inasmuch  as  in  this  case  move- 
ment begins  from  a state  of  rest  circulation  rg,  according  to 
Thompson's  theorem,  is  equal  to  zero.  Function  ygC^)  in 


accordance  with  formula  (11.42)  will  be  equal  to  ygC’1)  = _!y-0?0- 
Using  the  formulas  presented  above  we  obtain  for  this  type  of 
novement  the  following  dimensionless  expressions  for  the 
velocity  discontinuity  function  U2(s)  = m2(s)/uoB[): 

for  0 <.  s <<  1 [formula  (11.82)] 

“*(s)“T5r;  (11.83) 

for  0 x.  s < 20-  - 30  [formula  (11.80)] 

■ • Cii.84) 

for  e+o,  [formula  (11.81)]  [128 

T.  i-\  ...  * * 

II  < (s)  / I . . 

V*  f (11.85) 


Fig.  69  shows  approximate  values  of  ^2(^3  as  determined 
from  formulas  (I I . 83) -- (I I . 85)  and  also  the  exact  value  of 
n2(s)  found  from  formula  (11.79).  Here  also  is  the  value  of 
t/2(a)  as  obtained  by  Wagner  [4]  for  the  given  type  of  movement 
as  a result  of  the  above  described  approximate  numerical  calcu- 
lation of  integral  equation  (11.44). 

A comparison  shows  that  the  exact  and  approximate  values 
found  for  u 2(c)  agree  well  with  those  found  for  this  special 
case  of  foil  movement  using’ the  Wagner  numerical  method.  As 
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should  be  expected  formula  (11.74)  gives  values  of  u 2(a)  close 
o the  exact  ones  only  up  to  s < 1 . At  greater  values  of  s the 
results  are  inflated.  The  values  of  u2(s)  obtained  with  formula 
(11.80)  practically  coincide  with  "the  exact  solution  up  to 
s ± 20- - 30 . 

Asymptotic  formula  (II. 81)  approaches  the  exact  solution 
in  the  best  possible  fashion  when  s > 30- -40. 

_ Corresponding  dimensionless  values  of  circulation 
r(s)  = r (a ) / 2r,au  y8  o fen*  a given  foil  movement  are  found  from  for- 
mula (II  .5)  which  after  transformation  to  dimensionless  form, 
substitution  of  formulas  (I I . 83) - - (I I . 85) , and  integration  make 
it  possible  to  obtain  the  following  expressions: 


for  0 <_  s <<  1 

'f  (s) 

for  0 <_  8 < 20- -30 
V(s)^ 


v? 


Vs ; 


n An* 

Jl 


(II .86) 


(II .87) 


i or  s ->  c*i 


V (s)  -=s  — arclf!  ]/ 4 . (11.88) 

Fig.  70  shows  circulation  as  calculated  with  approxi- 
mate formulas  (1 1 . 86) - - ( 1 1 . 8S)  . The  figure  also  shows  the 
exact  value  of  r (s ) obtained  as  a result  of  numerical  inte- 
gration of  the  expression 

s 

T(s-)^-M  /,  (.v)  ,/v.  (11.89) 

0 

The  graph  in  Fig.  70  makes  it  possible  to  trace  the 
development  of  circulation  on  a foil  in  relation  to  its 
movement.  When  a > °°  the  circulation  tends  toward  its  full 
values  r (a ) = 1. 

The  lift  is  determined  in  t lie  case  of  foil_movement  under  [130 
consideration  from  the  following  formulas  (y  - yg  + y'3): 

for  0 <.  a <_  1 


for  0 < a < 20- -30 


a llVjffiM ; 

" + !)(*  + 2) 


for  s ® 


y 1 1 Vj_ 

K ~ l » I'VTiV 


In  the  above  formulas  Y = Y/Yst  is  the  dimensionless 
expression  for  lift;  Yst  = 2irpoPo^oa  the  stationary  value  of 
lift;  K a total  elliptical  integral  of  the  first  order; 


(1  + « sin2  ((■)  V 1 — A,a  sin ^ <{> 


a total  elliptical  integral  of  the  third  order;  n = a/2;  and 


— — _L_U_ 


1 1 - 

rr 


^ i 


]'jg.  70.  Circulation  r.(«)  for  movement  of  a thin  foil  from  a 
slat  ' of  rest  at  constant  velocity. 


Fig.  7.1  shows  a graph  of  the  integral  equation  for 
ver  the  interval  0 <.  s < 40. 


Fig.  71.  Total  elliptical  integral  of  the  third  order  n(s). 

Values  found  for  Y using  formulas  (1  I . 90) - - (1 1 . 02)  are 
shown  in  Fig.  72.  For  comparison  the  figure  also  shows  the 
results  of  Wagner  calculations. 

Expressions  for  determining  the  function  k?(o)  for  a 
linearly  changing  normal  velocity  U2(n)  ~ "kn  can  he  found 
similarly.  In  this  case  the  velocity  discontinuity  function 
and  circulation  around  a foil  can  be  found  as  follows: 


for  0 <_  s <_  1 

«.(s)=  \'2kVs, 

r (&)  = ±i/2(o/.-)sl/s; 

for  0 <.  s >>  1 

us (s)  = V2  k Arsli  V's, 

I'  (s)  = 2 V’2 (ale)  - + s)  Arsli  Vs Vs  ] AT  F s]  ; 

for  8 ->  « 

us  (s)  — ■ 2 h arefg  j/ ~ , 
r (s)  = 4 (ak)  [(2  I-  s)  srclg  ]/-■-  - 2 ]/ \ ] . 


(II .93) 


(II .94) 


(11.95) 


In  order  to  determine  the  exact  value  of  ug  (s)  it  is  [13 

necessary  to  use  t lie  second  of  formulas  (11.79),  that  js, 
integrate  numerically  t lie  expression 


(11.96) 


u,  (s)  = k 


(|  5 — n |) 
Vs  — 1) 


Fig.  73  shows  the  results  of  calculations  performed  with 
formulas  (II  .93) --(I  I .96) . 


Fig.  72.  Lift  during  movement  of  a thin  foil  from  a state  of 
rest  at  constant  velocity. 

KEY:  A- - asymptote . 

1--.Y  according  to  Wagner;  i~\ *=i- V-.~=-u  („*K 


Fig.  73.  Velocity  continuity  function  » 2 (s ) = U2(s)A  when 
a thin  foil  builds  up  velocity  linearly  from  a state  of  rest. 
1--M2(«)  = 2--u2(*)  from  formula  (1 1 .96.)  ; , _ - (s)  ^.rArdl  y,"  j. 


At  velocities  of  y^Cn)  = - (n  ♦ k n)  the  values  of  function 
2(s)  arc  equal  to  the  algebraic  sum  of  corresponding  solutions 
presented  above. 

The  value  of  the  velocity  discontinuity  function  in  the  case 
of  harmonic  unsteady  movement  from  a state  of  rest,  that  is, 

= VQe'l^r\,  where  w = ka/uQ  and  k is  tlie  frequency  of 
oscillation,  is  also  of  interest. 

In  §13  we  presented  values  of  function  u 2(a)  for  steady 
harmonic  oscillation  of  a foil. 

For  small  s <<  1 and  V2( a)  = function  u 2 (a ) can  [133 

be  expressed  by  the  following  formula: 


«•  (s) = v0  j-p=-  + Y iiw  ie'°"  [c  ( Y <,jis) — >s  ( Y <,,s ) j j < 


(11.97) 


where  C and  s are  Frenel  integrals. 

When  (o  ->  0 and  i>2(n)  (-uo)  formula  (11.97)  becomes  for- 

mula (11.83)  which  was  obtained  for  unsteady  movement  of  a foil 
from  a state  of  rest  at  constant  velocity. 

bet  us  assume  that  a foil  moves  at  a constant  velocity  with 
variable  angle  of  attack  which  obeys  the  harmonic  law  3 = 3 . 

.his  movement  also  starts  from  a state  of  rest.  Then 
y2(n)  “ -!4()BQe'z''I-~uri  and  u q = uoBo  and,  consequently,  the 
intensity  of  the  vortex  sheet  can  be  determined  from  formula 
(11.97).  In  the  case  under  consideration  there  is  complex 
nonstationary  movement  starting  from  a state  of  rest  at  a 
constant  velocity  of  wq  ar>d  movement,  due  to  harmonic  oscilla- 
tions in  the  angle  of  attack  6 = 8 • There  is  a term  in 
formula  (11.97)  for  each  of  these  two  types  of  nonstationary 
movement.  Of  great  practical  importance  is  the  resulting  unique 
principle  of  addition  of  solutions  which  is  a consequence  of  the 
linearity  of  the  integral  equation  considered  above.  Having  a 
set  of  formulas  for  the  function  u 2 Gq ) for  the  simplest  types 
of  nonstationary  movement,  it  is  possible  to  apply  this  prin- 
ciple to  many  of  the  more  complex  cases  of  foil  movement  in 
order  to  find  a function  for  intensity  of  a vortex  sheet  and, 
as  a consequence,  the  hydrodynamic  forces. 

The  total  supporting  hydrodynamic  force  (Y  = 72  + Y 5)  for  the  [134 
type  of  foil  movement  under  consideration  at  large  values  of 
w is 
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7 - [ i _ ilL . -i  )d± ill  - 
1 n ^rrr 

r(i)  _ _ 1 

YLL(1  _/)]Aw  , 


(11.98) 


where  y = Y\/Yi\  Y 2 = 2p  onawow  oe^ws  > anc^  fln^^  (“ ) is  a second  order 
Hankel  function. 

The  following  is  the  limit  in  formula  (11.98): 


since 


lim  Y — ~y  , 

(0>« 

lim  Real  |(l  — i)  ]/" oi  r'l“//o‘,,(oi)| 


— lim  ,|  0)  /(i  (o>)  (sin  (o  j-  cos  m)  ■—  Af0 (*•»)  (cosoi  — sin  «•>)' 


lim  ' 1/  to  I / — cos  ( to  ' ) (Much  | cos  o) 

I LI7  ,u"  v 7 


It  follows  directly  from  formula  (11.97)  that  when 
u ■*  0 the  effect  of  harmonic  oscillations  on  the  intensity  of 
the  vortex  sheet,  and,  consequently,  on  the  force  caused  by  it 
tends  to  zero. 

All  this  is  evidence  that  with  the  occurrence  of  harmonic 
unsteady  movement  of  a foil  the  effect  of  trailing  vortices  at 
large  frequencies  of  oscillations  (to  > » ) leads,  as  in  the  case 
of  steady  harmonic  oscillations  [3],  to  cutting  the  quasistat'.ion- 
ary  lift  in  half.  In  the  case  of  low  frequencies  of  oscillations 
w -*  0 the  effect  of  the  vortex  sheet  tends  to  zero,  that  is,  the 
forces  supporting  the  foil  are  determined  by  the  potential  and 
quasistationary  components  of  external  forces. 

By  using  the  above  general  formulas  the  velocity  discontin- 
uity function,  circulation,  and  hydrodynamic  forces  can  also  be 
found  analogously  for  other  types  of  unsteady  foil  movement  in 
an  unbounded  liquid. 
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B.  Hydrodynamic  forces  acting  on  a hydrofoil  during  unsteady  [135 
ovement 

Having  discussed  the  main  results  from  the  theory  of  a 
thin  foil  moving  nonstationarily  in  a flow  of  unbounded  liquid, 
by  using  the  methods  of  computation  developed  in  preceding  sec- 
tions for  arbitrary  nonsteady  movement  of  a foil  we  will  proceed 
to  formulate  and  solve  the  problem  of  determining  nonstationary 
hydrodynamic  forces  acting  on  foils  moving  close  to  a free 
water  surface. 

§16.  Formulation  of  the  problem  and  derivation  of  integral 
equation  for  determining  the  intensity  of  the  vortex  sheet 
of  a foil  moving  close  to  the  water's  surface 

Let  us  consider  the  movement  of  a thin  profile  (-a.  +a) 
immersed  beneath  the  free  surface  of  a liquid  to  a depth  of 
(Fig.  74).  The  profile  executes  movement  the  normal  com- 
ponent of  the  velocity  vector  of  which  can  be  determined  from 
formula  (II. 1).  As  formerly,  the  geometric  angle  of  attack 
of  the  profile  is  and  the  velocity  of  additional  disturb- 
ances affecting  the  foil  are  small. 

Stipulating  that  movement  of  the  profile  begins  from  a 
state  of  rest,  assuming  the  liquid  to  be  weightless,  and 
neglecting  in  the  Lagrange  integral  squares  of  absolute  velocities 
movement  of  the  liquid,  we  obtain  the  following  boundary 
condition  on  the  free  surface  of  the  liquid: 


4>  = 0 when  y j - 0 ; 

— oo  < x <,  ^ 


(II .100) 


Condition  (11.100)  makes  it  possible. to  apply  the  prin- 
ciple of  symmetry  and  to  extend  analytically  the  flow  of  the 
liquid  to  tli e upper  half-plane,  as  a result  of  which  we  ob- 
tain a flow  equivalent  to  the  disturbance  caused  in  a liquid 
by  unsteady  movement  of  a biplane  in  an  unbounded  flow  (Fig.  75). 

The  latter  holds,  as  in  the  case  of  a hydrofoil  during  unsteady 
movement  (see  §4),  only  at  large  relative  velocities  of  the 
principal  movement. 

Behind  each  foil  of  the  biplane,  starting  immediately  at  [136 
the  trailing  edge,  stretches  a two-walled  cut  which  is  equiva- 
lent to  a discontinuity  in  horizontal  velocities  or  to  a vortex 
wake  with  a vortex  intensity  behind  upper  and  lower  foils  of 
2^1  (a)  and  20(a)  respectively. 


Let  us  replace  the  upper  and  lower  foils  of  the  biplane 
with  vortex  wakes  of  intensities  10 ]f x ) and  u>?(.r).  The  vortex 
layer  u>i(.x0  will  induce  a normal  velocity  on  the  upper  foil  of 
>13] 
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where  £ is  the  abscissa  of  a singularity  in  moving  xy  coor- 
dinates and  x is  the  abscissa  of  the  point  at  which  the 
given  singularity  induces  a normal  velocity. 


Fig.  74.  Nonstationary  movement  of  a foil  near  the  water's 
surface  (main  notation) . 

The  upper  vortex  wake  on  the  uppe^  foil  will  induce  the 
normal  velocity 


1 a(  „,(„)*»  . (11.102) 

Un  2n'J  \ — x ' 

0 

where 

£ — a — — a,  — (a,  -f  o)  *£  l ==£  — ft. 


The  normal  velocity  induced  by  the  vortices  of  the  lower 
foil  on  the  upper  is 

1 «.)j(|)(^-x)  ,, 


If  <MS)  (£-*)  Jt 

“ 2;  1 J | (s-.vy- 


The  lower  vortex  induces  on  the  upper  foil  the  normal 
velocity 


l,J  -2.rJ  (■:. 


The  normal  velocity  induced  by  all  vortices  at  a certain 
point  ^(j:)  on  the  upper  foil  will  be 


t 
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*•«*>  — 3.  J 


I f <"i  (?.)</£  , > f «i  («)*/« 


t-f 


i L.  f "ilzlil' 
'in  J ' E - a 


1 V <■»»(£)(£-*)  , J_  ? «i  («)(£-*)  a.j 

in  J (a/i)»  ME—  *)-  5 1 2n  rw  + (£-*)’ 


or 
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r-W=-5rJ  [f^  + 


(«) (S — 
(2/0- H (I - 


i_  r r wii|)  4 (»(£-<)  i rr 

2n  J l.  l-x  I <2*)*  + <6-Jr)*J  a5‘ 

(11.105) 


By  analogy,  because  of  symmetry,  the  normal  velocity  in- 
duced by  all  vortices  on  the  lower  foil  is 


f r "*(«). 

«i  («)«-*)  T 

J U-* 

(2A)*  + (6-x)*J 

«'*W  = -drJ  [ 

0 

rflr«i«)  , (6)  (6— jt)  t ^ 

J lr=T  + pj3T(i-^J  rfs- 


da  • 


I 

‘in 


(11.106) 


In  view  of  the  fact  that  separate  on  - free  flow  around 
foils  is  under  consideration,  normal  velocities  (11.105)  and 
(11.106)  are  equal  to  velocities  vn(.x,  t)  [see  formula  (II. 1)] 
or  upon  rise  of  unsteady  movement  not  from  a state  of  rest 
are  equal  to  vi  [see  formula  (11.42)]. 


Subjecting  (11.105)  and  (11.106)  to  one  of  these  conditions 
we  obtain  the  system  of  equations 


it 

i « 


r r»i(<') 

| "2  (")  (£  — a) 

J 

1 (2/i)-rf(&--.l)' 

w,(E)  - »>.  <E)  (£  -*) 
i x 1 {m-  i a 


I " 
( 
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■ »i('0(5  — *)  | 

J 1 i-x 

D 

1 (2/i)'*  1 

r (,s»  (s)  | 
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a-*  1 
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da 


rf'c,  --  2 a a, 


(la  — 


: 2lU\, 


(IT  .107) 


from  which  flow  the  following  relations: 

u,  (a)  ^ ii  2 (a)  ==  u (a)  and  10 1 (fe)  = »3  (S)  = «>  (£). 

The  above  equalities  flow  from  the  principle  of  symmetry. 

Thus,  in  place  of  system  of  equations  (11.107)  we  obtain  [139 
two  identical  equations,  each  of  which  has  the  form 


r ' u («)  r i i 1 da  — 

J %—x  L h(2A)*-ME-Je),J 

0 

T “(■)  h I (E-*)1 1 dt  - 2iv 

J T+i  L1  +m(M*J 


(II .109) 


Equation  (11.109)  contains  two  unknown  functions  u(a) 
and  w(c)  which  along  with  (11.109)  must  satisfy  the  condition 
flowing  from  Thompson's  theorem  that  circulation  around  a con- 
tour enveloping  a foil  and  its  vortex  wake  must  always  be 
equal  to  zero  if  foil  movements  start  from  a state  of  rest. 

It.  is  easy  to  see  that  when  h -*■  » equation  (11.109) 
describes  the  movement  of  a monoplane  in  an  unbounded  liquid. 
When  h ->  0 we  obtain  the  following  formula  from  (11.109): 


K‘">-  -J 


(II  .110) 


the  solution  to  which  should  be  doubled,  having  in  mind  the 
existence  on  segment  (-a,  a)  of  a monoplane  consisting  of  two 
combined  foils. 

In  the  case  of  steady  movement,  that  is,  u (a ) = 0,  equation 
(11.109)  acquires  the  form 


f .will  I 

i 8n*£ I 

J i-x  1 

1 I (E-Jrpj 

(II  .111) 


An  approximate  solution  of  equation  (II. Ill)  for  sta- 
tionary movement  of  a biplane  in  an  unbounded  liquid  was 
obtained  by  N.  F.  Sakharnyy  [14]. 

We  will  transform  (11.109)  so  that  we  can  express  the 
velocity  discontinuity  function  directly  in  terms  of  the 
normal  velocities  oh  segment  (- a , a).  For  this  purpose  we  v\  i 1 1 
replace  functions  ;<(«)  and  «(f,)  in  (.11.109)  with  values  of  hor- 
izontal velocities  on  the  contour  of  the  two-walled  cut 
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If  M22(a)  and  “22(0  are  the  values  of  horizontal 
y/elocities  when  approaching  the  cut  from  above  and  W2l(a) 
and  W21  (?)  are  respectively  the  same  velocities  when 
approaching  the  cut  from  below,  then  u(a)  = inof a)  - u?i  (a) 
and  also  10(C)  = o>22  (C)  - 0121(C).  f 

Substituting  the  latter  formulas  into  equation  (11.109),  [140 

we  obtain 


Cti 


f "i*  (<d  r 

[ 1 ^ 'Vf  I 

J (£-*)  L1 

u 

a, 

r “a  («) 

J (6-Jf) 
0 

f1  J da- 

-f -a' 

f «w(5)  r 
i a -x)  | 

- a 

1 -i — 1 .I*  j 

T r. 

j.  (S“*)2  1-  9. 

J a-*)  1. 

— a 

^ (2/0-  + (s  - A.')- J ~ 2ni 

(11.112) 

The  left  side  of  equation  (11.112)  represents  a certain 
function  F(a)  which  is  regular  over  the  entire  plane  with 
..he  exception  of  cuts  (01,  +a)  located  symmetrically  with  re- 
spect to  the  real  axis  at  a distance  h and  which  is  expressed 
by  a Cauchy  formula  in  terms  of  its  value  at  the  boundary  of 
the  cut.  This  makes  .it  possible  to  replace  (11.112)  with,  the 
following  equation: 

‘2mJ-  (?)  = 2n  v„  or  F (?)  = —ivn.  . (11.113) 


As  in  the  problem  of  unsteady  movement  of  a monoplane,  we 
will  seek  the  relation  F(z)  in  a certain  class  of  functions 
satisfying  boundary  conditions  and  conditions  on  the  trailing 
edges  of  a biplane.  for  this  purpose  we  will  multiply  both 
sides  of  (11.113)  by  the  function  g(z)  which  in  this  case 
assumes  the  form 


/.'(?)-  (/ 


? a 

v;i « 


--  IT 
I 'T  ' 
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function  (11.114)  can  be  simplified  by  assuming  that  the 
path  traveled  by  a hydrofoil  from  the  instant  of  inception  of 
unsteady  movement  is  small  as  compared  witli  the  chord  of  the  foil 
2a  and  the  distance  2 h.  This  assumption,  which  was  first  used 
by  G.  Wagner  to  solve  a similar  problem  [4],  is  equivalent  to 
taking  into  account  in  a vortex  wake  trailing  from  a hydrofoil 
* «nly  those  singularities  which  are  located  right  at  the  rear 


— 


"•  T*  — ^ - - r • 
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“dge  of  a profile.  As  experiments  show,  as  a consequence  of 
issipation  of  its  energy  a vortex  wake  rapidly  breaks  clown 
and  therefore  the  main  influence  on  the  process  of  unsteady 
movement  of  a foil  is  exerted  by  singularities  located  close  to 
the  profile. 

The  function  p(a),  which  can  be  written  in  the  form 

\ / 2fl  -f  a,  — a \f  2 g + Ui  — a + 2/t~ 

M ' V a, — a Y a,  — a + 2 h 

under  the  assumption  that  (a^  - a)  <<  2 a and  (aj  - a)  <<  2k, 
becomes  transformed  into  the  following  approximate  relation: 


^^V^V'+ir- 


The  second  factor  in  the  latter  variation  docs  not  depend 
on  the  path  of  integration  of  « and  amounts  to  a certain 
additive  constant  which  after  substitution  of  p(a)  into 
(11.113)  can  be  shortened  in  subsequent  operations.  This  gives 
a basis,  as  in  the  case  of  unsteady  movement  of  a monoplane,  to 
write  function  g(z)  in  the  form  g (2)  = /Jz  ~aJ7 (a  +~a7,  not 
forgetting  the  assumption  made  above. 

As  a result,  we  can  write  equation  (11.113)  in  the  form 


Integrating  over  the  contour  of  the  cut  (oj,  +a)  , eve  obtain 

I vTff *+ + 

0 —a 

+ S F ® (-  VWh + J f ® l/iH  - 
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Substituting  into  the  latter  expression  the  values  of 
function  F(;  ) at  the  edges  of  the  cut  and  also  taking  into 


account  that  a? 2 
find 


“21  » ®22 


21  > an“  °22  un  = 


r.  » 


we 


- 1 d S - 


■'Tar 


’ 

[141 


or,  shortening,  we  find 


u i 

\ (a)  K (/;,  l — a*)  ]/ 


I u 


£ + « 


-da  = 


^ 0]/ ~ — 


•r  6 
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where 


K(h,  £■ 


■ A")  — 1 -f- 


(6-*)* 
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Calculating  the  integral  on  the  right  side  of  equation 
(11.115),  we  obtain 


a,  

j « 22  («)  A'  (//,  1 — A)  ]/  - dot  ~ — (fflU.,,  (11.116) 

(J 


where 

v-i-,  — i/'  — «„Pu  — y (0°- 

The  singular  first  order  integral  equation  (11.116)  de- 
scribes the  intensity  of  a vortex  sheet  trailing  from  a hydro- 
foil moving  nonstationarilv . When  h ->  ® it  becomes  equation 
(II  .44) . 

§17.  Solution  to  an  integral  equation  for  a hydrofoil.  Hydro- 
dynamic  forces  in  the  general  case  of  unsteady  movement  of  a pro- 
file close  to  the  free  surface  of  the  water 

The  general  solution  obtained  above  for  integral  equation 
(11.44)  can  be  extended  to  equation  (IT. 116).  Transforming 
this  equation  to  dimensionless  form  and  expanding  the  solution 
into  the  scries  described  in  §15,  we  obtain  the  following 
express  ion : 
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where 


/ (l|  — s,  h)  - 


ia  \ co 

J' 

la  | 0 


fl'MlVS) 

(—  Hit)  K (oij 


(11.118) 
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In  the  following  discussion  the  subscript  ”7"  will  be 
dropped  from  xj  and  hj  for  simplicity  of  notation. 

It  is  easy  to  see  that  in  order  to  determine  the  function 
u2 2(a)  it  is  necessary  to  calculate  integral  equations 
(1 1.117) --(1 1.119)  . 

Calculation  of  the  indicated  integrals  is  in  large  measure 
simplified  if  it  is  stipulated  that  the  path  traveled  by  the 
’oil  is  short.  The  latter  stipulation  makes  it  possible  to 
ransforrn  (IT.  119)  to  the  form 
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Taking  formula  (11.120)  into  account,  (II.  118)  acquires 
the  form 
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we  find 
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(II.  121) 


where 
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Formula  (11.122)  holds  in  all  cases  when  the  re  are  dis- 
turbances in  the  main  movement  of  the  foil  which  are  abrupt 
as  to  time.  For  processes  closer  to  stationary  the  Prandtl 
hypothesis  can  be  used  similarly  to  obtain  the  formula 


/.  (//) 


_ H-W 


2 -l-(2/,F  ’ (11.12  3) 

a comparison  of  which  with  test  data  is  shown  in  Fig.  76. 

By  comparing  (11.121)  with  w 2 (s ) for  the  case  of  movement  of 
a foil  in  an  unbounded  liquid  [see  formula  (11.82)]  we  see  that 
they  differ  in  the  factor  fi (h ) . Function  fi (k ) takes  into 
account  the  effect  of  a free  surface  on  the  intensity  of  vor- 
tices trailing  behind  a nonstati onarily  moving  foil.  When 
0 < ;;  < co  functions  (11.122)  and  (11.123)  varv  in  the  range 
% < fi(h ) < 1 (Fig-  76). 

It  follows  from  (11.121)  that  when  considering  the  movement 
of  a foil  dost  to  a free  surface  we  can  arbitrarily  replace  it 
with  some  other  foil  moving  in  an  unbounded  liquid  at  somewhat 
Jiffcrent  normal  velocities.  This  conclusion  follows  uii'ecl- 
y from  equation  (11.116)  if  the  assumption  is  made  that  the 
path  traveled  by  the  foil  is  short. 


r i 


As  is  known,  in  the  case  of  an  unbounded  liquid  hydrodynamic 
forces  can  be  expressed  in  terms  of  normal  velocities  on  a foil 
and  the  intensity  of  a vortex  wake  can  be  expressed  by  the 
following  equation: 
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By  replacing,  in  accordance  with  what  has  been  stated, 
Vy.  (ft  ) with  [/ (?<  )*’«(£  , £)]  in  formula  (11.124)  and  also 
taking  into  account  that 
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:d  integrating,  we  obtain  an  expression  for  determining  the 
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i ft  generated  by  a foil  moving  close  to  a free  surface: 
Y = -u- \fi  Ui)  Cn^dV',)  — 2jt (»,,«//„//  (/|)  (b|  — <"(»)  — 


(1 T .126) 


Here  ^i  = y ' - u^Bq  and  u 2(a)  is  a function  determined 
from  the  integral  equation  for  an  unbounded  liquid. 

If  it  is  considered  that  the  force  defined  by  the  first 
and  second  terms  in  formula  (11.126)  is  applied  at  the  center 
of  a profile  chord  and  the  force  due  to  the  effect  of  trailing 
vortices  (third  term}  at  the  forward  focal  point  (x  = ha) , a 
similar  formula  can  lie  obtained  also  for  the  moment  in  the 
plane  of  a foil  profile. 

It  is  apparent  from  formula  (11.126)  that  the  effect  of  a 
free  surface  leads  to  a reduction  of  f j (_h)  in  the  hydrodynamic 
forces  acting  in  an  unbounded  liquid. 

Despite  the  fact  that  formula  (11.126)  is  approximate, 
data  calculated  with  it  coincide  very  well  with  data  from 
tests  performed  for  arbitrary  values  of  s. 

If  equations  (11.118)  and  (11.119)  are  calculated  with- 
out the  stated  stipulation,  we  can  obtain 
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where  dp  is  a function  analogous  to  the  function  represented 
by  formulas  (11.75)  and  (1J.74),  only  in  this  case  A r depends 
also  on  the  depth  of  immersion  h of  the  foil. 

Numerical  values  for  the  function  Ar(h,  | s - n|)  are 
presented  in  Table  5.  The  table  also  contains  values  for  the 
approximating  function  /ly.  which  is  expressed  by  the  following 
formula : 


where 


/?r=  -V,  (Ji)  === 

^ (/;)=•  1 +2,84 


(11.128) 


( T I .129) 


Substituting  into  formula  (11.127)  the  exact  numerical 
value  of  function  dp  or  its  approximation  / y and  integrat- 
ing for  cadi  given  value  of  normal  velocities  at  the  rear 
focal  point  of  a foil  t?  2 2 ( fi ) » vre  find  the  velocity  discontin- 
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Numerical  Values  of  the  Functions 
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uity  function  behind  a foil  moving  close  to  a free  surface  in 
hich  we  are  interested. 

The  general  expressions  of  hydrodynamic  forces  for  a 
hydrofoil  can  be  represented  by  the  following  formulas: 
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(11.131) 


In  formulas  (11.130)  and  (II.  131)  the  coefficients  fi(h) 
standing  in  front  of  the  first  terms  describe  the  effect  of 
the  free  surface  on  the  force  which  takes  into  account  the 
effect  of  the  adjoining  masses.  Their  magnitude  can  be  deter- 
mined with  sufficient  accuracy  from  formula  (II. 122),  that  is, 


+ («■)*  ‘ 


(II .132) 


An  empirical  formula  obtained  by  the  author  based  on  an 
experiment  performed  with  high-aspect  hydrofoils  in  a test 
basin  can  also  be  recommended  for  the  purpose  of  determining 
the  values  of  fi(h)  [15] 


M//)M 1 - 


(11.133) 


where  h = h/2a. 


The  function  u 22  (°0  which  enters  into  the  third  terms  of  [1.48 

formulas  (11.130)  and  (11.131)  can  be  determined  for  a hydro- 
foil from  (11.127)  or  for  small  s from  formula  (11.122). 

Formulas  (11.130)  and  (11.131)  make  it  possible  to  find 
hydrodynamic  forces  during  unsteady  movement  of  a thin  foil 
for  any  depth  of  immersion  beneath  a free  surface.  They 
yield  correct  limiting  processes  when  the  depth  of  immersion 
of  the  foil  passes  to  cero  and  to  infinity. 


By  way  of  example  we  will  consider  the 
during  movement  of  a hydrofoil  from  a-  state 
slant  velocity.  In  this  case  V22  ~ ~n030* 
with  formula  (11.127)  we  find  that 


«M  (')  - ; 


Ar(x,  h) 

" V* 


PofV 


generation  of  lift 
of  rest  at  a con- 
Aftcr  calculating 


(II  .134) 


-15  2- 


Substituting  ^11 .134)  into  (11.130),  having  preliminarily 
ransformed  (11.130)  into  dimensionless  form,  we  obtain  the 
following  formula  for  lift  y; 


Y = Y/Yet , Yst  = 2vp0B0u$af 2(h) , 
and  K is  a total  elliptical  integral  of  the  first  order 


Formula  (11.135)  describes  the  development  of  lift  on  a 
foil  moving  from  a state  of  rest  at  a constant  velocity  at 
depth  h under  a free  surface. 


Fig.  77  shows  the  results  of  calculations  made  with 
formula  (11.135)  for  the  case  ^1=1,  that  is,  when  the  foil 
is  immersed  one-half  chord  beneath  a free  surface.  For  com- 
parison the  results  of  calculations  for  h = « are  also  shown 
in  the  figure. 


Fig.  77.  Lift  7(a)  on  a thin  hydrofoil  when  it  moves  from 
a state  of  rest  at  a constant  velocity.  KEY : A- -Asymptote 


We  will  cover  below  other  special  cases  of  unsteady  move- 
ment of  a hydrofoil  when  discussing  application  of  the  results 
obtained  to  practical  problems  in  ship  theory. 


teadv  movement  of  a 


§18.  Experimental  investigation  of 
hydrofoil 


The  effect  of  a free  surface  on  the  performance  of  foils 
during  steady  nodes  of  movement  has  Keen  studied  in  the  princi 
pal  known  experimental  investigations  into  the  hydrodynamic 
forces  acting  on  hvdrofoils. 


section  we  will  .present ' the  results  of  experimental 


nvestigation  in  a test:  basin  into  unsteady  movement  of  a foil 
.Jose  to  the  surface  of  a liquid.  The  purpose  of  the  tests  was  to 
obtain  the  experimental  data  needed  to  verify  the  results  of 
theoretical  investigation.  The  tests  were  conducted  on  a model 
of  a foil  with  a span  of  1.0  m and  a chord  length  of  0.1  m . The 
relative  thickness  of  the  foil  profile  was  6%.  The  maximum  thick- 
ness of  the  profile  was  at.  401  chord  from  the  nose. 


The  tests  were  performed  on  a setup  consisting  of  a swing- 
ing mechanism  which  made  it  possible  to  impart  various  ampli- 
tudes, frequencies,  and  phases  of  pitch  and  heave  and  also 
meters  and  instruments  including  tensometric  force  sensors, 
amplifier,  and  oscillograph  for  recording  external  forces. 

The  foil  was  attached  to  the  setup  at  given  geometric  angles 
of  attack. 


Included  in  the  program  of  tests  was  first  of  all  deter 
mination  of  the  relation  between  foil  lift  during  steady 
movement  and  angles  of  attack  at  various  depths  of  immer- 
sion. Then  a determination  was  made  of  the  development  of 
lift  on  the  foil  at  various  depths  of  immersion  with  a given 
law  governing  the  velocity  of  the  carriage,  beginning  from 
zero.  finally,  recordings  were  made  of  the  lifting  force  on 
an  oscillating  foil  at  varying  speeds  of  forward  movement. 


Fig.  78  shows  values  of  the  coefficient,  of  stationary  lift 
as  a function  of  angles  of  attack  and  relative  depth  of 
immersion  expressed  in  terms  of  chords  ( h - h/2a ) which  satis- 
fy approximate  formula  (11.133).  They  are  of  interest  even 
though  in  the  problems  being  discussed  they  have  only 
ancillary  significance. 


' The  results  of  measurements  of  nonstationary  lift  on  a 
foil  whose  velocity  was  made  to  vary  in  accordance  with  the 
law  illustrated  in  Fig.  79  are  given  in  Fig.  SO  for  different 
depths  of  immersion  (1.0  <.  h <_  6)  and  different  angles  of 
attack  (-2°  <.  Pq  <.  6°).  The  relation  between  nons  tat  ionary 
lift  Y at  a given  instant  of  time  t and  lift  Yst  during 
steady  movement  of  the  foil  traveling  at  a'  velocity  corres- 
ponding to  time  t are  laid  off  as  ordinates  in  the  graph  in 
l’ig.  79.  The  value  of  Y/YSf,  is  given  as  a function  of  time 
which  is  laid  off  on  the  abscissa  axis.  Test  data  are  pre- 
sented in  Fig.  80  without  breakdown  by  angle  of  attack  since 
the  difference  in  Y/Y8t  for  different  angles  of  attack  in  the 
indicated  range  lay  within  the  experimental  point  spread  for 
one  instant  of  time  and  for  one  and  the  same  depth  of  immersion 
Consequently , the  law  governing  the  buildup  of  lift  on  a foil 
in  the  type  of  movement  under  consideration  appears  to  depend 
little  on  the  angle  of  attack  and  the  depth  of  immersion  has 
little  effect  on  the  law  governing  the  change  in  lifting  force, 
is  shows  that  the  effect  of  <|»(7t)  [see  formula  (IT. 129)]  on 


♦■he  velocity  discontinuity  function  U2i(ct)  is  negligible 
ince  in  this  case  it  is  close  to  unity. 

Fig.  80  also  shows  the  results  of  calculations  made  with 
a theoretical  formula  whose  derivation  will  be  covered  later. 

Here  we  will  only  note  that  in  this  case  theoretical  data  agree 
well  with  experimental. 

Along  with  nonstationary  movement,  measurements  were  also 
made  of  complex  movement  involving  a variable  horizontal  vel- 
ocity in  the  presence  of  harmonic  vertical  oscillations.  [152 

Fig.  81  shows  a sample  of  a recording  of  forces  y0(t)  generated 
on  an  oscillating  foil  moving  at  a forward  velocity  of  u{t) 
varying  in  accordance  with  a law  close  to  that  shov.n  in  Fig.  79. 

The  figure  also  shows  the  main  parameters  characterizing  unsteady 
movement  of  the  foil.  Fig.  81  also  shows  the  curve  of  7p(tl 
representing  the  change  in  lifting  force  in  the  absence  of 
harmonic  oscillations  but  in  the  presence  of  all  other  con- 
ditions affecting  foil  movement. 

An  analysis  of  the  curves  in  Fig.  81  and  others  like  them 
revealed  that  at  steady  movement_of  a foil  in  the_presence  of 
frequency  oscillations  (0.012  < iu  < 0.050,  where  w - ka/v.Q) 
the  magnitude  of  the  lifting  force  ( t)  was  no  different  from 
the  force  as  calculated  based  on  the  hypothesis  of  station- 
fity  (points  in  the  graph  of  Fig.  81).  The  phase  shift  be- 
tween displacement  of  the  foil  and  oscillations  in  lifting  force 
was  about  equal  to  3ir/2.  Both  these  results  agree  with  the 
known  solution  for  steady  harmonic  oscillations  of  a foil 
(see  [ 3] , pp . S5 - 86)  . 

The  graph  in  Fig.  81  confirms  graphically  the  principle 
of  superposition  of  solutions  as  stated  above.  In  this  case 
of  foil  movement  ^2(1)  = y ' - w(t)?o  where  y'  = 

Prior  to  occurrence  of  foil  movement  at  a velocity  of 
n(t)  vertical  oscillations  had  already  become  established. 

As  follows  from  the  graph,  over  the  entire  range  of  change 
in  velocity  0 <_  w(t)  < force  yc(t)  amounts  to  the  albegraic 
sum  of  the  component  of  hydrodynamic  force  T»(£)  caused  by  the 
forward  movement  of  the  foil  at  velocity  n(tj  and  of  the  hydro- 
dynamic  force  caused  by  harmonic  oscillations  of  the  foil 
y ' ~ -V0<2t!'*.  Consequently,  in  calculations  of  the  externa1 
forces  acting  on  a foil  during  such  movement  each  of  the  com- 
ponents of  external  forces  can  tie  obtained  independently  for 
any  given  unsteady  foil  movement.  The  resulting  force  acting 
on  the  foil  will  be  equal  to  the  algebraic  sum  of  the  separate 
components . 

Experiments  similar  to  what  has  been  described  but  with 
•all  oscillations  in  amplitude  were  conducted  at  various 
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depths  of  foil  immersion.  A comparison  of  results  from  these 
experiments  during  steady  movement  of  the  foil  made  it  possible 
to.  find  experimental  values  for  f\(h)  which  took  into  account 
the  effect  of  the  free  surface  on  the  total  hydrodynamic  force, 
big.  76  shows  experimental  values  of  fi(h)  and  values  found 
using  formula  (11.123).  A comparison  of  the  experimental  and 
theoretical  curves  for  the  function  shows  good  agreement 

between  them. 


Fig.  78.  Effect  of  immersion  on  lift  coefficient  Cy  (a ) for 
a segmental  profile  with  o = 0.05  during  steady  movement. 


Fig.  79.  Buildup  in  speed  of  movement  of  foil  during 
experiment.  (The  circle  shows  experimental  result.) 
s< 


§19.  Unsteady  movement  of  a system  of  thin  profiles  [153 

In  the  preceding  sections  we  investigated  unsteady  move- 
ment of  a single  profile.  The  foil  systems  on  high-speed  craft 
constitute  complex  systems  of  foils.  Therefore,  in  this  section 
we  will  determine  the  effect  of  a free  surface  on  a foil  system. 

By  way  of  first  example  we  will  discuss  unsteady  movement 
of  an  infinite  flat  array  of  profiles.  The  profiles  in  the 
array  are  flat  plates  with  a chord  of  2a  inclined  to  the  flow 
at  small  angles  of  attack  B (Fig.  82).  The  array  moves  at 
velocity  uq  in  the  positive  direction  of  the  real  axis  and  it 
also  has  vertical  and  rotational  disturbances  with  small 
velocities  of  y ' and* oq  respectively.  We  will  use  the  symbol 
L to  designate  a contour  encompassing  cuts  of  the  real  axis 
Cl  and  C-2,  each  replacing  one  of  the  profiles  lying  on  the 
real  axis,  and  a straight-line  vortex  wake  extending  behind 
this  profile.  We  will  select  outside  contour  L and  in  the 
plane  of  the  flow  a certain  point  z . We  will  designate 
a contour  which  encompasses  the  area  cf  cuts  Ci  and  C 2 and 
also  point  z.  According  to  the  Cauchy  formula  we  have  between 
contours  L and  L ' 


u (S) 

X~* 


(.)  (p 


(II .136) 


where  10(2;)  = du/dz  is  a function  of  complex  velocity  and  uj  is 
the  complex  velocity  potential. 


The  integral  over  the  L’  contour  encompasses  the  area  with- 
in which  point  z lies.  The  integral  over  the  L contour  defines 
two  different  analytical  functions  within  and  without  contour 
L . We  will  continue  the  analytical  function  expressed  by  the 
.integral  over  the  L'  contour  within  the  L contour  which  .in  the 
process  we  will  deform  to  cut  of  the  real  axis  C\Ci  and  the 
L ' contour  to  an  L"  contour  and  the  set  of  contours  £•(_  q> 

....  L(- 2).  L(-l)>  L(l)>  l(2),  •••»  L(n )••• 


As  a result,  formula  (11,136)  can  be  written  in  the  form 
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On  contours  Lrj.^  the  argument  t,-  assumes  the  following 
values : 

S*  = £ + //it, 


therefore 
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L"  ■>  » and  the  array  starts  movement  from  a state  of  rest,  this 
constant  tends  to  zero 


w = 557  w (?) 


c«h~-(»~o 

* - , . fr\  I l 


d'»  I di 

di  2.i  / rf 


d„>  cth  --(*-?) 


We  will  transform  function  (11.143)  to  the  following  form: 


n = .t1-.  f—  (z  — ociii'-5-  (z-  n]  d;. 

2.U  J i — t L T ' 1 ■ .1 


We  will  represent  the  function  du/dz,  as  formerly,  in 
the  form  of  a product  of  two  functions  [3] 


- j!i.p  (2) 


where 


As  formerly,  we  will  assume  that  the  path  traveled  by  the 
system  of  profiles  under  consideration  from  the  instant  of 
inception  of  unsteady  movement,  that  is,  ctj  , is  small  compared 
with  chord  2 a and  the  spacing  of  the  array.  In  this  case  func- 
tion p(s)  which  can  be  written  in  the  form 


0.  1 . 2. 


becomes  transformed  to  the  following  product  of  radicals: 


It  is  easy  to  see  that  all  radicals,  with,  the  exception 
of  the  first,  do  not  depend  on  the  path  of  integration  in 
(11.144)  and  when  substituted  in  the  latter  reduce  to  addi- 
tive constants.  This  justifies  writing  function  y(;:),  as  in 
the  case  of  unsteady  movement  of  a monoplane,  in  the  form 
p(a)  /(?,  - a)TGi  + a)  . not  forget  ting  however  the  assumption 
that  the  path  traveled  by  the  foil  system  f-’-om  the  instant  of 
inception  of  unsteady  movement  is  small.  As  formerly,  on  seg- 
ments (••<?,  r.)  //(.•;  + i 0 ) --  -c(.r  - i 0)  and  on  segment:,  of  the 
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vortex  wake  and  in  front  of  the  foil  Jm  g (a ) = 0. 


In  light  of  what  has  been  said,  we  transform  (11.144) 
to  the  form 

rfu)  i 


dz 


VrB 


X 


tint 


* J T?r  [t  - 0 cth  4 (*  - o]  V Its- 


(11.146) 


Contracting  the  L contour  to  cut  in  the  real  axis  c \c 2 
and  using  uj  - iv\  and  uj  - ii>2  1°  designate  values  of 
dm/ dz  when  approaching  the  cut  from  below  and  from  above 
respectively  and  also  keeping  in  mind  that  u 2 - -wj  and 
v2  ~ V1  ~ ~vn 1 wc  obtain  the  following  expression  for  deter- 
mining complex  velocity: 


do) 

7F 


r« 


’-4  ]/i+^x 

?( i p 2 — a 

I j kj  («)  [4  (.v-D  dii  4 (x~  4 ]/|  " x 

i 

, ,/t  I 

" r H-a  T 


O’ 


4 a 


(11.147) 


Comparing  (11.147)  with  the  expansion  of  the  velocity 
function  d^/dz  close  to  an  infinitely  distant  point,  we 
obtain  for  the  case  of  inception  of  unsteady  movement  of  a 
profile  array  from  a state  of  rest  the  following  integral  equa- 
tion.: 


( «>  <«>  (5 


= — am/2  (a/), 


where  vpjaj)  = y ’ - uqP  - amo/2. 


(II .148) 


It  is  easy  to  show  that  the  singular  integral  equation 
(TI.  148)  when  t -►  « becomes  equation  (11,21)  which  was  con- 
sidered above  and  in  the  case  of  an  array  consisting  of  two 
profiles,  a biplane,  it  becomes  equation  (II. lift). 


Integral  equation  (If.  148)  can  be  obtained  more  simply  by 
the  method  of  singularities  as  was  done  above  in  the  case  of  a 
hydrofoi 1 . 

liquation  (11.148)  is  initial  for  determining  the 


v e 1 ocity 


'iscontinuity  function  u 2(a).  A solution  to  equation  01.148) 
v.an  easily  be  obtained  if  the  assumption  made  holds  [4],  that 
is,  (s  - a:)  <<  1;  s = ot\/a\  x = a fa.  In  this  case  the  equa- 
tion assumes  the  form 


f M*) 

J 


» '"(-.7) 


(11.149) 


and  its  solution  is 


• (To)  ",  OD 


where 


'T")  — n t!l  ( ) ; T"  “ T 


(1]  .150) 


(11.151) 


Function  (T 1.151)  is  a known  correction  for  the  effect 
of  an  array  which  is  obtained  for  the  case  of  stationary  for- 
ward movement  of  an  array  consisting  of  thin  profiles  [16]. 

When  0 <.  t 0 H w function  (11.151)  changes  in  the  range 
0.  £ fa,  (t  q)  <_  1 (Fig.  83).  The  fact  that  formula  (11.151)  is 
he  same  for  the  start  of  movement  (s  - x ) <<  1 and  also  for 
the  stead)'  process  makes  possible  the  conclusion  that  with 
a certain  amount  of  approximation  also  during  unsteady  movement 
it  takes  into  account  the  main  distinguishing  aspects  of  the 
effect  of  an  array  on  the  hydrodynamic  characteristics  of  a 
profile  included  in  it. 

It  also  follows  from  (T 1.150)  that  the  effect  of  an  array 
amounts  to  a change  in  the  magnitude  of  normal  velocities  vn  (n ) . 
This  latter  fact  makes  it  possible  to  use  the  expression  for  lift 
of  a profile  in  an  unbounded  liquid  in  calculating  the  lift  of 
a profile  included  in  an  array  [see  formula  (IT. 124)].  Sub- 
stituting in  this  formula  the  values  of  norma-!  velocities 
yn(£,,  t)  in  light  of  correction  (11.151.),  we  find  the  following 
formula  for  the  lift  generated  on  a profile  in  an  array: 

v = — v (u  (t.)  ivi(2?y,)  — 2ji(V7i/u/„  (t„)  ( vt — — 

+$)/.(..)  (II  .152) 


where  F\  = y'  - wqB  and  the  function  u 1 (« ) is  found  from  the  [159 

integral  equation  derived  for  an  isolated  profile  moving  in  an 
unbounded  liquid  [see  formulas  ( I T . 78) - - ( J i . 82)  ] . 
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Fig.  84.  Unsteady  movement  of  an  underwater  biplane  (main 
notation) . 


In  calculating  the  moment  of  forces  acting  on  a profile 
it  should  he  kept  in  mind  that  when  solving  the  problem  in 
this  approximate  form  the  force  defined  by  the  first  and  second 
terms  of  formula  (11.152)  is  applied  at  the  center  of  the  chord 
while  the  force  due  t.o  the  effect  of  trailing  vortices  (the 
third  term)  is  applied  at.  the  forward  focal  point  on  the  pro- 
file [7]. 


Fig.  83.  Values  of  the  coefficients'  fiQi  q)  taking  into  account 
the  effect  of  a free  surface  on  the  lift  of  a system  of  pro- 
files. 

The  solid  line  shows  calculated  results  and  the  small  circles 
experimental . 


Analogous  solutions  can  be  obtained  in  the  case  o: 
movement  close  to  the  surface  for  a system  consisting  of  a 
finite  number  of  profiles.  In  the  case  of  a system  of  profiles 
consisting  of  two  foils  (underwater  biplane,  Fig.  84)  the  func- 
tion allowing  for  nearness  of  the  boundary  of  the  liquid  assumes 
the  form: 

a)  when  1!  ~ 2 Hq  for  the  upper  and  lower  profiles  oi  1 lie 
biplane  respectively 


f fh)  1 + 20'i-  + 64  ft4 
' 2 — 4 -i-  Gl/il ’ 

f , 1 56/jj  H-  7S4/i*  -I-  2304/i« 

lot  \n)  — 4 .(.  1G8/I-  -|-  mda/i*  4-  2304/1“  ’ 


(11.153) 
(II  .1 54) 


where  h = ho/a\ 

b)  when  li  f 2h  q formulas  (11.153)  and  (11.154)  become 
.respectively 


• ■ W)=- 


1 


, 1 J 

H-(2/i)-  \ H-  (2/1-1-//)- 


f 0,  (ft,  H)  — r 

1 + 1-  -I-  //■*  ■ 1 4-  (2/i  i-  //)•' _r  1 4-  (2/H-  i'//)3 


(11.155) 

(11.156) 


Here  = Hq/ci. 


Curves  for  functions  (11.153)  and  (11.154)  appear  in  the 
graph  in  Fig.  S3. 

These  methods  can  be  used  to  solve  the  problem  of  un-  [160 

steady  movement  of  a thin  profile  traveling  close  to  a vail 
or  above  the  water's  surface  at  great  relative  velocities  ‘and 
we  will  devote  particular  attention  to  this  later.  In  .the  first 
pproximation  the  value  of  this  function  can  be  calculated  from 
the  formula 

/„(/ 0 = 1 Hn/ifi- 

(2/,)  (11.157) 

The  function  ,f//(e)  also  is  shown  in  the  graph  in  Fig.  83. 

Taking  into  account  the  formulas  presented,  the  ex- 
pressions for  lift.  (11.130)  and  (11.152)  can  be  written  for  all 
these  cases  in  the  general  form 


Y — 


(lj-  \h  (h)  fvurl',1-  - 
— 2npauufi  (h)  ( Fi  — \ «)  — 

*»(«•  + vi^r 


(II  .158) 


Depending  on  the  number  of  profiles  making  up  a system 
function  f j (h)  assumes  values  in  the  range  fi(h)  ± f i (/? ) <.  (h ) 
when  h ~ const. 

In  the  case  of  unsteady  movement  of  a profile  above  the 
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water's  surface 


h (A)  “//,(/»)• 


The  function  u 2(a)  in  formula  (11.158)  can  be  determined 
from  expressions  (11.78)  — (11.82)  . 

§20.  Method  for  calculating  external  forces  acting  on  a 
hydrofoil  in  a regular  seaway 

The  formulas  presented  above  can  be  used  for  determining  the 
external  forces  generated  on  hydrofoils  under  the  conditions 
prevailing  in  a regular  seaway.  In  this  case  use  of  these 
formulas  is  limited  by  the  following  assumptions.  It  is  con- 
sidered that  a foil  is  absolutely  inelastic,  the  seaway  harmonic, 
and  the  dimensions  of  the  foil  small  compared  with  wave  dimen- 
sions. It  is  assumed  that  the  foil  is  immersed  to  a sufficient 
depth  and  during  movement  oscillates  slightly,  not  piercing  the 
free  surface. 

When  a foil  moves  under  these  conditions  a disturbance  in 
normal  velocities  will  be  harmonic  in  nature,  that  is, 


M'i  — Real  Ae{b,t  and  6W*  = Real  Be1"'. 


(•II  .159) 


The  hydrodynamic  forces  acting  on  a foil  of  finite  span  (161 
.an  be  determined  by  the  following  ‘approximate  .formulas : 


(11.169) 


where  A m ~ pita M.k  (A)/^  (h)  is  the  adjoining  mass  of  the  foil 
and  k( A)  = 1. 2/(1. 2 + A)  is  the.Pabst  correction; 

y2  _ yst  = __  / dC„\  \ t /nf"«  I* 


where  the  stationary  value  of  the  lift  is 

(~Sr)  /'W 


rc  t 


(II  .161) 


(11.162) 


(8<?i/A/8ft)  is  the  derivative  of  the  lift  coefficient  with 
respect  to  the  angle  of  attack  when  the  foil  moves  in  an 
unbounded  liquid;  Bp  is  the  angle  of  zero  lift;  and 
S - 2al  is  the  foil  area. 


(11.163) 


where  v and  are  parameters  determined  from  graphs  [3] 
rhich  arc  presented  in  Fig.  85  a and  b as  a function  of 
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. 

i I 

. 

p = wa /« o • i ’ 

The  total  value  of  the  nonstationary  force  acting  on  the 
foil  will  be 

V = Yl  + Yt  + Y3.  ♦ (11.164)  j 

The  effect  of  a seaway  is  reflected  in  the  hydrodynamic 
forces  acting  on  a hydrofoil  in  two  ways.  First,  the  way 
the  water  flows  around  a foil  changes  because  of  the  rota- 
tional and  translations]  motion  of  the  craft  in  the  seaway. 

Second,  there  is  a redistribution  of  velocities  in  the  flow 
reaching  the  foil  because  of  the  orbital  movement  of  particles 
in  the  liquid  of  a wave. 

The  following  formulas  are  an  approximate  representation 
of  heaving  and  pitching  of  a craft  under  conditions  prevailing 
in  a regular  seaway.  The  following  expression  describes  heaving: 

H - Ha  + //ue' <"■'+*>,  (11.165) 

where  H is  the  vertical  displacement  of  the  craft;  H the 
ascent  of  the  center  of  gravity  of  the  craft  as  it  moves  at 
a given  horizontal  velocity  «q  in  calm  water;  ua  the  amplitude 
of  heaving  measured  from  Hq\  wp  the  frequency  of  heaving;  and 
v the  phase  of  heaving  of  the  craft  with  respect  to  a wave 
•.pressed  by  the  equation 

e = -rcco3  2n(-l  . (H.16o)  j 

In  the  formula  (’11.166)  r,  and  K arc  coordinates  of  [162 

particles  of  liquid  in  a wave  at  instant  of  time  f,  the 
length  of  the  wave;  and  iw  the  period  of  oscillation  (Fig. 

86) 

Pitching  of  a craft  can  be  described  by  the  formula: 

<P  = (('0  + (jp  .167) 

• 

where  <t>  is  the  angular  displacement  of  the  craft  in  the 
centerline  plane;  ‘J’q  is  the  initial  trim  of  the  craft  when  moving 
at  a velocity  of  u q in  calm  water;  ta  is  the  amplitude  of  pitch- 
ing of  tire  craft;  and  it  is  the  phase  of  pitching  with  respect 
to  the  wave  (Fig.  87). 

When  the  heaving  and  pitching  of  a craft  are  known , it 
is  not  difficult  to  find  the  normal  velocity  of  the  rear 
focal  point  of  the  foil,  that  is,  velocity  a / [sec  formula 
(II.])).  Considering  the  dimensions  of  tin-  foil  to  be  small 
in  comparison  with  its  distance  behind  the  center  of  gravity 
and  assuming  that  at  high  velocities  a hydrofoil  craft  heaves 
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and  pitches  with  an  apparent  period,  that  is. 


. 

M„  COS  (|  K • 


(11.168) 


where  v u - 1.25 is  the  velocity  of  wave  movement  and  <}>k 
is  the  course  angle  of  the  craft.  The  approximate  value  of 
the  increment  of  normal  velocity  vj  can  be  written  in  the 
form 


6i/z  (/)  — Real  Beio,t 


(II .169) 


where  B = HJm1*  + nfjae1*  — u0(fue^. 


Fig.  85. 
b--rt  fp)  . 


Graphs  of  the  coefficients  v and 


Fig.  87.  Functions  of  heaving  11  and  pitching  41  of  a 
hydrofoil  craft. 


rn  cos  2 n 


The  effect  of  orbital  motion  of  the  water  will  be  mani- 
fest in  the  main  in  the  magnitude  of  the  effective  angle  of 
attack  of  the  foil.  In  a seaway  described  by  formula  (IT .166) 
account  must  be  taken  of  an  additional  angle  of  attack 


where  k = 2v/\w,  a = /gk,  and  Yq  is  depth  of  immersion  of 

a particle  of  liquid  beneath  the  free  surface  (Yq  < 0)  and 

Vy/u 0 < < 1 • 

Substituting  (11.169)  and  (11.170)  into  formula  (11.164) 
we  obtain  the  following  expression  for  the  external  nonsta- 
tionary hydrodynamic  forces  acting  on  a hydrofoil  under 
the  conditions  prevailing  in  a regular  seaway: 


- j - y£>/  (C 0/  -|  fl) 


In  formula  (11.171)  the  terms  in  the  braces  have  the 
following  physical  meaning.  The  term  ((?q  •»  b + 40)  *h 
sum  of  static  angles  of  attack  of  the  foil,  f? 0 being  the 
of  zero  lift,  0 the  set  angle  of  the  foil  with  respect  to 
use  line  of  the  craft  (see  Fig.  86a),  and  4 q the  angle  o 


| Haw)cly- 

t<l'aiuclx 

L »o 

"o 

running  trim  when  the  craft  is  moving  at  a calculated  velocity 
jf  wq  in  calm  water  (see  Fig.  86b).  In  the  absence  of  non- 
stationary  movement  the  indicated  angles  of  attack  impart  to 
the  craft  the  stationary  lift: 


¥et  =-^-MA)(Po  + P + <P»)?-S. 


The  first  factor  in  the  second  term 


- p/o 


(II  .172) 


is  the  sum  of  kinematic  angles  of  attack  of  the  foil, 

i "» 

being  the  kinematic  angle  of  attack  of  the  foil  due  to  the 
existence  of  vertical  displacements  resulting  from  heaving, 
The  term  nrJue1'*  also  takes  vertical  displacement  into 

“° 

account  but  only  that  due  to  pitching  of  the  craft;  ! 
is  an  incremental  angle  of  attack  due  to  pitching;  and 


PoC'0  = 


MV, 


is  an  incremental  angle  of  attack  due  to 


the  orbital  motion  of  particles  of  liquid  in  a wave. 

The  second  pair  of  brackets  in  formula  (11.171)  expresses 
the  law  governing  the  change  in  kinematic  angles  of  attack 
over  time.  The  first  term  gives  a quasistationary  idea 
of  the  change  in  lift,  while  the  second  term  takes  into  account 
the  effect  of  trailing  vortices.  Therefore,  we  can  write  the 
quasistationary  value  of  lift  acting  on  a foil  in  the  form: 


dCy-  ft  ( h ) ((Po  + P + To)  - tf  (“'+x)  + «*  ~ 


2 

— q >uc'  <“'+*>  + pue'  <•<+•>]  Y-f-S 


(11.173) 


(11.173) 


The  phase  angles  x,  , and  0 can  easily  be  determined  [166 

if  it  is  accepted  that  the  axes  of  the  fixed  system  of 
coordinates  are  so  selected  that  the  trough  of  a wave  coin- 
cides in  abscissa  with  the  origin  of  the  system  (see  Fig. 

86c)  . The  magnitudes  of  the  phase  angles  x and  \Jj  arc  found 
from  experimental  recordings  of  pitching  and  heaving.  In 
determining  phase  angle  0 it  must  be  kept  in  mind  that  a foil 
is  shifted  with  respect  to  the  location  of  the  center  of  grav- 
ity of  the  craft  by  a distance  of  r and  therefore 

0 £:  n/2  + x + 2 in*/ Ay, 

where  x = 2ir  (sff/A)  and  xq  is  the  abscissa  of  the  center  of 
-»ravity  when  t - 0 (see  Fig.  87). 
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To  make  future  use  convenient  formula  (11.171)  can  be 
written  in  the  form: 


= A/noMe'"', 

p.nfl5//,  (/i)  k (?.) 

llue‘x  I rn>„e‘*. 


The  stationary  lift  can  be  calculated  from  the  formula 


The  function  e 


t)  in  formula  (11.174)  is  equal  to 


In  the  formulation  of  the  problem  under  consideration  it 
was  noted  that  displacements  of  a foil  due  to  rotational  and 
translational  motion  cf  a craft  are  small.  Therefore  in  the 
derivation  of  the  formulas  presented  above  it  was  considered 
that  Ha  <<  h and  r< t>a  K<  h,  that  is,  the  change  in  depth  of 
immersion  of  a foil  is  small  compared  with  the  depth  of 
immersion  itself.  This  assumption  makes  it  possible  in 
determining  function  fi(h)  to  take  for  a foil  under  consideration 
values  of  h which  neglect  the  rotational  and  translational 
motion  of  a craft  traveling  at  any  given  calculated  velocity 
uq . If  such  displacements  should  be  comparable  with  depth  of 
immersion,  the  error  arising  in  the  formulas  presented  above 
could  be  large.  In  such  a case  it  would  be  necessary  to  use 
a concrete  value  for  the  magnitude  of  h at  each  specific  in- 
stant of  time. 


In  some  cases  the  experimental  value  of  stationary  lift 
yst  may  be  known  and  then  this  value  must  be  substituted  in 
formula  (11.174),  this  formula  then  being  used  for  calculat- 
ing only  additional  components  of  forces  caused  by  the 
existence  of  nonstationari ty . 

The  expressions  presented  above  make  it  possible  to  cal- 
culate the  hydrodynamic  forces  acting  on  an  isolated  hydrofoil 
~ on  a system  of  hydrofoils  whose  plane?  of  span  are  parallel 


to  the  surface  of  the  water.  The  foil  systems  of  craft  usually  [167 
have  a complex  geometric  shape  in  which  horizontal  elements  of 
a foil  are.  combined  with  various  types  of  inclined  foil 
(stabilizers,  subfoils,  inclined  struts,  etc.).  While  the 
formulas  presen"  i above  can  be  used  directly  for  foils  of 
types  Nos.  1,  2 and  7 (Fig.  88),  when  calculations  are  made 
for  foils  of  t es  Nos.  3,  4,  5,  and  6 an  inclined  foil  must 
be  replaced  with  a certain  horizontal  foil  which  will  be  equiva- 
lent with  respect  to  the  effect  of  external  forces.  An  equiva- 
lent foil  when  the  relative  thickness  is  small  is  a horizontal 
foil  of  the  same  span  and  angle  of  attack  which  is  immersed 
under  a free  surface  of  the  water  to  a depth  equal  to  that  of 
span  midpoint  on  the  inclined  foil  (Fig.  88).  The  lifting 
rorces  acting  on  the  foils  will  be  the  same  and  a restoring 
moment  equal  to  the  restoring  moment  on  the  inclined  foil 
will  act  on  the  horizontal  equivalent.  As  demonstrated  by  the 
author,  the  magnitude  of  this  moment  can  be  determined  from 
the  formula 


where 


cm4-si. 


Cm  — CVJ{ 


(2 

SI  • 


(11.178) 


Here  Cy M is  the  coefficient  of  lift  of  a given  foil  of 
finite  span  when  an  unbounded  liquid  flows  around  it.  The 
coefficient  K is 


2.50, 

e K 
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2.50k  ) 
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-2,50, 
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Aa 


\ 4a 


2,50k 


(11.179) 


where  is.  the  angle  of  inclination  of  the  foil  with  respect 
to  the  free  surface  of  the  water  and 


lim  K ---  0;  lini  K --  0. 

Ojj  ->ll  JI  •>  no 


Knowing  the  magnitude  or  the  moment  ?-'k.  acting  on  the 
equivalent  horizontal  foil  it  is  easy  to  find  the  arm  for 
application  of  force  Y as  determined  for  the  equivalent  foil  and, 
consequently,  for  the  main  foil  using  formula  (11.174)  . The 
length  of  this  arm  is 


SJJ<K 

C—  y ; 


/ 

2 • 
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(II .180) 
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The  indicated  conclusions  hold  only  for  small  angles  of 
oank  0^  and  also,  as  already  indicated  above,  for  thin  foils 
not  piercing  the  water.  In  the  case  of  deviations  from  these 
conditions  formulas  ( 1 1 . 1 74).- - (I  I . 1 78)  can  be  used  only  for 
an  approximate  evaluation  of  the  effect  of  nonstationarity  on 
external  forces  and  force  Yst  must  be  determined  experimentally 
or  by  using  the  stricter  and,  naturally,  more  complex  methods 
of  calculation  presented  above. 

In  the  first  chapter  data  were  presented  for  the  effect 
of  cavitation  on  the  hydrodynamic  forces  on  a hydrofoil 
during  steady  movement.  The  probability  of  occurrence  of  cavi- 
tation is  much  greater  in  a seaway  because  of  the  large  total 
geometric  and  kinematic  angles  of  attack.  The  effect  of  non- 
stationarity of  flow  on  the  occurrence  and  development  of 
cavitation  is  very  complex  and  constitutes  a subject  for 
independent  investigation.  Therefore,  here  we  will  limit  our- 
selves to  remarks  about  the  need  when  calculating  external 
forces  for  making  sure  that  the  maximum  dynamic  angle  of 
attack  of  a foil  for  a given  cavitation  number  not  exceed 
a critical  angle  characterizing  the  inception  of  cavitation, 
that  is,  it  is  necessary  that  the  following  condition  always 
be  met: 

t)  <.  $cvit;  X = y-cal’  (11.181) 


■ 

i 


The  magnitude  of  angle  6CI'it  for  the  profile  under  con- 
sideration for  a given  cavitation  number  -K—  /,~/)rf  must  be 

P"o  7 2 

determined  from  cavitation  diagrams  (Fig.  89).  In  the  event  [169 
inequalities  (11.181)  do  not  apply  the  effect  of  cavitation 
on  hydrodynamic  forces  must  be  taken  into  account. 

Let  us  now  consider  an  algorithm  for  calculating  nonsta- 
tionary external  forces.  The  best  approach  is  to  follow  actual 


...  : 


Fig.  89.  Cavitation  diagram,  x = °° . 


* 


* * 


Example  1 . By  way  of  a first  and  very  simple  example  we 
will  go  through  calculations  for  the  hydrodynamic  forces 
acting  on  a flat  foil  (Fig.  90)  moving  at  a constant  velocity 
close  to  a disturbed  water  surface. 

Foil  description : 

Span  l =0.5  m. 

Chord  2 a = 0.1  m. 

Aspect  ratio  X = 5. 

Area  S = 2 at  = 0.05  m^. 

Relative  thickness  6 = 0.05. 

Profile- -segmental. 

Angle  of  zero  lift  = 0.05  (3°). 

Set  angle  of  attack  8 = 0.07  (4°). 

Derivative  of  foil  coefficient  of  lift  with  respect  to  angle 
of  attack  3Cy^/96  = 4. 

Seaway  description: 

Wavelength  X^  = 2.9  m. 
half-height  of  wave  rp  = 0.06  m. 

Relative  height  of  wave  2rp/Xu  = 1/25. 

Velocity  of  wave  displacement  vw  = 1.25/T  = 2.13  m/sec. 

Period  of  wave  tw  = 0.8/x  = 1.36  sec. 

Frequency  of  wave  ww  = 2h/tu  = 4.62  1/sec. 


Conditio ns  affecting  movement : 

Velocity  of  horizontal  displacement  of  foil  uq  = 5 m/sec. 
Depth  of  immersion  of  foil  Hq  = 0.08  m.. 

Apparent  period  = \/{vw  + wo)  = 0-41  sec. 

Rate  of  foil  encounter  with  waves  w = = 15.3  1/sec. 

C alculation  of  external  forces : 

1.  Since  there  is  no  vertical  displacement  of  the  foil  Y\ 

2.  Total  angle  of  attack  of  the  foil 

6 tot  = P0+ P=  0.05  + 0,07  = 0,12. 

3.  Coefficient  of  effect  of  water's  free  surface 

. I>„  0.08  r . ...  1 + (2/0-  1 + (3,2)-  ,, 

" *—r  “ W “ ‘■C’  h {h)  = HW  - W • 


Stationary  lift  of  foil 

YSt  ~ “^-/i  C')Pfo  j.~-S  = 4-0.92-0, 12-51- 25-0, 05  -28.!7^. 

In  this  case  function  e (id  , t)  is  written  in  the  for: 


e (w,  /)  ^ ( 1 - e10  [eM  + ve1  • 

1 hot  1 


where 


k = 2v/\  . = 2.1?  1/m; 


a = fgk  = 4 . 6 2 1/sec;  y q = -Hq  = 

-0.08  m; 


~kh'  0,0G-4.G2-f~2',7'n-IIR 


t; 


mu  15,3-0,05 


---  0,153. 


from  the  graph  in  Tig.  85  we  find  v = 0.3,  v = 219°  or 
3.82  rad.  Finally,  we  write  function  c (us- , i)  in  the  form 

f ((•>,  0 I -1  0,30  [sin  15,4/  + 0,3  sin  (15,-1/  !-  3,82)1. 

Substituting  the  values  obtained  for  functions  Tst  and 
e (w , t ) into  formula  (11.178),  we  obtain  the  following  final 
expression  for  calculating  the  nonstationary  lift,  of  the  foil 

r=--2H,l  (I  -f-  0,39  [ sin  15,4/ + 0,3  sin  (15,4/ + 3,82)11  j,  f 
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Fig.  90.  Nonstationary  movement  of  a foil  close  to  a disturbed 
water  surface. 

a a a 

The  results  of  calculations  using  the  above  formula  are 
shown  in  Fig.  91.  The  figure  also  shows  the  results  of  an 
experimental  determination  of  external  forces  for  the  case  of 
foil  movement  under  consideration. 

The  relations  between  external  forces  and  time  are  shown 
in  dimensionless  form,  that  is,  the  forces  are  referred  to 
their  value  during  steady  movement.  The  calculated  value  of 
7st  is  equal  to  28.1  kgf  and  7st  e was  found  by  experiment  to 
be  30.2  kgf  [12].  As  can  be  seen  in  Fig.  91  there  is  good 
agreement  between  the  calculated  and  experimental  values  of 
nons-tationary  foil  lift.  The  quasistationary  value  of  lift 
Yq  presented  there  [see  formula  (11.173)]  makes  it  possible 
to  graphically  evaluate  the  effect  of  nonstationarity . For 
clarity  Fig.  92  shows  the  position  occupied  by  the  foil  with 
respect  to  the  wave  as  it  moves  at  constant  velocity  uq  . 
Analogous  calculations  can  be  carried  out  for  movement  of  a 
craft  over  a wave,  that  is,  when  the  course  angle  is  <p%  = n 
and  also  for  other  values  of  course  angle  [9]. 

* a * 


; 
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.iig.  91.  Lift  . acting  on  a foil  mov-  Fig.  92a.  Position  of  foil  with  respect 
ing  close  to  undisturbed  surface  of  to  wave  whose  lift  is  shown  in  Fie.  91. 
water . Calculated  and  experimental . KEY:  A--Zw 
KEY:  A- -Yq ; B--Ye;  C--Ycal;  D--t,  sec. 


Example  2.  We  will  calculate  nonstationary  hydrodynamic 
forces  acting  on  a V-shaped  hydrofoil  (Fig.  93)  during  move- 
ment in  a regular  seaway. 

Foil  description: 

Span  of  foil  element  at  given  depth  of  immersion  l = 0.3  m. 
Chord  2 a = 0.1  m. 

Area  5 = 0.03  m2 . 

Angle  of  external  dihedral  0 % = 30°. 

Profile  of  foil -- segmental . 

Relative  thickness  5 = 0.05. 

Set  angle  of  attack  8 = 0.06  (3.5°). 

Angle  of  zero  lift  8q  = 0.05. 

Derivative  9 Cyx/38  = 3.34. 

Seaway  description : 

Wavelength  Au  = 3.30  m . 

Half -height  of  wave  rg  = 0.05  m. 

Relative  height  of  wave  hw/^w  = 1/33. 

Velocity  of  wave  displacement  Vw  = 2.27  m/sec. 

Conditions  affecting  movement : 

Horizontal  displacement  velocity  of  foil  uq  = 5 m/sec. 

Depth  of  immersion  of  midpoint  of  wetted  length  of  foil 
element  hg  = 0.075  m. 

Apparent  period  = 0.455  sec. 

Rate  of  foil  encounter  with  waves  = 13.8  1/sec. 

Calculation  of  external  forces: 

1.  Y\  = 0. 

2.  Total  angle  of  attack  of  foil 

• f$tot  = P. H P-  o.ii. 

3.  Coefficient  of  effect  of  water's  free  surface 

h,  0.075  |5.  »+(2ft)l_J0._0ql 

^ — 05  1.5.  /j (/I)  - 2 + (2/|),  , , 

4.  Stationary  lift  of  foil  element 


^st  e 


-fl(h)fltoT~-S  = 3,34- 0,91  -0,1 1-51 -25-0, 03  - 12.8  kgf. 


Stationary  lift  of  entire  foil 


= 2Tst  e = 25 ‘.6  kgf. 


6.  Value  of  the  function  c(w,  t ) 
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* --=  = >.9  I/m  o-=  /gA  = 4,32  i/seQ;  yo~  — ha—  — 0,075  777 ; 

Pn  - = 0.038;  0 = -i-:  H = — =-  0,138; 

“o  2 ^ u0  ' 

v = 0.29;  0 = 3,877  = 222°; 

c (w.  0 = 1 + 0.34  [sin  13,8/+  0,29sin  (13.8/ + 3,88)1  kgf. 

7.  Value  of  nonstationary  lift 

y=  25,6  (1  + 0,34  [sin  13,8/ + 0,29  sin  (13,8/+  3,88)  ])  kgf . 

Fig.  94  shows  in  dimensionless  form  (Y  = y/Yst)  the  value 
of  the  nonstationary  force  in  this  case  of  movement  of  a foil 
close  to  a disturbed  surface.  It  also  shows  quasistationary 
and  experimental  values  of  this  force.  The  experimental  value 
of  the  stationary  force  is  Y st  e = 28  kgf. 

8.  Along  with  force  Y on  each  element  of  the  foil  there  will 
act  a moment,  the  value  of  which  can  be  determined  from  formula 
(11.178) 

We  will  determine  the  values  of  the  variables  which  occur 
in  formula  (11.178): 

Cv.  ~ -pjjp  (ft,  + P)  - 3,34-0.1 1 = 0,368; 

_nc(  0.073  \ r 

, • ( 0.1  } 2,5  0.514  4-  / 1 \ 

te  h M ('•‘-Tji)  + 

+ ^1,5  + -~j  0,0325; 

C,  - C,m.K  -&£-  = 0,368-0.0325  ^3  = 0.013. 

It  follows  from  the  above  that  the  moment  acting  on  a foil  [176 
element  is 

>JJ/K  0,013-51 -25-0,009 --  0.153  kgf‘m. 


The  point  of  application  of  force  Y is  shifted  from  the 
center  of  span  of  a foil  element  in  the  direction  of  greater 
depth  of  immersion  by  the  magnitude 
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V 


WK  0,1  53 

Vat  e »*•« 


=;  0.012  m. 


In  view  of  the  fact  that  the  depth  of  immersion  of  a foil 
symmetrical  with  respect  to  the  centerline  plane  was  considered, 
the  total  restoring  moment  over  the  entire  foil  is  equal  to 
zero.  Calculations  for  a V-shaped  foil  when  there  is  an  angle 
of  bank  can  be  performed  similarly. 


Fig.  95.  Position  of  hydrofoil  craft  with  respect  to  wave. 

Example  3.  Finally,  we  will  consider  the  hydrodynamic 
forces  acting  on  elements  of  a foil  system  (Fig.  88)  of  a 
craft  in  a seaway  when  bank  occurs.  The  position  of  the  craft 
with  respect  to  the  wave  is  shown  in  Fig.  95. 

Foil  system  description: 

Span  of  foil  system  elements  l\  2 = 6m;  l 3 = 2m. 

Aspect  ratio  A.1,2  = 3;  A3  = 1.  ’ 

Chord  2ai > 2 , 3 = ’ 2 m . 

Relative  thickness  fij  2 3 = 0-05- 
Prof  ile-  -segmental  . 

Angle  of  zero  lift  60  ~ 0.05  (approximately). 

Set  angle  of  attack  &i,2,3  = -0.017S  (-1°). 

Derivative  (3C^x/36) 12  = 3.34;  (3C^x/sS)3  = 1.99. 

Foil  located  at  r = 10  m forward  cf  center  of  gravity  toward 
bow  of  craft. 

Seaway  description: 

Wavelength  = 30  m. 

Height  of  wave  hw  - 2 m (rg  = 1 m)  . 

Curvature  of  wave  1/15. 

Velocity  of  wave  displacement  vw  = 6.83  m/sec. 


Conditions  affecting  craft  movement: 

Velocity  of  craft  movement  uq  = 25  m/sec  (about  49  knots)  . 
Apparent  period  and  frequency  of  encounter  with  waves  = 0.943 
sec . 
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Rise  of  center  of  gravity  of  craft  above  free  surface  at  vel- 
ocity of  «o  # 0 = 1.0m. 

Initial  trim  of  craft  under  same  conditions  4>o  = 0.035  (2°). 
Amplitude  and  phase  (relative  to  wave)  of  heaving:  Hn  = 0.25  m, 

X = 20°. 

Amplitude  and  phase  (relative  to  wave)  of  pitching:  = 0.026  [177 

(1.5°),  $ = -15°.  a 

Depth  of  immersion  of  elements  of  foil  system  relative  to  level 
of  undisturbed  water  surface  h0i  = 1.6  m;  h02  = 3 . 2 m; 

h 0 3 = 2 • 7 m . 

Calculation  of  external  forces: 

External  forces  are  calculated  sequentially  for  each  ele- 
ment of  the  foil  system. 


Fig.  96.  Force  Yi  due  to  the  effect  of  adjoining  masses. 


Foil  No.  1: 

1.  The  force  due  to  the  effect  of  adjoining  masses  is  cal- 
culated using  the  formula  [see  formula  (11.160)] 


Vi  — Amo>'-’/1  <eM. 


We  will  find  values  for  the  variables  in  this  formula: 

h = 


”-r- 


■i  + .m>  li  l/H 


Am  = pna’/'/i  (ft)  k (X)  = 102-3,14- 1 - G • 0.83 - 0,733  — 1230  (kgf-sec2/m); 
Yl  = I,StS- 103 (G,C7)2  (0.25ff,w/*  -f-  10-0,02Gc_7j'/12).e'Gf'77  =-- 
- = 55, G-  10s  [0,25e/  (G-G7M'n/9>  -|-  0,2G e‘.lWi-”/'V  ] kgf. 

The  real  part  of  the  last  expression  is 


Y i = 55,6- 103  [0,25  cos  (0,67/  + ji/9)  -|-  0,2G  cos  (6,07/  — n/12 )]kgf. 


Function  Yp(t)  in  dimensionless  form  (separately  for  the 
amplitude  value  Y^g  = 55.6-103)  is  shown  in  Fig.  96. 

2.  The  total  angle  of  attack  of  the  foil  is 


3. 


= 


%tot  = Po -F  P + Vo  = 0.050  — 0,018  H-  0,035  = 0.0G7. 


The  stationary  lift  is 

o 

Yst  = -^-./l(/.)pfco^-S  = 3,34.0.83-0.067-5I.625.12  = 71,5.103kgr/. 

The  value  of  function  e (w  , t)  is 


(0,  /)  ,j|_  + 

{ L "op  “oP 

tot 

'6a  ci»  | Pa  .ei0]  [e1®1  vc1  («,+0)](  . 

^tot  ^tot  •*  ^ 


^ | _ (0,995/0'*  -I-  1 ,035a’1’’1’  —0,388c7’*’  -f  0,6!2<?70)  [c7  6-077  + 0,37c7  <ClG7' 

k = 0.21  1/m ; a = 1/seo;  6a  = 0.041 ; 

y = 0.267 ; v = 0.37 ; o = 3.66. 


1-3.60),. 


The  real  part  of  this  expression,  inasmuch  as  x = 0.349, 
-0.262,  and  6 = 4.01,  will  be 
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k (c,  /)  = 1 -|-  [0,903  sin  (0,07/  |-  0,319)  0,368  sin  (0.67/ -f- 

-i-  4,01)  1 -!■  11,039  sin  (6,07/  — 0,202)  -I-  0,383  sin  (0,07/  -|-  3,398)  | [0.38S  X 

X cos  (0,07/ — 0,202)  I-  0,144  cos  (0,67/ H-  3,398)]  — [0,012  cos  (0,67/ -j-  4,01) -h 
•I  0,227  cos  (0,07/  I 7.07)1. 

Substituting  the  values  found  for  functions  Y^,  Yst-,  and 
e(to,  t)  (11.174),  we  obtain  the  total  value  of  nonstationary 
external  forces  acting  on  foil  No.  1 under  the  conditions  stated 
above.  For  convenience  of  analysis  of  the  relations  obtained, 
Figs.  97--100  show  the  components  of  lift:  Y#  due  to  heaving 
of  the  craft;  Yr*  due  to  vertical  displacement  of  the  foil 
resulting  from  pitching;  Yq  the  component  of  lift  due  to  change 
in  angle  of  attack  din  ing  pitching;  and  Ypa  allowing  for  the 
effect  on  lift  due  to  orbital  motion  of  particles  of  liquid  in 
a wave.  For  comparison  the  quasistationary  values  of  these 
forces  are  also  shown.  For  this  purpose  Figs.  102  and  103  show 
curves  for  heaving  -and  pitching.  Fig.  104  shows  the  locations 
of  the  centers  of  gravity  of  the  craft  and  the  foil  with  re- 
spect. to  the  wave. 
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Fig.  99.  Lift  Y develop- 
ing on  a foil  due  to  pitch- 
ing of  a craft . 

KEYj_  A-  - Y =_Y<t,/Y  st  \ 

B --Y*  q;  C-  -Y(j, . 


Fig.  .100.  Comparison  of  lift  on 
foil  Y 6a  arising  due  to  orbital 
motion  of  water  in  a wave. 

KFYj.  A-  - Ygq  =_Y Ba/^s  t > 


B-  -Yg 


a q-> 


C--Y 


8a  ■ 


Fig.  101.  Total  values  of 
lift  of  nonstati onari ly 
moving  foil  in  a seaway. 
1--E(U,  t)  ; 2 - - Y = Y/Yst= 

= i’l/^st  + c O* 

KEY:  A- - Yst . 


8 


KEY:  A---,  sec 


of  craft  pitching  in  regular  seaway. 


s 


As  follows  from  the  graph  in  Fig.  101  the  nonstationary 
xternal  forces  acting  on  a foil  in  a seaway  are  approximately 
*2.3  times  greater  than  the  stationary  external  forces  which 
support  a craft  in  calm  water.  Naturally,  the  increase  per- 
tains to  the  case  at  hand  only.  In  other  cases  its  magnitude 
may  be  greater  or  less  depending  on  the  nature  of  movement  of 
the  craft  and  the  seaway.  It  also  follows  from  Fig.  101  that 
quasistationary  values  of  external  forces  are  much  greater 
than  their  real  values.  The  conclusion  follows  that  when 
determining  external  forces  it  is  necessary  to  take  into 
consideration  the  effect  of  nonstationarity . The  difference 
between  quasistationary  and  nonstationary  values  of  external 
forces  is  manifest  in  their  amplitude  as  well  as  in  their 
phase.  The  "inertia"  of  nonstationary  lift  is  of  interest. 

During  accelerated  movement  of  a foil  the  change  in  it  is 
delayed  with  respect  to  the  quasistationary  value  and  during 
decelerated  movement,  on  the  other  hand,  leads  it. 

Similar  conclusions  also  follow  from  calculations  for  foils 
Nos.  2 and  3,  the  total  forces  acting  on  which  arc  shown  in 
Figs.  105  and  106  respectively. 

It  was  noted  above  that  such  large  increments  of  nonsta- 
tionary forces  cannot  be  achieved  in  many  cases  because  of. 
the  occurrence  of  cavitation  on  the  foils.  In  order  to  use 
"he  cavitation  diagram  presented  in  Fig.  89  and  determine. 

_ jssible  inception  of  cavitation  (for  example,  ,on  foil  No.  1), 
it  is  necessary  to  preliminarily  calculate  the  maximum  dynamic 
angle  of  attack  on  the  foil: 

ftdyn  = 6tot'eCw,  t)  = 0.067-2.3  = 0.154  = 8.82°. 

The  angle  of  attack  6 for  a foil  with  an  aspect  ratio  of 
X = °°  is  laid  off  on  the  ordinate  axis  in  Fig.  89  and  therefore 

Bdyn  = Bdyn  “ Bo  ~ Bdownwash  = 8.82°  - 2.86°  - 

X = oo 

- 3.5°  = 2.46°. 

The  cavitation  number  is  [185 

v n-n  l y h»  io.mo—  i.vo  i iooo  n,7 

' W °-7' 

: F 


In  view  of  the  fact  that  the  diagram  in  Fig.  89  was 
drawn  from  experimental  data  for  a foil  in  an  unbounded 
liquid,  it  can  be  used  for  determining  cavitation  of  a hydrofoil 
only  conditionally,  changing  the  cavitation  number  which,  as 
was  indicated  above,  taking  the  effect  of  the  free  surface  into 
'count,  is  approximately  equal  to 
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0,37 

*'■  //(/»)  = 0,83  “°;45- 

Referring  to  the  diagram  in  Fig.  89,  we  see  that  if  a foil 
were  located  in  a stationary  flow  of  liquid  with  the  given 
angle  of  attack  and  cavitation  number,  then  about  501  of  the 
low-pressure  side  of  the  profile  (point  A)  would  be  covered 
by  cavitation.  This  would  lead  to  a reduction  in  lift,  the 
magnitude  of  which  could  be  determined  from  a graph  for 
Cyh  ($)  when  x = 0.45.  It  follows  from  Fig.  107  that  the 
value  of  the  component  of  nonstationary  force  yste(ou,  £)  , 
due  to  the  presence  of  cavitation,  must  be  decreased  by 
multiplying  it  by  the  factor  y = Cyh  when  x = xh  . ■ In  this 

Cyh  when  x = 00 

given  case  y = 0.89._  Therefore  the  maximum  value  of  the  total 
nonstati onary  force  Y is  reduced  in  this  case  from  Y = 2.3 
to  Y = 2.0  (see  Fig.  101). 

The  method  described  for  taking  cavitation  into  account 
is  sufficiently  accurate  for  a stationarily  moving  foil.  In 
the  case  of  a foil  in  a nonstationary  flow  the  question  of 
inception  and  development  of  cavitation  on  it  in  a concrete 
small  interval  of  time  remains  unanswered. 


The  method  presented  above  for  calculating  external 
forces  makes  it  possible  to  determine  values  for  nonstationary 
hydrodynamic  forces  acting  on  the  lift  elements  of  hydrofoils 
in  a regular  seaway.  The  investigation  has  showed  that  the 
values  of  external  forces  acting  on  hydrofoils  in  a seaway  can 
greatly  surpass  these  forces  in  calm  water.  The  method 
developed  makes  it  possible  to  evaluate  the  magnitude  of  this 
increment  for  each  particular  case  of  craft  movement,  and  seaway. 
Taking  nonstationarity  into  account  is  essential  when  calcu- 
lating external  forces  since  quasistationary  values  of  these 
forces  yield  a greatly  inflated  impression  of  their  magnitude. 

A comparison  of  data  from  calculations  and  experiments  for 
isolated  foils  of  very  simple  form  moving  in  a regular  sea- 
way has  showed  good  agreement.  The  latter  fact  gives  reason  to 
assume  that  this  agreement  persists  when  it  comes  to  foils  of 
more  complex  form. 

§21.  Effect  of  nonstationarity  of  movement  on  lift  and 
restoring  moment  when  a craft  rises  on  its  foils 

In  this  section  we  present  a method  for  determining  the 
nonstaticr.ary  hydrodynamic  forces  acting  on  a hydrofoil  when 
a craft  rises  on  its  foils.  This  mode  of  unsteady  movement  is 
'f  practical  interest  from  the  standpoint  of  ensuring  stability 
of  a craft  when  its  hull  leaves  the  water.  Initially  when  a 
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''.raft  moves  from  a state  of  rest  its.  stability  depends  on  hydro- 
• tatic  forces  which  are  due  to  the  immersion  of  a certain  part 
of  the  craft  in  the  water  as  it  banks.  As  the  forward  velocity 
builds  up  hydrodynamic  forces  develop  on  the  foils.  These 
forces  cause  the  craft  to  rise  and  the  hull  to  leave  the  water, 
thus  cancelling  hydrostatic  forces  of  support  and  stabilization. 


In  most  types  of  hydrofoil  craft  their  stability  in  the  main 
modes  of  movement  depends  on  the  stabilizing  effect  had  on  a 
banked  foil  by  the  surface  of  the  water.  In  investigation  of 
the  stability  of  hydrofoil  craft  hydrodynamic  forces  can  be 
found  by  applying  the  hypothesis  of  stationarity . The  ex- 
pressions presented  below  for  nonstationary  hydrodynamic  forces 
make  it  possible  to  investigate  stability  without  resorting  to 
the  hypothesis  of  stationarity. 

» 

For  the  purpose  of  determining  nonstationary  hydrodynamic 
forces  acting  on  supporting  foils  in  the  takeoff  mode  it  is 
necessary  to  know  in  every  concrete  case  the  law  governing 
the  buildup  of  velocity  of  the  craft.  As  a rule',  the  relation 
between  velocity  and  time  is  a curve  which  with  a sufficient 
degree  of  accuracy  can  be  approximated  by  a linear  function 
of  time.  We  will  assume  that  a craft  moves  at  a velocity  which 
varies  in  accordance  with  the  law  shown  by  the  graph  in  Fig.  79.  [187 
Linearizing  the  function  u/uQ  = /(£),  we  obtain 


• 0 


(11.182) 


In  this  case  the  path  traveled  by  the  foil  over  time 
t will  be  t - JL  ""  n and  its  dimensionless  expression 
2 /.  ’ 

_J Hn  tl 

'*  " 2 uj„  ' 

Consequently,  the  velocity  as  a function  of  .dimensionless 
path  is  written  in  the  form 


2iifl  , I 


- I Up /«> 

a0 


The  velocity  normal  to  the  foil  is 

= ii 


(11.183) 


(11.184) 


The  lift  on  the  foil  in  this  particular  case  according  to 
formula  (11.130)  will  be 

Y .=  f,  (ft)  % I -j(r  }' (,1)  P""o«*P  ~ 

0t| 


. ('  f/«  (n)da 


(II  .185) 
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The  first  term  in  formula  (11.185),  due  to  the  smallness 
f acceleration  <<«  Au»  (in  this  given  case  equal  to 
dt  ~ a/„ 

0.317  m/sec2) , is  small  in  comparison  with  the  second  and  third  a 
and  therefore  in  the  following  discussion,  fo  simplicity  of 
exposition,  it  will  be  neglected.  As  a consequence,  formula 
(11.185)  can  be  written 


2 1 *„<!,,« 


n, 

1 //  - (a)  da 


.)  V I 1 ' 


Transforming  (11.186)  we  obtain  the  following 
for  the  lift  acting  on  a foil: 


(11.186) 

expression 


where 


I »21  («)/,  -:«■  ^ 

J j’ 

yst  = 2jlIVi  (h)  |»0h8</0. 


(II .187) 


Transforming  (11.187)  to  dimensionless  form  and  substituting 
in  the  value  of  the  velocity  discontinuity  function  in  accordance 
with  formula  (11.94),  we  find  that  the  lift  per  unit  of  foil  [188 
span  in  this  case  will  be  determined  by  the  following  relation: 

s 

rt  , Vri  t l Arsll  V^r|  d(\ 

•1  * 'J  KFF^lF+'^W^Wf’  (11.188) 

where  T = Y/Yst, 


The  value  of  the  improper  integral 


Arsli  y i|  di| 

V Hs  — 'U' + 2 (s  — 1))  | ’ 


which  is  found  by  numerical  methods  is  shown  in  the  graph  in 
Fig.  108.  Graphs  of  the  lift  in  the  form  of  functions  of 
s/Y  and  t arq  shown  in  Figs.  109  and  110.  For  comparison  the 
curve  in  Fig.  110  is  drawn  on  the  graph  used  in  Fig.  80,  from 
which  it  is  apparent  that  the  results  of  calculation  and 
experiment  agree  well. 


When  a craft  moves'  at  a certain  angle  of  bank  e;- , a 
restoring  moment  develops  on  a foil  banked  close  to  the 
free  surface  of  the  water,  as  already  stated.  The  existence 
of  this  moment  is  due  to  the  fact  that  elements  of  the  foil 
distant  from  the  free  surface  produce  a greater  lift  than  do 
those  close  to  the  free  surface.  Ry  applying  the  hypothesis 
of  flat  sections,  that  is,  considering  each  element  of  a foil 
to  function  independently  of  any  other,  it  is  possible  to 
determine  the  magnitude  of  restoring  moment.  The  following 
ift  acts  on  a foil  clement  (along  the  span)  Ay  located  beneath 


j 

ii 


i 
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the  free  surface  at  a depth  h (Fig.  Ill): 


A)'  - Wi (/*)  1 ~~  ] A‘J. 


J l ; ^ •?  4 ^ £ 7 ti 

Fig.  107.  Effect  of  cavitation  on  lift  Of  a foil. 
KEY:  A--when;  B--8 ^un. 


The  moment  of  this  force  with  respect  to  point  o is 
vsee  Fig . Ill) : 


= ■ -PM**/.  (/«)  [ 1 - y Ay. 


Taking  the  limit  in  the  latter  formula,  we  obtain 

™res  = [hWydy- 

Integrating  and  transforming  somewhat,  we  find  the  following 
expression  for  the  restoring  moment 


4-C,wP|i(2aB)»/C1(s)^(4-;  4-;0), 


(11.189) 


where  Cyy  is  the  lift  coefficient  at  depth  of  immersion  tf; 


K,  (v)  = 1 - 


V 2 /.'(*) 


and,  if//  = U /a,  b = b /a  ; and 
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The  minus  sign  in  (11.189)  shows  that  the  moment  acts  in 
a direction  opposite  to  that  of  the  angle  of  bank,  that  is,  it 
is  a restoring  moment.  The  following  limits  are  characteristic 
of  the  moment  expressed  in  (11.189): 

lim  Wyes  = 0 ; lim^res  = 0. 

H-+0  Q+0 


form 


The  formula  for  moment  (11.189)  can  also  be  written  in  the 


.S'K  An  I),  I 2b, 


(II  .190) 
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Fig.  112.  Coefficient  Cm  or  restoring  moment  on  a rectangular 
foil  close  to  the  water's  surface  (6q  = 0). 

The  results  of  experiments  and  data  from  calculations  of  the 
coefficient  of  restoring  moment  Cm  made  with  formula  (11.191) 
for  foil  angle  of  attack  Sq  = 0 are  shown  in  Fig.  112. 

The  formulas  presented  above  for  determining  the  lift  and 
restoring  moment  are  derived  assuming  absence  of  cavitation  and 
air  entrainment  on  the  foil.  These  formulas  can  be  used  for 
determining  the  stability  of  a hydrofoil  craft  during  takeoff. 
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CHAPTER  III.  Nonstationary  hydrodynamic  forces  in  interaction 
between  the  lift  surfaces  of  craft'  and  the  free  surface  of  the 
water 

A.  Hydrodynamic  forces  during  impact 

In  solid  mechanics  the  term  impact  is  used  to  describe  the 
process  of  encounter  between  two  or  more  bodies  whose  points  of 
contact  have  at  the  instant  of  encounter  a relative  velocity 
not  lying  in  a common  tangential  plane  [1].  This  means  that 
the  mutual  reactions  occurring  at  points  of  contact  change 
the  velocity  of  each  body  in  a very  brief  interval  of  time. 

The  interval  of  time* during  which  these  reactions  take  place 
is  the  duration  of  impact.  Despite  the  brief  duration  of  im- 
pact the  forces  of  reaction  exceed  by  many  times  the  other 
forces  acting  on  the  bodies  which  influence  their  movement  [192 

'before  and  after  impact. 

The  physical  nature  of  the  bodies  has  a huge  influence  on 
the  process  of  impact.  Even  Newton,  investigating  impact  between 
solid  bodies,  advanced  the  hypothesis  that  the  relation  between 
absolute  magnitude  of  the  normal  projection  of  relative  vel- 
ocity of  bodies  after  impact  and  the  magnitude  following  impact 
’ s a certain  physical  constant  which  depends  on  the  nature  of 
he  colliding  bodies  and  does  not  depend  on  the  magnitude  of 
the  relative  velocity  or  the  mass  of  the  bodies.  This  constant 
is  called  the  coefficient  of  restitution  and  its  numerical 
value  fluctuates  between  0 and  1.  When  the  coefficient  of 
restitution  is  equal  to  unity  the  impact  is  absolutely  elastic. 

If  the  coefficient  of  restitution  is  equal  to  zero  the  impact 
is  absolutely  inelastic.  After  such  an  impact  the  bodies  travel 
together,  losing  in  the  process  of  impact  some  of  their  kinetic 
energy. 

The  problem  investigated  by  us  amounts  to  a consideration 
of  the  process  of  impact  between  a solid  body  and  a liquid.  In 
this  process  the  body  impacting  on  the  water  will  be  considered 
to  be  absolutely  inelastic,  deformation  of  the  body  on  impact 
being  zero.  We  will  consider  the  liquid  to  be  ideally  incom- 
pressible, or  if  compressible  then  only  to  an  acoustical 
approximation.  When  two  such  bodies  collide  the  coefficient  of 
restitution  is  equal  to  zero,  that  is,  the  impact  is  absolutely 
inelastic . 

When  a hydrofoil  craft  moves  in ’an  irregular  seaway  a foil 
may  enter  or  leave  the  water.  As  a rule  the  process  of 
immersion  which  fellows  is  accompanied  by  impact  of  foil 
against  wave. 
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t Below  we  present  methods  for  calculating  the  hydrodynamic 

forces  occurring  when  a foil  or  other  lift  surface  of  a craft 
impacts  on  the  water. 

§22.  Hydrodynamic  forces  and  movement  during  impact  of  bodies 
moving  on  the  surface  of  the  water 

The  formulas  presented  in  §14  for  calculating  external 
forces  during  impact  against  water  are  based  on  the  assumption 
of  incompressibility  of  water.  This  assumption  can  be  applied 
if  two  conditions  are  observed:  first,  the  induced  velocities 
of  the  liquid  v are  small  compared  with  the  velocity  e at  which 
sound  is  propagated  in  it  (u  <<  a or  mach  number  M = v/ c <<  I)  ; 
and,  second,  the  inequality  t >>  l/c  holds  where  x and  l are 
time  and  distance  of  such  an  order  that  the  velocity  of  the 
liquid  undergoes  a detectable  change  [2], 

In  the  nonstationary  processes  covered  in  ship  theory  [193 

the  first  condition  is  met  in  most  cases  since  the  mach  numbers 
are  almost  always  less  than  unity.  The  effect  of  compressibility 
of  a liquid  on  the  vortex  components  of  total  hydrodynamic  force 
is  determined,  as  is  known,  by  the  value  of  the  mach  number 
(for  example,  Cyoom  - Cyinc/  Jl  - Af2 t where  Cy  is  the  coefficient 
of  lift)  . 

In  view  of  the  smallness  of  M its  effect  on  the  vortex 
components  of  hydrodynamic  forces  in  ship  theory  problems  can 
be  neglected,  these  components  being  determined  from  the  for- 
mulas in  §12  which  were  derived  based  on  the  assumption  that 
the  liquid  is  incompressible. 

The  second  condition  is  determined  in  the  main  by  the 
elastic  and  inertial  properties  of  the  liquid  and  is  not  al- 
ways observed  in  dynamic  ship  theory  problems.  Therefore,  in 
those  cases  when  t is  comparable  with  1/ a a nonstationary 
process  must  be  considered  in  light  of  the  elasticity  of  the 
liquid  which  in  the  last  analysis  must  affect  the  magnitude 
and  nature  of  change,  over  time  of  the  potential  component  of 
hydrodynamic  forces.  An  example  is  the  problem  presented 
below  of  hydrodynamic  forces  during  direct  impact  on  a plate 
floating  on  the  surface  of  a compressible  liquid. 

I 

It  follows  from  the  general  expression  for  hydrodynamic 
forces  (see  formula  11.17)  and  also  directly  from  formula  (11.33) 
that  in  a direct  impact  involving  a floating  plate  the  force 
of  impact  which  is  determined  by  the  .potential  component  of 
Yl  is  equal  to  infinity  and  the  duration  of  its  action  to 
zero.  The  latter  results  are,  as  already  stated,  a conse- 
quence of  tiie  assumption  of  incompressibility  of  the  liquid.  i 

In  view  of  the  instantaneous  propagation  of  disturbances  in 
n incompressible  liquid  and • instantaneous  change  in  speed  of 
movement  of  the  plate  the  second  inequality  presented  above  is 
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not  satisfactory.  Therefore,  in  order  to  obtain  finite  values 
for  the  forces  acting  in  an  actual  liquid  elasticity  of  the 
liquid  must  be  taken  into  cons i dera t ion . 

When  a plate  floating  on  the  surface  impacts  on  an  actual 
liquid  the  resulting  hydrodynamic  pressures  spread  from  the  sur- 
face of  contact  within  both  media  at  a finite  velocity  due  to  the 
elasticity  of  the  liquid  and  the  plate.  We  will  consider  the 
velocity  of  elastic  disturbances  in  the  plate  to  be  infinitely 
great  compared  with  the  velocity  of  propagation  in  the  liquid, 
that  is,  we  will  consider  the  plate  to  be  absolutely  inelastic. 

In  this  event  the  total  velocity  of  movement  lost  by  the  plate 
will  be  absorbed  by  the  liquid.  The  hydrodynamic  phenomena 
occurring  on  the  wetted  surface  of  the  plate  develop  so  rapidly 
that  the  liquid  does  not  manage  to  part  due  to  their  effects, 
as  a consequence  of  which  at  the  first  instant  of  impact 
compression  occurs  in  the- layers  of  liquid  adjacent  to  the  plate. 

The  resulting  wave  of  compression  spreads  within  the  liquid 
at  the  speed  of  sound  and  gradually  becomes  damped.  After 
the  impact  pressures  dissipate  and  flow  starts  around  the  [194 

plate,  hydrodynamic  pressures  due  to  movement  of  the  plate 
remain  in  the  liquid. 

The  idea  of  studying  impact  of  a solid  body  against  water 
while  taking  into  account  the  elasticity  of  the  latter  is 
attributed  to  L.  Prandtl  who  proposed  studying  this  phenomenon 
in  the  same  way  as  hydraulic  hammer  in  a pipe  [3] . Below  we 
present  a solution  for  the  two-dimensional  problem  of  direct 
impact  of  a plate  floating  on  the  surface  of  a compressible 
liquid  [4],  [5]  which  was  found  using  the  apparatus  of  Mat 'ye 
functions  [6].  The  expressions  found  for  the  external  forces 
around  a flat  plate  are  extended  using  Wagner's  hypothesis  to 
the  case  of  impact  of  an  inclined  plate  and  a wedge  against  the 
surface  of  a compressible  liquid. 

bet  a certain  elastic  ideal  liquid  fill  a lower  half-space. 

The  solid  body  on  the  surface  of  the  liquid  is  a flat  plate 
in  the  shape  of  a strip  2ao  wide.  At  a certain  instant  of  time 
t = 0 the  plate  instantaneously  acquires  a velocity  vq-  We  will 
consider  movement  of  the  liquid  caused  by  displacement  of  the 
body  in  a system  of  xy  coordinates  oriented  on  the  body  (Fig. 

113).  Prior  to  taking  up  movement  of  the  liquid  we  will  de- 
scribe distinguishing  aspects  in  the  formulation  of  the  problem 
which  arc  due  to  compressibility  of  the  liquid. 

The  main  distinction  between  mo\rcment  of  a compressible 
liquid  and  movement  of  an  incompressible  one  is  that  small 
changes  in  pressure  spread  instantaneously  in  an  incompressible 
one  and  in  an  elastic  one  at  a finite  velocity  equal  to  the 
speed  of  sound  ([12],  Chapter  II): 
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where  p = p , y,  t ) is  the  pressure  at  a given  point  in  the 
liquid  and  p = p (x , y , t ) is  the  density  of  the  liquid. 

In  an  incompressible  liquid  the  field  of  velocities  and 
pressures  caused  by  movement  of  the  body  is  established  instan- 
taneously while  in  an  ideal  compressible  medium  it  becomes 
established  gradually  as  the  elastic  disturbances  caused  by 
changes  in  the  pressure  on  the  body  spread  in  the  liquid. 
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Fig.  113.  Impact  on  a plate  floating  on  the  surface  of  water 
(main  notation) . 

As  a consequence  of  the  fact  that  the  density  of  an  elastic 
liquid  is  a function  of  coordinates  and  time,  the  condition  of 
continuity  for  it  takes  the  following  form  [7]:  [195 
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where  vx  and  Vy  are  components  of  the  velocity  vector  on  the 
axis  of  a normal  system  of  coordinates. 

Equation  (III.  2)  can  be  transformed  and  written  in  the  form 


<h>  , 0 (in**)  , 
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The  equation  derived  by  I.  S.  Gromeko  for  the  movement 
of  an  ideal  compressible  liquid  when  body  forces  are  neglected 
can  be  written  [8]: 


_!  | I df-  i dtljt  __  Q 
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P o 2 

where  v * = vx  + Vy. 
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In  the  following  discussion  we  tyill  investigate  impact 
spreading  at  subsonic  velocities  and  therefore  movement  of 
the  liquid  everywhere  in  the  flow  can  be  considered  to  be 
potential.  Keeping  this  in  mind  and  also  assuming  that  the 
medium  is  barotropic,  that  is,  p = f(p)  holds,  it  can  easily 
be  shown  that  the  general  integral  equation  for  system  (III. 4) 


P + „t  + if 
r ^ 2 v ^ dl 


(III  .5) 


p -----  f -it  _ f A'L 

Here  J p J/(/>)  , is  the  potential  of  velocities 

of  movement  of  the  liquid,  and  oq  is  an  arbitrary  constant  of 
integration . 


Formula  (III. 5)  is  a generalization  of  the  Lagrange  integral 
for  the  case  of  a potential  barotropic  flow  of  an  ideal  weight- 
less liquid. 

Considering  the  process  of  impact  to  be  iso-thermic  (change 
in  pressure  directly  proportional  to  change  in  density)  we 
obtain  the  following  relation  for  p: 

P==It  = j~  = c°-\np  + *i. 

substituting  which  in  the  Lagrange  integral  we  find 

•>i  , 1 o | dip 

c-lnp-f-  2 tr+  or  p (1 1 1. 6) 


In  view  of  the  fact  that  at  infinity  the  liquid  is  at 
rest,  we  can  write  (III.  6)  in  the  form 


1 . I 1)3  , l (fy  „ 

lnP  + T7r  + 7r"ri7-°' 


(III. 7) 


Equation  (III. 7)  can  be  simplified.  In  view  of  its  small-  [196 
ness  in  comparison  with  the  other  two  terms  we  can  neglect  the 
term  containing  the  ratio  between  the  squares  of  the  induced 
velocities  and  the  speed  of  sound.  This  makes  it  possible  to 
write  (1 1 1.  7)  in  the  form 


r-  lU 


whence  it  follows  that 


(III  .8) 
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Substituting  (I  II. 8)  into  (III. -3)  and  making  several  simple 
trails  format  ions  we  obtain  the  condition  of  continuity  in  the 
following  form: 


'2iT  ‘/;'t 

Ox-  ' Oy- 


1 d-ip 

T-r  ‘ or-  ’ 


(III. 9) 


Equation  (III. 9)  is  of  the  hyperbolic  type  and  is  known 
in  acoustics  under  the  name  of  wave  equation.  By  assuming 
that  in  it  o = « we  obtain  the  Laplace  equation  expressing 
the  conservation  of  mass  for  an  incompressible  liquid. 


Along  with  equation  (III, 9)  the  velocity  potential 
being  sought  <f>  (x , y ,,  t ) must  satisfy  boundary  and  initial 
conditions  in  keeping  with  the  physical  essence  of  the  problem. 


On  the  free  surface  the  change  in  density  of  the  liquid 
during  the  process  of  impact  is  negligible.  Therefore,  taking 
into  account  the  linearized  formulation  of  the  pjoblem  and  also 
the  fact  that  movement  begins  from  a state  of  rest,  we  obtain 
the  following  boundary  condition  at  the  free  surface: 

<P  = 0 when  |a;|  > clq,  y = 0.  (III. 10) 

We  have  the  following  condition  of  impermeability  on 
the  surface  of  the  plate: 

9<J>/3 y = y’  when  |x|  < a0,  y - 0.  (III. 11) 

In  the  following  discussion  we  will  be  interested  in 
solutions  to  a wave  equation  vanishing  at  infinity  as  z~% 
where  z2  - x2  + y 2.  Therefore,  to  avoid  ambiguity  in  the 
solution  we  must  add  a condition  at  infinity  to  the  boundary 
conditions  listed  above.  We  will  use  the  principle  of  pro- 
pagation which  expresses  the  condition  of  nonpropagation 
of  waves  from  infinity  to  w'ithin  a flow;  in  other  words, 
disturbances  arising  upon  impact  become  dissipated  at  infinity. 

The  mathematical  formulation  of  this  principle  of  pro- 
pagation involves  the  following  limits  ([10],  Chap.  11): 


Ijm  V f ( ■ y*  + ‘W)  — 0;  lim  ] ]/V<p|  = const. 

f *><r  \Ur  • /■->«» 


(111.12) 


At  the  instant  of  start  of  impact  movement  of  t lie  plate 
is  defined  by  the  conditions 


US 


y 2 - O',  yj  - -vq  w’hen  t = 0,  (111.13) 

where  yj  is  the  ordinate  in  a fixed  system  of  xim  coordinates, 
he  axis  of  abscissas  (.r?nxis)  coinciding  with  the  free  sur- 
face of  the  liquid  and  the  i/jaxis  being  directed  upward. 


' 


♦ The  conditions  presented  define  uniquely  the  function 

sought  for  the  velocity  potential  <p  in  the  lower  half-plane. 

for  the  purpose  of  solving  the  problem  function  $ 
should  be  continued  into  the  upper  part  of  the  xy  plane. 

The  real  boundary  conditions  (III. 10)  and  (III. 11)  make  it 
possible  to  use  the  principle  of  symmetry  for  this  purpose. 

As  a result  of  the  continuation  we  obtain  the  function 
<+>  (^c , y,  t)  which  is  analytical  over  the  entire  plane  with  the 
•exception  of  the  segment  \x\  <.  ay,  y - 0 and,  as  formerly, 

<M>.  y y £)  = -$(£,  -y  y t)  . 

Comparing  the  problem  of  impact  of  a solid  body  against 
a compressible  liquid  with  the  problem  of  inelastic  impact, 
we  see  that  in  distinction  from  the  latter  for  the  former  it 
is  necessary  to  find  the  solution  to  a wave  equation  instead 
of  a Laplace  equation  when  a boundary  condition  in  the  form 
of  the  principle  of  propagation  is  in  effect  at  infinity. 

A general  solution  for  the  posed  mixed  problem  for  an 
equation  of  the  hyperbolic  type  cannot  be  obtained  in  the 
form  of  a simple,  finite  formula  as  for  example  in  the 
Cauchy  problem  for  a three-dimensional  wave  equation  whose 
solution  in  closed  form  can  be  expressed  by  the  Poisson 
formula.  Solving  equation  (III. 9)  by  the  Fourier  method  is 
‘■.he  most  effective.  The  theoretical  basis  of  this  method  for 
solving  a mixed  problem  in  the  case'  of  a linear  hyperbolic 
equation  is  explained  in  the  works  of  S.  L.  Sobolev  [9]  and 
0.  A.  Ladyzhenskaya  [10]. 

Using  the  Fourier  method  Sommerfeld  and  Lamb  [11]  obtained 
a solution  to  the  problem  with  homogeneous  boundary  conditions 
of  propagation  of  elastic  disturbances  from  an  unbounded  plane 
located  on  the  surface  of  a compressible  medium  filling  a lower 
half-space.  M.  I).  Khaskind  [12]  solved  the  problem  of  acousti- 
cal propagation  in  the  flutter  of  a thin  foil  moving  in  a flow 
of  compressible  liquid  at  a constant  horizontal  velocity  and 
executing  additional  small  oscillations  in  the  plane  of  the 
foil  profile  in  accordance  with  a simple  harmonic  law. 

In  the  problems  cited  there  is  no  solution  for  propagation 
in  a liquid  of  a disturbance  which  at  the  initial  instant  is 
localized  in  a certain  way,  only  the  phase  of  a certain  sinu- 
soidal solution  satisfying  limiting  conditions  being  propa- 
gated . 

Using  the  Fourier  method  we  will  make  the  assumption  that 
the  function  $ being  sought  represents  a product  of  the  two 
functions 

v (x<  !/>  0 ^ y)  T (Q,  ( 1 1 1 . 1 4 ) 
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of  which  i J>  depends  on  the  variables  a;  and  y and  T only  on  time  t . 

Substituting  this  proposed  solution  into  equation  (III. 9)  [198 

and  dividing  both  sides  of  the  equation  by  the  product  i>T  f 
we  obtain  on  the  left  side  a function  depending  only  on 
coordinates  x and  y and  on  the  right  side  a magnitude  not 
depending  on  them.  The  equation  obtained  holds  only  in  that 
case  when  there  are  constants  on  both  the  right  and  left  sides. 

As  a result  we  arrive  at  a system  consisting  of  two  equations 


(III  .15) 


(III  .16) 

where  X is  a certain  constant. 

In  the  case  of  simple  harmonic  displacements  X is  a real 
number  describing  the  frequency  of  natural  oscillations. 

In  the  more  general  case  simple  movements  can  be  expressed 
by  an  exponential  expansion,  the  superscript  indicating  the 
power  of  which  X car  assume  any  value  in  the  complex  plane 
X = a + ([2],  Chap.  II). 

Finding  partial  solutions  in  the  form  of  simple  harmonic 
jscillations  X = a makes  it  possible  in  principle  to  arrive  at 
a general  solution  to  the  problem  for  arbitrary  complex  move- 
ments of  a plate  since  any  function  of  movemen’t  of  velocity 
of  movement  satisfying  the  Dirichlet  conditions  can  be  repre- 
sented in  the  form  of  sums  of  simple  harmonics,  that  is,  by 
a Fourier  series  or  integral  equation.  The  idea  behind  the 
Fourier  method  lies  essentially  herein. 

However,  the  use  of  this  method  under  the  conditions 
prevailing  in  the  problem  posed  is  difficult  due  to  the 
cumbersome  mathematical  computations  involved. 

In  order  to  arrive  at  expressions  for  the  force  of  an 
impact  and  movement  of  a plate  in  finite  form  we  will  note 
that  the  process  of  impact  has  a clearly  expressed  aperiodic 
nature  damping  over  time  and  we  will  set  X = tB,  thereby 
limiting  the  problem  posed  by  the  condition  that  the  velocity 
of  disturbed  movement  of  the  liquid  be  damped  exponentially 
over  time.  One  example  of  such  movement  is  that  of  the  im- 
pact of  a plate  floating  freely  on  the  surFace  of  a com- 
pressible liquid. 

With  this  approach  to  t lie  problem  the  Fourier  method  is 
used  only  in  that  part  which  pertains  to  separation  of  the 
nriables  in  the  initial  wave  equation. 
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From-  the  general  integral  of  the  ordinary  differential 
quation 

r clca'  I c .,c  ai  (1 1 1. 17) 

only  the  first  partial  integral  satisfies  the  physical  con- 
ditions of  the  problem  and  therefore  we  present  the  sought 
solution  to  equation  (III. 9)  in  the  following  form: 


i, 


«!•  (v,  y,  l)  --  (x,  ij)  c p/. 


ci 1 1 i 18) 


The  function  ip(x,  y)  must  be  determined  by  solving  an  [199 

incomplete  wave  equation  (III. 16).  Assuming  in  this  equation 
x - axj  and  y = ayj,  we  reduce  it  to  the  form 


Ox*  ' 0y‘ 


?-)■ 


(Ill  .19) 


Here  and  in  the  following  discussion  for  simplicity  of 
notation  we  omit  the  subscript  "1"  of  the  variables  xj  and 
yj- 

Along  with  equation  (III.  19)  function  ^(.r,  y ) must  satisfy 
the  boundary  conditions: 


ij>  - 0 when  |.v|  >!,//-  0.  (111.20) 

when  MCI,  ;/=0,  (1 1 1.21) 

and  also  the  conditions  from  the  principle  of  propagation 
when  r ■*  °° 

lim  V r -f-  ivip)  = 0,  lim  | l/n|;|  = const.  (III. 22) 


It  is  desirable  to  seek  further  solution  to  the  problem  in 
elliptical  coordinates,  transition  to  which  can  be  accomplished 
by  conformal  transformation  of  the  plane  z = x + iy  onto  the 
plane  c = K + in  using  the  relations  [6] : 


z eh  £,  x ■■  cli  £ cos  i|,  //  = sli  E,  sin  i|. 


(Ill .23) 


Transforming  these  relations,  we  obtain  two  equations: 


.V- 

«i>-  i 


Xs 

COS'*  l| 


I Jlif-  «>s*M  I *"•*•1“  '• 

--J?-  = cli*6-sli*6=  l. 
sin*  n 


om  which  it  follows  that  a family  of  cofocal  ellipses  in 
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I 


the  2 plane  corresponds  to  the  lines  Z = const  in  the  £ plane 

and  a family  of  cofocal  hyperbolas  which  are  orthogonal  to 

the  family  of  ellipses  to  the  lines  n = const  (fig.  114). 

The  segment  of  the  real  axis  of  interest  to  us  | ae  f < 2,  y = 0 
is  a confluent  ellipse  Z = 0,  |n|  < tt  . The  confluent  hyperbola 

n = 0,  Z > 0 corresponds  to  the  free  surface  of  the  liquid 
which  is  represented  by  the  sector  of  the  real  axis  x > 1 and 
the  confluent  hyperbola  n = *n , Z > 0 to  x < -1 . 

Translating  in  (III. 19)  to  elliptical  coordinates,  using 
the  Lame  relation  [13] 

lA'ij-  a-j’  /<)->!’  . I 4;  I-’ 

ox*  '■  oii*  ' Kiri*  ■'  «>i,v  I >>■  I ’ ( 1 1 1 . 2 4 ) 

< i 

where'^  cii- £ — cus-n  we  Obtain  an  incomplete  wave  equation 
in  the  form 

jg  -I-  ^ -h  va  (cl.*  I - cos- .,)  «|>  “ 0.  ( 1 1 1 • 2 5 ) 

Assuming  the  solution  to  equation  (III. 25)  to  be  in  the  [200 
form  of  a product  of  two  functions,  one  of  which  depends  only 
on  Z and  the  other  only  on  n 


Li 


(H,  il)  — F (?)  G (i|), 


(III  .26) 


that  is,  resorting  for  a second  time  to  the  method  of  separation 
of  variables,  we  find  the  equation 


</-•/ 


</;j 


,i,p 


\ /•  }-  V-  (ell-  C — cos2 1|)  GF  — 0, 


from  which  follows  the  following  equation: 


i >/•/•' 


/ til1 


v4  dr  Z 


i , •• 


Since  the  left  side  in  the  latter  expression  does  not 
depend  on  n and  the  right  side  does  not  depend  on  Z,  each  side 
must  be  equal  to  a certain  separation  constant,  for  example 
a + v2/2  . 


As  a result  of  separation  we  obtain  a system  consisting 
of  two  ordinary  equations 


till 
•if  i 
it -i 
,i 


! ! («  — l n.s  2.,)  O 0, 

Z~  («  — -J-chaj)  r = 0.  j 


(III. 27) 
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(I* 


v Vs.  0*. 


, we  obtain  equation 


Setting 
(III. 27)  in  the  form 


. o o . 

4/.J 


(l-G 

dil 

dlL 

•II- 


J.  -f  (a  — 20*  cos  2i])  G — 0, 
(a  — 20*  cli  2|)  F=  0. 


(Ill .28) 
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Fig.  114.  Elliptical  system  of  coordinates. 

The  equations  of  system  (III.  28)  represent  canonical  forms  [201 
of  the  Mat 'ye  equation.  The  second  of  them  is  often  called  a 
modified  Mat'ye  equation.  If  in  it  we  replace  £ with  ii n 
it  becomes  the  first  equation  and,  conversely,  if  we  replace 
-n  with  ±f£  in  the  first,  we  get  the  modified  equation. 

The  solution  (III. 26)  being  sought  contains  the  product 
of  two  functions,  each  of  which  is  a solution  of  one  of  the 
equations  in  system  (1 1 1. 28)  having  the  same  values  for  para- 
meters a and  6*. 

As  a consequence  of  the  fact  that  a can  assume  any 
value,  for  uniqeness  of  solution  the  function  <7(n)  must  be 
periodic  in  the  z plane  and  have  a period  of  2k,  A set  of 
eigenvalues  a2u+l(0*)  where  n = 0,  1,  2...  defines  this  con- 
dition. The  family  of  fundamental  functions  of  an  integral 
order  which  correspond  to  these  values  forms  a complete 
orthogonal  system.  Function  7’(£)  must  be  expressed  in  terms 
of  modified  Mat'ye  functions  satisfying  the  principle  of 
propagation.  Of  all  the  possible  solutions  to  the  second 
equation  in  system  (III. 28)  combined  functions  conformable 
with  llankel  functions  satisfy  this  principle. 
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Products  of  pairs  of  functions  representing  a solution  to 
•system  (III. 28)  must  also  satisfy  the  condition  of  symmetry 
flowing  from  the  physical  conditions  of  the  problem.  In  our 
case  movement  of  the  liquid  is  symmetrical  with  respect  to  the 
minor  axis  of  cofocal  ellipses  (see  Fig.  114).  Representation  of 
the  potential  n)  in  the  form  of  an  expansion  with  respect 

to  odd  Mat'ye  functions  having  an  odd  subscript  corresponds 
to  this  condition  of  symmetry. 

The  following  form  of  the  function  \p(Z,  n)  satisfies 
the  demands  listed  above: 

T (?.  >|)  ---  £ <h„  i iAV^'i  , (l,  -0)  sr,„  , i (i|,  0).  ( 1 1 1 . 2 9 ) 

, n II 

In  formula  (III. 29)  + l C11  > _0)  *s  an  odd  periodic 

Mat'ye  function  which  is  a solution  to  the  first  equation 
in  (II I. 28)  and  is  expressed  in  terms  of  trigonometric 
. functions  in  the  form  of  the  series 


■*'*,  !.(•!. --<>)=--(  I)"  >](-!)'  /I?"! 'Mu  (LV  |-  l)i 


(III  .30) 


where  A 2r+l  are  coe^f icients  of  expansion  of  a function  of  r; 
A'e  ^ ^ „ (C , -0)  is  a combined  odd  Mat'ye  function  of  the  first 

tn+i 

order  which  is  expressed  in  terms  of  second  solutions  of  a 
modified  equation  by  the  following  relation: 


AfcJi’+itt,  — 0)  = 2 iGckin+x(l,  -0). 


(111,31) 


In  turn  the  function  GeT<2n  + j (E  , -0)  can  be  expressed  in 
terms  of  a product  of  Bessel  functions  of  an  imaginary  argu- 
ment in  the  form  of  the  following  series: 


Gek->, , j i (S,  — 0)  — 1]  A-i,'rt  | lr  (vi)  Kr+i  (vi)  + (v\)  K,  («■’_•)  | - 

fl/1|  ,_o 

In  the  last  formula 

/b,,i  i = “to  i > (°*  ())  i ■ (-f  • °)  • ,c*  = (); 


(III .32) 


ce2n+l(^>  0)  is  an  even  periodic  Mat'ye  function  with  an  odd 
subscript;  Tm  ( t’7)  is  a Bessel  function  of  the  imaginary 
argument;  ) is  a MacDonald  function;  vj  = and 

vs  = ket  . 

The  function  Ic(.^j( C,  -0)  has  the  following  asymptotic 
■representation: 


(Ill .33) 


Ne'in+i  (£.  —0)  ^ p2n+ 1 -7~  , 

V 2 n v 

where  v = 2kchZ,  whence  it  is  apparent  that  when  5 -*  « function 
(III. 33)  passes  monotonically  to  zero.  Consequently, 
expression  for  potential  (I  II.  29)  satisfies  the  principle  of 
propagation . 

Function  (III. 20)  expressing  the  potential  satisfies 
the  first  boundary  condition  (III. 20)  since  on  a free  surface 
[n  = 0,  n 1 n when  ? > 0]  the  function  sepn+i( n,  -6)  vanishes 
which  follows  directly  from  expression  (III. 30). 

For  the  purpose  of  determining  the  arbitrary  constant 
of  integration  a2n+l.  we  will  use  the  boundary  condition  on 
a plate  (III. 21)  which  can  be  written  in  elliptical  coor- 
dinates in  the  form 


dJi  “ av  sin  r,  "'hen  | ,, | < n,  1 = 0. 


(Ill .34) 


Requiring  (III. 29)  to  meet  boundary  conditions  (III. 34), 
we  obtain 


nv  sin  i|  = V a,„  | ,/VtiVi , (0,  —0)  sc.„  1 1 (i|,  —-0), 
//  0 


(III .55) 


.vhere 


.a, 


M&V-i  (0.  — 0)  = 


a. 


-o)l 


k » 


By  multiplying  the  equation  obtained  by  se pn+2  (n  , -0)<in  and 
integrating  from  -it  to  +tt  we  find 


<“>  j — 0)  sin  iirfij  = 

— JT 

' 2 l (0,  —0)  JsC*n+i(l],  — 0)dl). 


(1 1 1. 36) 


Due  to  the  orthogonality  of  a Mat ’ye  function  the  integral  [203 
on  the  left  side  of  equation  (II 1. 36)  is  equal  to 

•l « 

J srjjfl+ift,  — 0)simif/i]=  (— '• 

— JX 

According  to  the  second  condition  for  normalizing  the 
Mat'yc  functions  we  have 


•I  « 

j srt„H-i(>1.  — 0)dt]=  n. 

- 71 

Substituting  the  values  found  for  the  integrals  into 
equation  (III. 36)  and  solving  with  respect  to  a2n+l>  we  obtain 


a., 


in*  l 


= (-))" 


(0.  -0) 


(IV. 


(III. 37) 


Substituting  in  turn  (I II. 37)  into  (1 1 1. 29)  we  find  the 
following  solution  for  incomplete  wave  equation  (III. 25): 


’I’d.  ')) 


CIV 


>' 


(-1  )aA 


2/1  + 1 


Nejj}+1  (I.  -0) 


s^in  + l (n.  — n)- 


(III .38) 


Taking  formula  (1 1 1. 18)  into  account  and  also  the  initial 
conditions  (111.13)  we  will  represent  the  velocity  potential 
of  the  liquid  movement  under  consideration  in  the  form 


<P  (I.  il.  0 = a 


co 


#i==0 


(£■  -0) 
^4/1 -|-l  (0.  -0) 


S<?2„+1  (11, 


—0)  VC  p'. 

(111.39) 


(III .39) 


The  expression  found  for  the  velocity  potential  is  a 
partial  integral  of  wave  equation  (III.  9)  satisfying  the 
boundary  conditions  and  the  initial  conditions  established 
for  the  surface  of  the  plate.  Function  (III. 39)  is  written 
in  elliptical  coordinates.  Relations  (III.  23)  must  be  used 
to  translate  to  a cartesian  plane. 


The  solution  obtained,  just  as  those  noted  above 
[11]  and  [12],  do  not  express  the  law  governing  propagation 
in  a liquid  of  a locally  concentrated  disturbance  induced 
at  the  initial  instant  by  a plate  since  potential  (III.  39) 
represents  a continuous  function  of  coordinates  and  time  with 
continuous  derivatives  with  respect  to  these  arguments. 
Therefore  formula  (III. 39)  should  be  regarded  as  a function 
characterizing  the  movement  of  a liquid  only  between  a plate 
and  the  front  of  a sound  wave  and  this  makes  it  possible  to 
write  it  in  the  following  form: 


„ Ak'jnl-l  (5.  0)  ? | fi«, 

'p“  A>  * 


(III  .40) 
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•r  wherein  r ]/.**  1 -y!4s0. 
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Function  (5,  rj , t)  satisfies  the  condition  when  t < 0, 

= 0 since  v = 0;  when  t = 0 it  satisfies  the  initial  condition 
on  the  plate;  and  when  t > 0 the  plate  moves  in  a flow  of  liquid 
whose  velocity  field  is  established  by  a sound  wave  regardless 
of  the  plate  movement  at  the  given  instant.  In  this  connection 
the  circumstances  listed  above  do  not  limit  the  use  of  the 
potential  (1 1 1. 39)  for  determining  the  hydrodynamic  pressures 
and  forces  acting  on  the  plate  in  the  case  of  impact  under 
consideration. 

The  data  obtained  in  preceding  sections  on  the  flow  of 
a liquid  during  impact  make  it  possible  to  proceed  to  a deter- 
mination of  hydrodynamic  pressures  and  forces.  Limiting  the 
problem  to  a consideration  of  impact  against  a slightly 
compressible  liquid,' a change  in  the  density  of  which  can  be 
neglected  in  generalized  Lagrange  integral  equation  (I  IT.  5),  we 
obtain  the  following  linearized  relation  between  pressure  and 
velocity  potential: 

P - Pu  = - p„  yjf  ■ (I  II.  41) 

Differentiating  (III. 39)  over  time  and  substituting  3$>/a t 
into  (I II. 41),  we  find  the  formula 


P»  — / 


itUQl 

n 0 


(-1  )"A 


2„  1 j (S.  -0) 

‘V4h  1 (0,  -0) 


se 2,h  1 ('J,  — 0)  vc 


(III  .42) 


for  the  hydrodynamic  pressures  in  the  flow  of  liquid  behind 
the  front  of  a sound  wave. 


Assuming  in  formula  (III. 42)  that  £ = 0 , | n f < ir , we  obtain 
the  excess  pressure  on  a plate 


er> 


— 0)  u-oC"  npn  | >1 1 < ji. 


(Ill .43) 


It  follow-s  from  formula  (111.43)  that  the  pressure,  in 
light  of  the  law  governing  movement  of  the  plate,  will  be 
maximum  at  the  instant  of  start  of  impact. 


The  odd  periodic  Mat 'ye  function  segn+lCn,  -0)  when 
e -f  0 degenerates  into  the  trigonometric  function  sinn. 
Inasmuch  as  when  £ = 0 n = arccos  x [see  (111.23)],  that  is, 
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IF 


t 


sinn  = sin(arccos~)  = ( \ « ) ’ we  see  convincingly  that  the 

law  governing  pressure  distribution  over  t lie  surface  of  a 
plate  during  impact  against  a slightly  compressible  liquid  [205 

is  close  to  the  elliptical  observed  during  inelastic  impact. 

Formula  (III.  43)  can  be  transformed  as  follows.  Multiply- 
ing and  dividing  the  right  side  of  (1 1 1. 43)  by  \a/a\,  we 
obtain 


P 0 : 


y ,(- 

eacxrJ 
n 0 


. ("•  -») 


iOi.  -") 


(III  .44) 


It  follows  from  formula  (III. 44)  that  the  amplitude  of 
hydrodynamic  pressures  expressing  that  component,  of  formula 
(111.44)  which  does  not  depend  on  the  kinematics  of  plate 
movement,  is  equal  to 


P — Pa  — Pu™o 


L 

n U 


(-l)Ml 


2 n \ 1 


A'4Vi  (0.  -°) 

Wcil.kVo,  -0) 


SC-2,,  l(l],  — (>)• 


(III .45) 


When  0 ->  0 the  sum  standing  on  the  right  side  of  the 
.ast  equation,  as  will  be  shown  below,  tends  to  the  value  of 
the  first  term  in  the  series 

turn  tends  to  sin  11  {/*  ( « 

the  amplitude  of  hydrodynamic  pressures  acting  in  the  center- 
line  plane  of  a plate  [x  = 0]  the  expression 


A\ 


«.)  wrio.  -0) 


sel  (q,  —0) 


which  in 


A'jtr(0,  —0) 

From  this  we  obtain  for 


p — Po  = PoCtV  (111.46) 

The  latter  agrees  with  the  known  solution  from  the  theory 
of  two-dimensional  waves  arising  during  instantaneous  communi- 
cation of  velocity  to  the  infinite  plane  delimiting  the  lower 
half-space  [11]  and  [14]. 


The  total  hydrodynamic  force  acting  on  a unit  of  plate 
width  during  impact  can  be  obtained  by  integrating  pressures 
over  the  contour  of  a plate  s 


i 


-2)5- 


I 


*4  N <"•  - u> 

P'\ 


, ( (l  f»/\ 

X ^j«,i  ft).  D)  sin  \\il\\  — — (>„«’  \-jj-  v0c  Jx 


V 


•I  .t 


, It’.) 


l'|  --  •>u’W 


«,  I ■'VJJ1V  , O'.  - 0)  (' 


\ (i«',  0) 


1 1 (']»  — 0)  sill 


\ ^ t y.t. Vlp- v. 
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(III  .47) 


Formula  (111.47)  was  derived  for  the  case  of  movement 
of  a plate  in  an  unbounded  liquid. 

According  to  the  principle  of  symmetry  $ and  d^/dt 
above  and  below  the  real  axis  are  equal  in  magnitude  and 
opposite  in  sign.  It  follows  from  this  that  the  force  acting 
on  a plate  when  it  impacts  on  the  free  surface  of  a liquid  is 
equal  to  half  the  force  developing  on  a plate  which  executes 
the  same  movement  in  a flow  of  unbounded  liquid,  that  is. 


ft,,  hi 


\ 


^ V,1/  , (II.  i>) 

- -v.- "i  1 


,u 


(III  .48) 


or 


r,  - ^-Z  r (())-“.  (vue  "')< 


(III  .49) 


where 


/r(ii) 


~ — I ,0'.  I') 


(III  .50) 


In  order  to  use  the  general  expressions  presented  above 
for  determining  concrete  forces  it  is  necessary  to  know  the 
dependence  of  functions  and  coefficients  of  the  Mat 'ye 
function  on  the  parameter  6 included  in  them.  Tn  [4]  the 
value  of  the  function  I-e(o)  for  0 <_  o <.16  is  found.  A graph 
of  function  Lc( 0)  is  shown  in  Fig.  115.  At  small  values  of  0 
(0  <,  0.2)  the  following  asymptotic  formula  can  be  recommended 
for  calculating  the  function  Lc  ( 0) : 


1 0 t-m01 


/•*<«»)  — 7 , , 

1 , «-"i  TM,”p«v 


(III  .51) 
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/hich  was  found  from  (III. 50)  by  replacing  the  functions  in 
it  witli  their  asymptotic  values  when  o -*•  0 . The  behavior  of 
function  Le(e)  close  to  o = 0 and  o = is  in  keeping  with  the 
following  two  limits 

lim  Lc  (0)  - 1, 

o-»o 

lim  Lc  (0)  — 0. 

0->ao 


(III .52) 


The  first  limit  in  (111.52)  determines  the  value  of 
function  Ze  ( 0)  on  transition  to  an  incompressible  liquid 
(<?  = °°)  • 


Fig.  115.  Graph  of  function  Le(0). 


Formula  (II I. 49)  was  derived  under  the  assumption  of 
exponential  damping  over  time  of  the  velocities  induced 
in  the  liquid.  Therefore  it  holds  during  movements  of  a 
plate  during  which  movement  of  the  liquid  at  an  arbitrary 
point  with  coordinates  ({,,  n)  takes  place  in  accordance 
with  formula  (III. 49)  at  a velocity  which  obeys  the  law 


'M'  iw 


and 


ate  a>|'  |w 

di|  di| 


We  will  assume  that  for  a certain  particular  case  of 
impact  of  a plate  against  a liquid  we  know  the  value  of 
exponent  3.  Then  using  the  formula  0 = a^b^/Ac?-  we  can  cal- 


culate the  value  of  parameter  0 and  then  using  the  graph  in 
Fig.  115  find  the  value  of  function  Be(O).  By  substituting 
the  data  obtained  into  formula  (III. 49)  we  can  determine 
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For  liquids  with  a different  speed  of  sound  the  force 
of  impact,  all  other  things  remaining  equal,  according  to 
formula  (III. 49)  will  be  greatest  where  the  speed  of  sound  is 
greatest.  In  the  case  of  an  incompressible  liquid  when  <?->■“ 
and  0 ■*  0 , f/£(e)  -*■  (-1)  and  formula  (111.49)  becomes  formula  [208 
(11.30),  As  a consequence  of  the  instantaneous  change  in 
velocities  which  takes  place  in  an  incompressible  liquid  the 
exponent  6 must  be  equal  to  infinity  and  therefore  from 
formula  (11.30)  as  well  as  from  formula  (I  II.  4 9)  we  obtain 
for  the  movement  under  consideration  infinitely  large  values 
for  force  Y j • 

Having  determined  the  external  forces,  we  will  now7  dis- 
cuss the  movement  of  an  absolutely  inelastic  plate  floating 
on  a free  surface  which  results  from  instantaneous  communica- 
tion to  it  of  an  initial  velocity  v0  and  continues  on  due  to 
forces  of  inertia  and  the  hydrodynamic  force  of  impact.  We 
w'ill  consider  all  remaining  forces  to  be  small  as  compared  with 
the  two  categories  indicated,  their  effect  on  movement  of  the 
plate  during  the  time  of  impact  being  ignored.  As  experience 
shows,  the  latter  assumption  is  valid  for  the  entire  process 
of  impact  with  the  exception  of  the  final  stage  when  impact  is 
replaced  with  flow  around  a plate. 

In  accordance  with  what  has  been  stated  the  differential 
equation  of  plate  movement  can  be  written  in  the  following 
form: 


dv  x/ 

m ~3T  ~ Yu 


(III .53) 


where  v = -y  ' and  m is  the  mass  of  the  plate. 


After  substituting  into  equation  (III. 53)  the  value  of 
force  Yj  from  (III. 49),  preliminarily  having  differentiated, 
we  find 


or 


in 


</.- 

ill 


'\il 


/r(0)  |Sa„c 


|i/r(0)  [ley 


i*' 


(III. 54) 


)! 


J 


Integrating  the  latter  expression  and  imposing  the 
initial  condition  (when  t ~ 0,  v -i'(j)  on  the  result,  we  ob- 
tain the  following  expression  for  the  velocity  of  the  plate 


t'=r.|l  I- |i/.r(l))-—ft/.e ((>)<■ 


(Ill .55) 
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Formula  (III.  55)  uniquely  describes  plate  velocity 
since  the  unknown  function  Lr(o ) is  included  in  it.  For  the 
purpose  of  determining  Le ( o)  we  use  the  condition  of  equality 
between  the  work  of  the  forces  of  pressure  and  the  kinetic 
energy  lost  by  the  plate  during  the  time  of  impact.  The  energy 
lost  by  the  plate  is  known: 


T„  — 7’k  --=  ~ mvl 


(III  .56) 


where  Tq  = i'mvjj  is  the  kinetic  energy  of  the  plate  prior  to 
impact  and  Tk  = (4'wu  jj)  (2  / (J  + u)^)  is  the  kinetic  energy  of 
the  plate  following  impact. 

As  will  be  indicated  below,  energy  (ro  - Tj.)  is  expended 
on  the  formation  of  a sound  wave  and  imparting  to  the  adjoining 
mass  of  liquid  (a rn  = %p0 na^)  the  velocity  vq/(i  + u)  • 

The  work  of  the  forces  of  pressure  during  the  time  of  im- 
pact can  be  expressed  by  the  integral  equation 


w~  j YyVdt.  (III. 57) 

Substituting  into  (III. 57)  the  values  found  from 
.'ormulas  (III.  49)  and  (III. 55),  we  obtain 

i 

W = —AmvlpLe  (0)  J fl  + [ile(0)  — nLfi(0)e~p,J  v dl. 

0 

Integrating  the  last  expression,  assuming  the  upper  limit 
of  integration  to  be  t = we  obtain  the  following  expression 
for  function  W: 


V=-  —A mvl  [ic  (0)  -|-  J-  pZ.<r  (0)j 


(III .58) 


Equating  formulas  (II 1.56)  and  (I  II. 58)  in  accordance 
with  what  has  been  stated,  we  obtain  for  determining  the 
function  Le(e)  the  equation 


/.<■"-(()) 


(i  I i<) 


(Ill  .59) 


by  solving  which  we  find  that  the  first  root  of  equation 
(III. 59)  is 


I I i*  * 


(III .60) 


The  second  root  of  equation  (I  IT. 59)  docs  not  satisfy 
the  physical  conditions  of  the  problem. 


liquation  (111.60)  expresses  the  condition  from  which 
Lhe  value  of  parameter  e can  be  found  for  the  case  of  plate 
movement,  under  consideration.  Knowing  the  dimensions  and 
mass  of  the  plate,  we  will  then  calculate  the  value  of  coeffi- 
cient v and  the  entire  right  side  of  equation  (II 1. 60)  from 
which  we  find  the  function  Le{ 0)  . Laying  off  the  value  ob- 
tained for  Le ( o)  on  the  approximate  axis  of  the  graph  in  Fig. 
115,  we  use  the  curve  to  find  parameter  e.  If  the  values 
of  Le(  o)  are  close  in  absolute  value  to  unity,  which  does 
happen  during  impact  of  heavily  loaded  plates,  the  follow- 
ing approximate  formula  can  be  used  for  determining  e: 


0 


r r M-tc(O) 
L 1+7  Le(0) 


}■ 


(III .61) 


This  formula  was  derived  directly  from  the  asymptotic 
expression  for  the  function  Le(_o)  . 


The  final  expression  for  the  velocity  of  a plate  in  [210 

the  given  case  of  movement  can  be  found  by  substituting 
(III. 60)  into  (III. 55): 

v — -p~  ('  -F  where  P=  ~ - (III. 62) 

Differentiating  (III. 62)  with  respect  to  time  and 
-•ubstituting  the  result  into  initial  equation  (III. 54),  we 
-ee  that  the  movement  equation  is  satisfied  when  the  condition 
described  by  (III. 60)  is  met. 


Li 


Displacement  of  the  plate  during  the  time  of  impact  is 
determined  by  the  equation 


(III .63) 


which  is  obtained  by  integrating  (III. 62)  over  time  and  fitting 
the  result  of  integration  to  the  condition  when  t = 0 , h = 0 . 

The  result  makes  it  possible  to  write  the  total  hydrodynamic 
force  of  impact  per  unit  length  of  plate  in  the  following 
form: 

p'-  (1 1 1. 64) 


Proceeding  to  an  incompressible  liquid,  that  is, 
assuming  in  formula  (1 1 1. 62)  that  a = we  obtain  formula 
(11.32)  which  defines  the  velocity  of  a plate  after  an 
inelastic  impact. 


The  displacement  of  the  plate  during  impact  can  be  found 
rom  the  equation 


t. 
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c 1 1 1 .65) 


t 


limy  — lim  (I  h !«’  <*') : 

I ;<v  c ><v  > 'I1/ 


fn 

• I I*"' 


We  will  multiply  the  right  and  left  sides  of  (111.64) 
by  dt  and  integrate  from  0 to  t,  as  a result  of  which  we  find 


|V"J1  I 
2 


J rnrHv  ">■ 

i ii  1 ii 

/>  j’  Y,  ill 

Setting  g and  integrating,  we  obtain  the 

following  formula  for  determining  impulse  P : 


||JX  <»J 

l+H 


t'o  (1  — e P')- 


(III  .66) 


When  e = oo  ( g = oo)  the  latter  formula  becomes  the  well- 
known  expression  for  impulse  force  during  inelastic  impact 
[16] 


p Pdflfl2 

J 'l  1 + »v  • 


(•III  .67) 


The  kinetic  energy  of  a plate  during  impact  can  be 
determined  from  the  equation 

T—  -1 >,W|! — (1-f-iic  P')2 

1 ~ 2 (I  -|-  (i)1  ’•*  M 1 ’ 


[21  1 


(III  .68) 


which  yields  limiting  processes,  one  for  t 0 and  one  for 
t -*■  <*,  determining  respectively  the  kinetic  energy  of  the 
plate  prior  to  impact  To  = ancj  jts  energy  at  the  end 

of  impact  Tfr  = %mz^/(2  + y) 2 , As  already  indicated,  during 
the  time  of  impact  the  plate  transmits  to  the  liquid  energy 
equal  to  the  difference  ( Tq  - T}T)  [see  formula  (1 1 1.56)]. 

It  is  easy  to  show  that  the  energy  lost  by  the  plate  is 
equal  in  magnitude  to  the  work  of  the  forces  of  pressure 
during  the  time  0 <.  t <.  ». 

Calculating  integral  equation  (111.57),  or  Yj  and  v which 
are  determined  respectively  from  formulas  (111.62)  and 
(III  .64) , we  obtain 


J C P'  (]  -f-  (if  P')(// 


->r,  using  formula  (III. 58)  in  light  of  condition  (III. 60), 
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, we  find  the  following  expression  for.  the  work  of  the  forces 
of  pressure: 


where 


Am  = [i„j(  ~ , Jt  = 


(Ill  .69) 


Formula  (III. 69)  can  be  transformed  as  follows 


9 9 Aml  1 Am> 

2 (l  -Rip  . = 


"wi  2,1 -i- ,r-  __  "%  r 2,i  -i-  ,,i  -|- 1 

2 (I  +|i)-  ' 2 |.  (l-|-n)s 


__J I 
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-r-  [' 


(1  +|0- 


(I II  .70) 


By  comparing  (III. 56)  and  (III. 70)  we  see  justifi 
cation  for  what  has  been  stated. 

Formula  (II  1. 70)  can  be  transformed  to  read: 


= F 4 + i1.— 1 

2 L(I-FiOs  1 1+i‘J'  (III. 71) 

The  first  term  in  formula  (III. 71)  expresses,  the  work  done, 
or  the  part  of  the  kinetic  energy  lost,  by  the  plate  on  im- 
parting to  the  adjoining  mass  of  liquid  A m the  velocity 
vo/ (7  + v).  The  second  term  represents  the  total  energy  of 
the  sound  wave  [15]. 

Taking  into  account  the  fact  that  ~ ?k  = on  the  [; 

basis  of  formula  (III. 71)  we  can  write  the  equation 


Arntc  / | \ " Ann1,'. 


(III  .72) 


It  follows  from  (III. 72)  that  t Ho  energy  of  the  plate 
at  the  start  of  impact  is  equal  to  the  sum  of  the  energy 
of  the  plate  after  impact  and  the  energy  lost  on  imparting 
to  the  adjoining  mass  of  liquid  a velocity  of  vo/(l  + g) 
•nd  on  forming  a shock  sound  wave. 
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Equation  (III. 72)  does  not  hold  for  the  case  of  impact 
against  an  incompressible  liquid  since  with  inelastic  impact 
there  is  no  third  term.  The  kinetic  energy  lost  by  the  plate 
upon  inelastic  impact  is  described  by  formula  (III.  56).  At 
the  same  time  the  energy  carried  off  by  the  liquid  which  is 
lost  on  imparting  to  the  adjoining  mass  Am  a speed  of 
Vfl/(7  + p)  is  equal  to  only 

_ Amujj  I 

2 <1+10*  • 

Therefore  in  the  theory  of  impact  against  an  incompressible 
liquid  the  energy  balance  is  upset. 

The  idea  of  an  ’adjoining  mass  which  is  usually  applied 
to  an  ideal  incompressible  liquid  can  be  extended  to  the  case 
of  an  ideal  compressible  liquid.  In  a compressible  liquid 
an  adjoining  mass  is  dependent  not  only  on  the  shape  of  the 
body  but  is  a function  of  time  and  movement  of  the  body.  For 
the  purpose  of  determining  this  function  in  the  problem  under 
consideration  we  will  use  an  amount  of  movement  theorem  and  an 
impulse  theorem. 

From  the  condition  of  constancy  of  amount  of  movement  in  the 
process  of  impact  we  get  the  following  equation: 


(///  | A in)  v mV,,  const. 
The  adjoining  mass  of  liquid  is 

A,»  ')■ 


(III  .7.3) 


(III .74) 


Applying  the  theorem  of  impulses,  we  obtain 

I 

III  ( I't  — v)  j r,  lit.  (III.  75) 

Taking  into  account  formula  (III. 49)  and  integrating,  we 
transform  (III.  75)  to  the  form 

«(*-' 

It  follows  from  formulas  (III. 74)  and  (III. 76)  that 
A#»  = (-l  )^~Le  (O)-^-(’l  — trP). 

The  expression  obtained  describes  the  development  of  [215 

an  adjoining  mass  of  liquid  during  the  time  of  impact.  In 
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) Tsl  fhffl  u (0)  (<r  P'  — 1 ). 


(Ill .76) 


the  case  of  free  immersion  of  a plate,  when  its  velocity  is 
letermined  by  formula  (111.62)  and  function  Le  (o)  by  formula 
(111.60),  the  expression  for  the  adjoining  mass  assumes  the  form 


A/«  = . J-~  f~l*>  , 


(III .77) 


Formula  (1 1 1. 77)  has  the  following  limits: 
lim  A m ~ 0;  lim  A/;/  ==  |jm  A in  — •hTj;  . 

Consequently,  the  adjoining  mass  in  the  case  under  con- 
sideration of  movement  of  a liquid  changes  from  zero  at  the 
start  of  impact  to  a constant  value  of  pQ~a2/2  at  the  end  of 
impact. 

Taking  formula  (111.77)  into  account,  the  expression  for 
velocity  of  a plate  during  impact  against  a compressible  liquid 
can  be  written  in  the  same  form  as  for  an  incompiessible 
liquid  [see  formula  (11.32)], 


(III .78) 


Only  in  the  given  case  the  adjoining  mass  An  is  not 
constant  in  magnitude  but  variable,  its  dependence  on  time 
being  described  by  formula  (III. 77).  By  substituting  (111.77) 
into  (III. 78)  we  obtain  formula  (III. 62). 

Analyzing  the  latter  formulas  and  the  limiting  processes 
when,  c ■*  °° , we  can  conclude  that  the  new  solutions  agree  with 
the  theory  of  impact  against  an  incompressible  liquid. 

The  solutions  obtained  in  accordance  with  the  principle 
of  symmetry  also  hold  in  the  case  of  occurrence  of  sudden 
movement  of  a plate  in  an  unbounded  liquid  at  a normal  velocity 
of  vq  . In  this  case  the  values  of  the  adjoining  mass 
Am  = po^u^/2  in  all  the  preceding  formulas  must  be  doubled. 

The  solutions  describing  impact  against  water  of  a plate 
on  a liquid's  surface  at  a zero  geometric  angle  of  attack 
can  be  extended  to  the  case  of  impact  of  a plate  floating  on  the 
surface  at  an  angle  of  attack  B q somewhat  different  from  zero 
(Fig.  116)  and  also  impact  of  a wedge  (Fig.  117).  The  two 
latter  phenomena  are  also  accompanied  by  the  formation  of 
sound  waves  in  the  interface  between  body  and  liquid  although 
the  effect  of  compressibility  of  the  liquid  in  these  cases  is 
more  weakly  manifest.  This  can  be  explained  first  of  all  by  the 
■'act  that  the  impermeable  inclined  walls  which  serve  as  guides 
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for  the  flow  of  liquid  contribute  to  the  rapid  establishment 
of  flow  around  the  plate  or  wedge  and  hinder  compression  in 
the  layers  of  liquid  adjacent  to  them,  that  is,  the  formation 
of  sound  waves.  Nevertheless,  in  the  cases  of  a plate  whose 
angles  of  attack  are  small  or  a wedge  whose  dihedral  is  small 
acoustical  phenomena  ■ have  a significant  effect,  on  the  course  [214 
of  the  impact  process. 

The  second  distinguishing  aspect  of  this  type  of  impact  . 
is  that  the  wetted  surface  of  the  body  is  variable  and  depends 
on  the  nature  of  movement  of  the  body  and  also  on  the  stream 
effects  on  the  surface  of  the  liquid. 


Fig.  116.  Impact  on  inclined  plate  floating  on  the  surface 
of  the  water  (main  notation) . 


Fig.  117.  Impact  on  a wedge  floating  on  the  surface  of  the 
water  (main  notation)  . 

The  work  by  G.  Wagner  mentioned  in  Chapter  II  is  a study 
of  hydrodynamic  forces  during  direct  immersion  of  a wedge 
(and  with  a certain  accomodation  this  pertains  to  immersion 
of  a plate  at  an  angle  of  attack)  in  an  incompressible  liquid. 
Wagner's  theory  of  vertical  impact  is  based  on  the  hypothesis 
that  the  adjoining  mass  of  a wedge  or  a plate  being  immersed 
at  an  angle  of  attack  is  equal  at  every  instant  of  time  to 
the  adjoining  mass  of  a flat  plate  whose  width  is  equal  to  the 
projection  of  the  wetted  surface  on  the  horizontal  axis.  In 
his  way,  according  to  this  hypothesis,  the  actual  picture  of 
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flow  around  a wedge  or  some  other  body  is  replaced  with  flow 
around  a continuously  expanding  flat  plate  whose  rate  of  ex- 
pansion is  equal  to  the  rate  of  increase  in  wetted  surface 
of  the  body  and  the  rate  of  flow  to  the  rate  of  immersion. 

Despite  the  fact  that  this  hypothesis  should  be  applicable 
only  to  cases  of  small  angles  of  attack  or  dihedral,  tests 
show  that  the  results  obtained  with  the  Wagner  theory  agree 
well  with  experiments  for  large  angles  of  attack  also  [16] . 


As  already  stated,  a study  of  impact  taking  into  account 
elasticity  of  a liquid  is  of  interest  mainly  when  the  angles 
of  attack  are  small.  Therefore,  in  the  problem  under  con- 
sideration there  ist  even  more  reason  for  using  the  Wagner 
hypothesis  for  investigating  hydrodynamic  forces. 

Formula  (11.32)  which  is  derived  in  Chapter  II  based 
on  the  amount  of  movement  theorem  holds  for  immersion  in  a 
liquid  of  a body  of  any  arbitrary  shape.  For  a flat  plate 
in  contact  with  an  incompressible  liquid  over  all  its  sur- 
face the  adjoining  mass  Am  = ppva2/2  entering  into  this 
formula  is  constant.  In  the  identical  case  for  a compressible 
liquid  Am  is  variable  and,  as  already  stated,  is  determined 
by  formula  (1 1 1. 77).  When  a wedge  or  inclined  plate  is 
immersed  in  an  incompressible  liquid  the  velocity  of  move- 
ment, according  to  Wagner's  hypothesis,  will  also  be  deter- 
mined by  formula  (11.32)  but  the  adjoining  mass  &m=p  qvo.2  (t)  / 2 
will  become  variable  since  the  wetted  surface  a(t)  will  vary. 
When  extending  Wagner's  hypothesis  to  the  case  of  immersion 
of  an  inclined  plate  or  wedge  in  a compressible  liquid  we 
will  assume  that  their  adjoining  mass  is  defined  by  the 
following  formula: 


A.,,—  P..*"5  1“C'P' 

2 TTiie^’  • (HI.  79) 

which  differs  from  (1 1 1. 77)  only  in  that  the  variables 
a , p,  and  6 in  it  are  functions  of  time. 

Substituting  formula  (IT  1. 79)  into  the  expression  for 
velocity  (11.32)  or,  what  is  the  same  thing,  in  (III. 78), 
we  obtain  an  expression  describing  the  rate  of  immersion 
of  an  inclined  plate  or  wedge  in  a compressible  liquid: 


or 
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In  formula  (III. 80),  in  distinction  from  (III  .62) , u and  g 
arc  functions  of  time  t . 


Differentiating  (III. 80)  with  respect  to  time  we  find 
the  acceleration  to  be 


jlv 

dl 


Vo 


(1+lD2 


[(1  - e-n  -f-  + |UH»  (1  + |t)  (p  + 4r  0 ] 


(III  .81) 


Substituting  the  acceleration  (III. 81)  into  the  equation  for  plate 
movement  mdv  = -Y  ^ we  obtain  for  force  Yj  the  following  formula [216 
dt 


!"-«*'>  sr  + (I  + 10  (p  + ') I" -”]  ■ 


(III  .82) 


Formula  (III. 82)  can  also  be  obtained  directly  from  (11.31) 
or  (11.33)  if  the  value  for  adjoining  mass  determined  from 
(III. 77)  is  substituted  in  the  latter.  Taking  into  account 
the  fact  that  during  impact  against  a compressible  liquid  the 
coefficient  of  adjoining  masses  is 


Pu’ta2 

...  An,  (!)  I — e~&  2 - 

F (0  = n,  F TT--r,r  ■ F = — 


d ii  in 


and  substituting  it  into  formula  Y , — m , 


or 


y,  ^r*"‘ 


Am 


I 4-  — - 


[see  (11.30)]  we  obtain  following  differentia- 


tion the  formula  presented  above  (III. 82). 


Formula  (111,82)  determines  the  force  of  impact  during 
immersion  in  a compressible  liquid  of  an  inclined  plane  or 
wedge  and  is  more  general  than  the  relations  expressed  by 
(11.33)  and  (11.74)  which  were  obtained  earlier. 

Writing  (III. 82)  in  the  form 
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we  see  that  the  first  term  in  this  formula  represents  the 
force  due  to  the  effect  of  adjoining  masses.  The  factor 
(1  - in  the  first  term  takes  into  account  the  effect 

of  change  in  adjoining  mass  over  time  on  this  component  of 
force  Yj.  The  second  term  represents  the  component  of  force 
Y]  due  to  the  formation  of  adjoining  mass  and  also  acoustical 
phenomena  taking  place  in  the  liquid  during  the  time  of  im- 
pact. The  second  term  in  the  factor  6 + d P • t takes  into 

dt 
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account  the  effect  on  the  acoustical  component  of  force  of 
impact  of  a change  in  the  dimensions  of  a plate  or  wedge  as  it 
becomes  immersed  in  the  liquid. 

Formula  (1 1 1. 83)  agrees  with  the  formulas  for  force  Yj 
(11.33)  and  (III. 64).  if  the  geometric  wetted  length  of 
the  body  is  constant'  (a  = const),  then  dy./dt  = 0,  6 = const, 
and  d$/dt  = 0 , as  a result  of  which  (III. 83)  becomes  formula 
(111.64),  namely, 


Changing  in  formula  (III. 83)  to  an  incompressible  liquid, 
that  is,  assuming  in  it  a = « (&  = ®.)  , we  obtain  the  Wagner 
formula  presented  above  [see  (II .33)]  [217 


When  determining  the  force  of  impact  the  variables  u and 
dv/dt  entering  into  formula  (111.83)  and  also  8 and  ds/dt,  in 
distinction  from  immersion  in  a liquid  of  a plate  with  angle 
of  attack  Bo  = 0,  must  be  determined  in  light  of  the  oncoming 
stream  motion  of  the  liquid  displaced  by  the  immersed  body  which 
-erves  to  increase  the  wetted  surface  and  change  its  rate  of 
spread.  Later  we  will  discuss  methods  for  taking  these  aspects 
into  account. 


As  is  known,  formula  (11.33),  on  the  basis  of  the  same 
Wagner  hypothesis,  is  also  used  in  practice  for  determining 
the  ^force  of  impact  when  a wedge  with  a varying  dihedral,  such 
as  the  transverse  sections  of  a craft  or  a V-shaped  foil  are 
taken  to  be,  is  immersed  in  a liquid.  On  the  same  basis  formula 
(1 1 1. 83)  can  also  be  used  for  determining  the  force  of  impact 
of  these  bodies.  This  makes  it  possible,  on  one  hand,  to  cal- 
culate the  values  of  hydrodynamic  forces  while  taking  elas- 
ticity of  the  liquid  into  account  and,  on  the  other  hand,  to  find 
values  for  external  forces  in  case  of  immersion  in  a liquid  of 


bodies  with  complex  cross  sections  having  flat  horizontal  line 
sectors  to  which  formula  (11.53)  is  inapplicable. 

§23.  Some  information  about  hydrodynamic  forces  which  arise 
when  bodies  fall  on  the  surface  of  a liquid 

The  problem  of  determining  hydrodynamic  forces  and  char- 
acteristics of  movement  when  bodies  fall  vertically  onto  the 
surface  of  a liquid  is  similar  to  that  discussed  in  the  pre- 
ceding section.  The  main  difference  between  them  is  that 


'here  is  air  between  the  body  and  the  liquid  at  the  instant 
hey  come  in  contact. 


Finding  a theoretical  solution  to  this  problem  in  a 
strict  formulation  is  exceedingly  difficult.  Therefore  the 
phenomenon  is  investigated  experimentally. 

Fig.  118  shows  an  oscillogram  of  vertical  displacement, 
rate  of  acceleration,  and  pressure  as  a plate  falls  onto  an 
undisturbed  water  surface.  The  four  main  modes  of  movement 
of  the  model  are  recorded  on  the  oscillogram.  The  first  mode 
is  acceleration  when  the  increase  in  rate  experienced  by  the 
plate  is  due  to  the  energy  of  compressed  springs.  After  cessation 
of  the  action  of  the  springs  the  plate  changes  to  a mode  of  free 
fall,  the  rate  of  movememt  during  which  increases  due  to  the 
force  of  gravity.  The  mode  of  free  fall  is  replaced  by  im-  [219 

pact  against  the  water  as  the  plate  becomes  freely  immersed 
in  the  water.  In  the  initial  stage  of  impact  there  is  an 
abrupt  drop  in  vertical  velocity  ivhich,  as  impact  becomes 
damped,  changes  much  more  slowly  over  time.  Free  immersion 
of  the  plate  ceases  as  a result  of  landing  on  limiters. 

An  analysis  of  such  oscillograms  shows  that  prior  to  the 
instant  of  contact  bwtween  plate  and  water  due  to  displace- 
ment of  the  plate  an  air  flow  is  established  which  exerts  a 
ressure  on  the  water's  surface.  Due  to  the  excess  air 
pressure  particles  of  water  on  the 'free  surface  directly 
under  the  plate  and  close  to  it  acquire  a certain  initial 
velocity  appreciably  ahead  of  the  instant  of  contact.  As 
a result,  the  surface  of  the  liquid  becomes  deformed  and  a 
cavity  forms,  one  possible  shape  of  which  is  shown  in  Fig. 

119.  The  existence  of  the  cavity  leads  to  two  distinguish- 
ing aspects  of  such  an  impact.  First,  the  plate  in  falling 
flat  on  the  surface  of  the  water  doesn't  come  in  contact  with 
the  water  instantly  but  becomes  immersed  gradually.  Second, 
the  transmission  of  energy  from  plate  to  liquid  during  impact 
doesn't  take  place  directly  but  through  a layer  of  air.  As 
special  tests  have  proved,  the  first,  of  these  distinguishing 
aspects  doesn't  have  any  great  effect  on  the  process  of  impact 
but  the  effect  of  the  air  is  important. 

I 

We  will  point  out  that  according  to  data  from  theoretical 
investigation  in  t lie  case  of  impact  of  a plate  floating  cn 
the  surface  of  an  incompressible  liquid  a change  in  rate  of 
movement  occurs  in  jumps,  that  is,  instantaneously  from  vq  to  [220 
vo/C 7 + u)  (Fig.  120).  In  the  case  of  a plate  floating  on 
the  surface  of  an  clastic  liquid,  the  change  in  velocity  from 
vo  to  vo/ (1  + t‘)  takes  place  gradually  and  is  an  exponential 
function  of  time  (Fig.  120).  But  in  both  cases  the  velocity 
following  impact  is  a constant  magnitude  and  equal  to  vq/{1  + y ) . 
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Fig.  119.  Phenomenon  occurring  when  a plate  falls  onto  water. 


Fig.  120.  Change  in  velocity  of  plate  movement  when  impacting 
against  water. 

impact  of  plate  floating  on  surface  of  incompressible  liquid; 

impact  of  plate  floating  on  surface  of  elastic  liquid; 

impact  when  a plate  falls  flat  on  the  water's  surface 

in  the  presence  of  air;  _ approximating  function  of  velocity 

during  fall  on  water. 

From  the  oscillogram  shown  in  Fig.  118  and  others  similar  to 
it  it  follows  that  the  velocity  of  a plate  falling  flat  on  the 
water  at  the  end  of  an  impact  after  a series  of  oscillations 
also  tends  to  a certain  constant  magnitude  greater  than  zero. 

If  in  the  cases  of  impact  recorded  on  the  oscillograms  the 
effect  of  aspect  ratio  of  a plate  on  the  coefficient  of  adjoining 
mass  as  proposed  by  Pabst  is  taken  into  account  and  the  corrected 
value  of  the  coefficient  of  adjoining  mass  substituted  into  for- 
mula (11.32),  then  the  calculated  values  of  velocity  v and  the 
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‘ xperimental  value  of  plate  velocity-  following  impact  practically 
coincide  [see  formula  (III. 160)].  This  shows  that  both  in  the 
case  of  a plate  falling  flat  onto  .the  water  and  in  the  case  of 
impact  of  a plate  floating  on  the  free  surface  of  a compressible 
or  i incompressible  liquid  the  final  value  of  drop  in  velocity  of 
plate  movement  is  the  same  and,  consequently,  the  magnitudes  of 
impulse,  work,  and  kinetic  energy  transmitted  by  the  plate  to 
the  liquid  and  also  the  final  value  of  the  adjoining  mass  of 
liquid  are  the  same. 

The  difference  between  the  three  types  of  impact  lies  in 
the  law  governing  the  change  over  time  of  velocity  of  plate 
movement  in  the  interval  vo  >_  v >.  vo/01  + y)  . 

• 

In  distinction  from  theoretical  investigation  into  types 
of  impact  when  a plate  falls  flat  onto  the  water's  surface  in 
the  presence  of  air,  oscillograms  show  that  the  velocity  of 
plate  movement  diminshes  relatively  slowly  in  the  initial 
stage  of  impact  and  prior  to  reaching  v0/{l  + y)  goes  through 
several  damping  oscillations.  Both  these  circumstances  are 
due  to  the  existence  of  an  air  cavity  which  at  a certain 
instant  closes  and  becomes  immersed  in  the  liquid  along  with 
the  plate  (fig.  119b).  The  process  continues  almost  to  the  [221 

end  of  impact  as  evidenced  by  the  bubbles  of  air  rising  to 
the  surface  of  the  liquid  after  the  process  of  immersion  of 
.he  plate  is  complete  (under  test  conditions  after  landing 
on  limiters).  Thus,  in  the  case  of  impact  under  consideration 
transmission  of  energy  from  plate  to  liquid  takes  place  through 
a layer  of  air  entrapped  in  the  cavity  between  body  and  liquid. 

The  air  in  the  cavity  is  elastic.  Under  pressure  from  the  plate 
the  volume  of  the  cavity  is  reduced  and  as  a consequence  the  air 
contained  in  it  becomes  compressed.  But  since  the  walls  of 
the  cavity  are  formed  in  part  by  the  surface  of  the  water  which 
amounts  to  a kind  of  elastic  base,  compression  of  the  air  in 
the  cavity  is  accompanied  by  continuous  transmission  of  pressure 
from  the  liquid. 

The  energy  transmitted  by  the  plate  to  the  liquid  in  this 
case  is  dissipated  not  only  on  imparting  to  the  adjoining  mass 
of  liquid  a velocity  of  vo/U  + a ) and  forming  a sound  wave 
field,  but  on  compressing  the  air  in  the  cavity.  Therefore, 
the  velocity  of  the  plate  in  the  initial  stage  of  the  process 
under  consideration  changes  from  vo  to  vm^n  , a magnitude  less 
than  vo/[l  + y)  (Pig.  120).  The  velocity  difference 
vo/O  + y)  - vmin  is  expended  by  the  plate  on  compressing 
the  air  in  the  cavity. 

To  the  extent  the  impact  pressures  become  dissipated  and 
spread  within  the  liquid  in  the  form  of  a sound  wave,  pressure 
drops  replace  the  pressures  on  the  -interface  between  air  and 
.water  and,  consequently,  in'  the  cavity.  As  a result,  the  vcl- 
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ocity  of  plate  movement  is  somewhat  .increased  and  this  continues 
f mtil  the  pressure  in  the  cavity,  due  to  the  action  of  the  plate, 
again  becomes  positive.  An  increase  in  pressure  in  the  cavity 
leads  to  a new  decrease  in  velocity.  In  this  way  a certain 
oscillatory  mode  becomes  established  in  the  movement  of  the 
plate.  It  continues  until  damping  of  the  pulsating  of  pressures 
in  the  cavity  itself  and  on  the  boundary  with  the  liquid  occurs 
and  until  smooth  flow  around  the  plate  at  a velocity  of 
vo/O  + p)  under  the  influence  of  which  the  cavity  is-  washed 
away  becomes  established. 

All  this  is  evidence  that  impact  in  this  case  takes  place 
in  a medium  with  the  inertial  properties  of  water  while  at  the 
same  time  its  elastic  properties  are  determined  for  all  prac- 
tical purposes  by  thb  compressibility  of  the  air.  Mechanical 
mixtures  of  undissolved  gases  in  a liquid  have  analogous  pro- 
perties. As  is  known,  these  mixtures  also  possess  the  inertial 
properties  of  a liquid  and  the  elastic  properties  of  the  con- 
•tained  gases.  The  rate  at  which  elastic  disturbances  spread  in 
such  mixtures  depends  on  the  concentration  of  gases  in  them  and 
can  be  much  less  than  the  rate  at  which  pressures  spread  in  each 
medium.  For  this  reason  in  the  case  of  impact  under  considera- 
tion there  is  an  increase  in  the  interval  of  time  needed  for 
transmission  of  pressure  from  plate  to  liquid  which  in  the  final 
analysis  is  expressed  in  a slower  change  in  velocity  during  im- 
pact and  the  entire  process  is  accompanied  by  slower  accelera- 
tions . 


I 
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For  our  present  investigation  the  greatest  hydrodynamic  [222 
forces  acting  on  a plate  during  impact  are  of  principal  in- 
terest. As  can  be  seen  from  the  oscillograms  presented  the 
greatest  accelerations  are  experienced  by  a plate  when  the 
velocity  drops  from  vo  to  vm^Uf  that  is,  when  an  adjoining 
mass  is  formed  in  a liquid  a sound  wave  is  formed  and  the  air 
in  the  cavity  becomes  compressed. 

The  preceding  section  contained  a theoretical  investigation 
of  the  formation  of  an  adjoining  mass  of  liquid  and  development 
of  a sound  wave  during  impact  which  omitted  the  effect  of  air 
on  these  processes.  But  in  both  cases  the  final  value  of  the 
adjoining  mass  and  also  that  of  the  energy  carried  away  by  the 
sound  wave  are  the  same.  Naturally  therefore  a question  arises 
as  to  whether  it  is  possible  to  use  the  solutions  obtained  in 
§22,  after  correction  of  them  based  on  experimental  data,  for 
the  purpose  of  gaining  an  approximate  idea  of  the  phenomenon 
occurring  when  a plate  falls  flat  onto  a surface.  Calculations 
which  have  been  performed  and  comparisons  of  experimental 
results  have  showed  that  for  taking  into  account  the  effect 
of  air  on  the  formation  of  a pressure  field  in  a liquid  it 
suffices  to  change  the  value  of  parameter  B,  decreasing  it  in 
cordance  with  the  decrease  . in  rate’ of  spread  of  elastic  dis- 
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turbances  in  tlic  case  under  consideration.  The  relation 
B = f(l/(l  + u)  which  makes  it  possible  to  find  parameter 
B while  taking  the  cited  distinguishing  aspects  into  account 
has  been  established  experimentally.  Tig.  120  shows  a theoreti- 
cal relation  characterizing  the  change  in  velocity  when  a plate 
falls  flat  on  the  water's  surface.  The  curve  was  drawn  from 
formula  (111.62)  taking  into  account  experimental  values  of 
parameters  3 and  p . 

As  follows  from  the  figure,  the  approximating  function 
coincides  with  the  experimental  curve  in  the  sector  of  maxi- 
mum acceleration  and  at  the  end  of  impact.  It  does  not  reflect 
processes  which  occur  as  a consequence  of  pulsation  of  the 
cavity  but  since  these  phenomena  occur  in  the  second  stage  of 
impact,  they  have  practically  no  influence  on  the  maximum 
values  of  effective  forces. 

After  transforming  formula  (III. 62)  to  the  form 

^-■1 


V 


it  is  not  difficult  using  the  experimental  relation  v (t ) to  find 
the  value  of  function  3 = f (I / (1  + p))  and  then  the  value  of 
che  parameter  6 = 3 2a  2 / 4<?2  # 

Preliminary  approximate  results  of  an  experiment  conducted 
to  find  6 are  given  in  the  graph  in  Fig.  121.  The  caption 
contains  empirical  formulas  for  the  cases  1/(1  + p)  ->  0 
and  1/(1  + p)  ->  -1. 

Comparing  the  graphs  in  Figs.  115  and  121  we  see  that  [223 

there  is  complete  qualitative  agreement  between  the  curves. 

Knowing  the  magnitude  of  parameter  0,  it  is  possible 
by  using  the  formulas  in  the  preceding  section  to  find  the 
hydrodynamic  forces  acting  on  a plate  and  to  trace  its  move- 
ment during  the  process  of  impact  when  it  falls  on  the  surface 
of  water  with  air  present. 

Tests  involving  dropping  inclined  plates  on  the  surface 
of  water  have  made  it  possible  to  find  the  value  of  parameter 
3 as  a function  of  angle  of  attack  3q.  The  results  of  tests 
show  that  with  an  increase  in  angle  Sp  the  magnitude  of  para- 
meter 3 increases  and  this  means  that  the  effect  of  the  air 
on  the  external  forces  acting  during  t.he  time  of  impact  de- 
creases. The  tests  yielded  the  following  empirical  relation  for 
small  angles  of  attack: 
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[l  — Pt  — (Pt  — fy  COS  Po.,  (1 1 1.  84) 

where  is  the  value  of  parameter  3 according  to  theoretical 
data  (fig.  115)  and  Be  is  the  value  of  3 obtained  from  an 
experiment  involving  dropping  a plate  flat  onto  the  water's 
surface  (Fig.  121). 


Fig.  121.  Experimental  curve  of  the  function  Le  ( 6)  when  a 
plate  falls  on  water. 

Circle - -experimental  points;  Broken  1 ine - -empirical  formulas. 

1--  °”[4,nrnr]6  «hen  rTii < ”,S:  ; 2'~  °~“'4kln7TS  when  0,9 < rrv° 

By  substituting  in  this  way  the  value  obtained  for 
into  formula  (III. 83)  we  can  find  the  external  forces  which 
act  when  inclined  plates  fall  onto  water.  In  this  process 
it  should  be  borne  in  mind  that  in  that  case  when  Bo  > 0 the 
effective  wetted  length  of  plates  2aeff  at  each  instant  of  time 
is  somewhat  greater  than  the  geometric  length  2 (see  Fig. 

116).  According  to  Wagner  [5]  for  a plate  becoming  immersed 
in  water  this  relation  is  equal  to  v = aeff/ag  = it/2.  When  a 
plate  is  actually  dropped  into  water  parameter  v depends  on 
the  rate  of  landing  as  well  as  on  the  relative  dimensions 
of  the  plate  and  differs  somewhat  from  tt/2. 

§24.  Nonstationary  forces  acting  on  lift  foils  of  high-speed  [224 
craft  during  impact  against  waves 

The  formulas  presented  in  §22- -23  can  be  used  for  calcu- 
lating the  hydrodynamic  forces  acting  on  hydrofoils  during 
impact  against  waves.  For  this  purpose  it  is  first  necessary 
.0  establish  initial  conditions,  that  is,  the  position  of  the 
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■foil  and  the  velocity  at  the  instant,  of  contact. 


Knowing  the  movement  of  the  craft  in  a given  seaway  [under 
conditions  prevailing  in  a regular  seaway  (11.166)  this  movement 
is  given  by  formulas  (11.165)  and  (11.167)],  it  is  possible  to 
determine  in  each  particular  case  whether  the  lift  foils  pierce 
the  surface  of  a wave  and  also  determine  the  instant  of  time 
and  the  kinematics  of  movement  of  foils  on  entering  the  water. 

For  this  purpose  we  will  write  an  equation  expressing-  the  movement 
of  the  leading  edge  of  a foil  [point  A (.XA,y/ 5)]  and  its  trailing 
edge  [point  B (®3,y#)].  It  is  easy  to  show  that  (Fig.  122): 


and 


XG  ^ PAx,  U A //(?  u 

-'a  Xc  I P/irt  ills  ~ He  — Pllyt 


(III .85) 


(III .86) 


where  p/[x,  p^y , P^:c,  and  p are  projections  onto  fixed 
axes  of  the  radius  vectors  and  p# . 


Fig.  122.  Position  of  foil  with  respect  to  wrave  during  impact 
against  water.  KEY:  Subscript  "B"  refers  to  wave. 

At  given  magnitudes  of  these  vectors  and  also  design 
angles  and  y#  these  projections  can  be  defined  as  (Fig.  122) 


Pa*  ~ Pa  cos  <IM.  Pau  ' Pa  sin  cp/, 
Pm  " p/i  cos  <p/(,  p„u  ■ p„  sill  <()/,, 
where  q>/,  ~ yA  — «p,  «f«  ^ n — (y„  -(-  cf). 


(Ill .87) 


Angle  $ is  considered  positive  when  measured  countcrclock- 
w'ise  from  the  horizontal. 


After  determining  the  coordinates  of  points  a and  B in  [2 
fixed  coordinates  (Fig.  122)  we  can  write  the  following 
■nation  for  AB,  that  is,  the  equation  for  the  line  of  the  foil: 

-2: 


(III. 88) 


'/='//!  + 


(X  — XA). 


The  points  of  intersection  of  the  line  of  the  foil  and  the 
surface  of  the  wave  can  be  found  by  solving  the  transcendental 
equation 


y = (III. 89) 

where  z,w  = r„  cos  2;f  (-^  — — ) . jn  this  process  it  should  be  borne 
in  mind  that  the  actual  piercing  of  the  wave  by  the  foil  at 
points  Ci  {x-i  ,yi)  (Fig.  123)  occurs  only  when  the  following 
inequalities  are  met: 


Xi,  V?  Xi  < XA  . tJu  £ IJi  $ IJA. 

The  lengths  of  wetted  sectors  of  the  foil  can  be  cal- 
culated from  the  formula 


or 


a~  ~Y  V(xB  — xif  -j-  [ijn  — Hi)' 
° = — *<)*  + (iJa  — //,)•• 


(III .90) 


Depending  on  the  velocity  of  craft  movement,  the  nature  of 
he  seaway,  and  also  the  design  of  the  foil  system  the  following 
variations  may  occur  in  the  way  a foil  impacts  against  a wave. 

At  a relatively  slow  velocity  of  craft  movement  impact  of  a flat 
foil  against  the  water  may  come  at  an  instant  of  time  immediately 
following  the  instant  the  foil  emerges  from  a wave  (Fig.  124a). 
This  type  of  impact  is  possible  when  a foil  broaches  the  sur- 
face either  totally  or  partially.  With  an  increase  in  the 
velocity  or  with  a change  in  parameters  of  the  seaway  the  second, 
third,  and  fourth  types  of  foil  impact  against  the  water  can 
occur  (Fig.  124  b,  c,  and  d) . In  these  cases  the  foil  impacts 
against  the  trough  of  a wave  or  against  the  crest  of  the  next 
wave . 


Fig.  123.  Foil  piercing  surface  of  water . (Subscript  "B"  is  wave.) 


If  the  foil  chord  is  small  compared  with  the  length  of 
the  wave,  that  is,  when  2a  <<  with  accuracy  adequate  for  all 
practical  purposes  we  can  replace  the  profile  of  the  wave  with 
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the  line  kk  ' (see  Fig.  124)  tangent  to  its  surface  at  the 
1 >oint  of  contact  between  foil  and  wave  and  replace  the  wave  [22 

with  the  tangent  plane.  The  angle  at  which  the  foil  lands 
Ptot  must  be  selected  in  light  of  -the  angle  of  inclination 
of  this  tangent  plane,  that  is, 

Hot  = “a  + H (III. 91) 

/,)jt  X \ 

where  aw  = ~>w  v xw  is  the  angle  of  wave  inclination; 

x the  abscissa  of  the  point  of  contact  between  foil  and  wave; 
and  <()  the  angle  of  attack  which  is  equal  to  the  algebraic  sum 
of  the  trim  angle  of  the  craft  and  the  set  angle  of  the  foil. 


Fig.  124.  Variations  in  foil  impact  against  a wave  (a--d) . 
.EY : The  subscript  "B"  refers  to  wave. 


Fig.  125.  Recording  of  heaving  of  hydrofoil  craft  taking 
impact  of  foil  against  the  water  into  account. 

Khl  : A - - t tui . 

Replacing  the  profile  of  the  wave  at  the  area  of  impact 
with  the  tangent  plane  made  it  possible  to  use  the  formulas 
presented  in  §22-23  for  determining  the  force  of  impact 
between  foil  and  wave. 

Assuming  that  ft  - P^0t  and  determining  from  the  curves 
in  Figs.  115  and  121  for  each  concrete  type  of  foil  the  values 
of  parameters  Br  and  P<- , we  can  find  ft  and  o by  using  formula 
till. 84).  Further,  using  either  formula  (11.33)  or  (III. 83) 


opending  on  the  type  of  impact,  we  can  find  the  hydrodynamic 
forces  acting  on  the  foil. 

Vertical  movement  of  a foil  in  the  process  of  impact  can 
be  determined  from  formulas  (111.62)  and  (III. 63).  The  general 
picture  of  foil  movement  in  light  of  heaving  and  movement  in  the 
process  of  impact  as  determined  from  formula  (111.63)  is  shown 
in  Fig.  125  where  x^m  is  the  duration  of  impact. 

By  way  of  example  illustrating  the  application  in  practice  [227 
of  the  formulas  presented  above,  we  will  consider  the  impact 
against  the  water  of  a foil  with  a chord  of  2ap  = 0.960  m and 
a span  of  i = 5.2  m.  The  reduced  mass  of  the  craft  for  the 
given  foil  is  m = 3.E-10-^  kg-seo~/m. 


Fig.  126.  Hydrodynamic  forces  during  impact  of  a plate  against 
water  when  the  rate  of  fall  is  vo  ~ 3,  5,  and  7.5  m/sea, 

KEY:  A--kgf;  B --ml see. 

_ force  during  impact  for  a plate  floating  on  the  surface  of 

an  incompressible  liquid;  _ _ _ force  during  impact  for  a plate 

floating  on  the  surface  of  a compressible  liquid;  force 

during  fall  of  a plate  onto  t lie  surface  of  water  in  the  presence 
of  air.  Asymptotic  values  of  Y when  6o  0:  1 --Yj  776-10^: 

2,  4,  6--Yj  ->  o'  when  c = ~ ; 3 --Yj  -*  .1294  • 1 0 3 ; 5 --Yj  1940-1(P. 

The  results  of  calculations  of  hydrodynamic  forces  for 
different  types  cl  foil  landing  0 .<  B tot  ^ 20°  anc* 

0.5  <.  vq  <_  7.5  m/sec  are  shown  in  Figs.  126  and  127.  These 
figures  show  the  maximum  external  forces  when  a foil  is  immersed 
in  incompressible  and  compressible  liquids  without  taking  the 
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effect  of  the  air  into  account  and  also  the  external  forces 
when  a foil  falls  on  the  surface  of  the  water. 


fig.  127.  Hydrodynamic  forces  when  a plate  impacts  on  water 
falling  at  a rate  of  v = 0.5  m/sec.. 

KEY:  A--kgf;  B --m/scc. 

force  during  impact  for  a plate  floating  on  the  surface 

of  an  incompressible  liquid;  force  during  impact  for  a 

plate  floating  on  the  surface  of  a compressible  liquid; 

force  during  fall  of  a plate  onto  the  surface  of  water 

in  the  presence  of  air.  Asymptotic  values  of  Yj  when  Bn  ^ c°: 

1--Yj  = 129.4 'lO-5;  2 --Yj  -*■  00  when  a = <=° . 

The  curves  in  the  figures  make  it  possible  to  trace  the 
effect  of  compressibility  of  a liquid  and  the  presence  of  air 
on  the  maximum  value  of  the  force  of  impact.  The  effect  of 
compressibility  of  a liquid  is  important  at  small  angles  of 
impact  B 0 and  large  values  of  initial  velocities  vq  . A layer 
of  air  between  plate  and  liquid  during  impact  has  an  important 
effect  on  the  maximum  value  of  the  force  of  impact.  The  [228 

greatest  effect  of  an  air  layer,  as  of  compressibility  of  a 
liquid,  occurs  at  small  angles  of  attack  and  large  landing 
velocities.  This  can  lead  to  the  maximum  force  of  impact 
occurring  when  angle  of  attack  Ptoi  is  not  equal  to  zero 
(sec  fig.  126).  When  such  plates  land  on  the  water  the  com- 
ponent of  hydrodynamic  forces  due  to  acoustical  phenomena  may, 
because  of  the  effect  of  the  air,  be  small  as  compared  with  the 
component  due  to  a change  in  shape  {d\i/dl).  Therefore,  if  it  is 
'onsidered  that  in  the  case  Btot  ~ 0 when  t = 0 and  d\\/dt=  0, 
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large  landing  velocities  the  force  of  impact  will  be  greatest 
at  a certain  small  angle  of  attack  different  from  zero.  In  the 


case  of  an  exceedingly  small  initial  velocity  up  the  effect  of 
the  air  layer  becomes  so  small  that  the  maximum  value  of  the  force 
of  impact  may  occur  when  etot  = 0 (see  Fig.  127). 


With  an  increase  in  the  angle  6tot  the  curves  of  force  of  [229 
impact  for  identical  conditions  approach  one  another,  the  less 
.velocity  up  is  the  earlier  they  meet.  This  is  evidence  of  the 
fact  that  the  effect  of  the  air  layer  decreases  with  an  increase 
in  angle  Btot  and  with  a decrease  in  vq.  These  distinguishing 
aspects  agree  with  physical  notions  about  the  phenomenon  and  the 
mathematical  description  presented  above  in  the  theoretical 
part  of  the  investigation. 


At  large  horizontal  foil  movement  velocities  vortex  com- 
ponents of  hydrodynamic  forces  will  act  on  the  foil  along  with 
■the  potential  component  in  the  process  of  impact  under  certain 
flow  conditions.  From  the  instant  the  trailing  edge  of  a foil 
enters  the  water  and  streamline  flow  becomes  established  around 
it  a circulation  flow  will  become  established  around  the  foil 
as  it  completes  its  entry  into  the  water.  In  the  case  of 
incomplete  entry  of  a foil  into  the  water  a flow  is  established 
as  in  planing,  that  is,  there  is  a back. stream  at  the  nose-  on  the 
lower  side  of  the  foil. 


Development  of  'lift  on  a foil’due'to  circulation  movement 
of  the  liquid  can  be  expressed  in  the  form  of  a function  of  the 
path  traveled  by  the  foil. 


In  the  case  of  entry  of  a foil  at  a constant  rate  the 
lift  is  expressed  by  the  formula 


Y-i  — C,i  ~<r~  -Sip  (s). 


(Ill  .92) 


Here 


JU  2 


Cy—  Jj)  fi  FO  ('to  t.> 


S is  the  foil  area;  s = s/a  the  path  traveled  by  the  foil 
the  instant  the  trailing  edge  enters  the  water;  and  i*(s) 
a function  determined  from  analytical  expressions  (11.90) 
or  determined  graphically  from  Fig.  128  (a  Kyussner  funct 


from 

is 

- - (TT .92) 
ion  [17]) 


When  the  path  traveled  by  the  foil  during  impact  is  great 
and  the  necessary  conditions  stipulated  above  for  rise  of 
circulation  apply,  the  force  acting  on  the  foil  is 


t 1 


y « + yt. 
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Foil  movement  in  this  case  can  no  longer  be  determined 
oy  formulas  (III. 62)  and  (III. 63).  A detailed  investigation 
of- such  modes  of  movement  is  contained  in  [18]. 


y(5) 


Fig.  128.  The  Kyussner  function 

The  method  explained  in  this  section  for  calculating 
nonstationary  hydrodynamic  forces  acting  on  the  lift  surfaces 
of  high-speed  craft  (specifically  hydrofoils)  under  con- 
ditions of  nonstationary  movement  can  be  used  to  determine 
movement  of  a craft  in  a seaway  and  also  to  evaluate  the 
strength  of  lift  surfaces.  In  the  latter  case  it  should  be 
kept  in  mind  that  the  expressions  presented  for  the  external 
forces  were  obtained  while  assuming  the  lift  surfaces  to  be 
absolutely  inelastic.  At  the  same  time,  as  is  known,  the  effect 
f elasticity  on  the  magnitude  of  the  external  forces  and  on  the 
nature  of  changes  in  them  over  time  is  very  great.  Taking 
into  account  the  effect  of  elasticity  of  a structure  on  the 
external  nonstationary  forces  is  a separate  and  distinct 
problem  and  lies  outside  the  framework  of  this  book. 

B.  Planing  in  a seaway 

Planing  over  the  surface  of  calm  water  has  been  studied 
rather  thoroughly  [19].  The  results  of  theoretical  investi- 
gation into  movement  of  planing  craft  in  a seaway  have  not 
yet  gone  beyond  formulation  of  the  problem  and  this  is  due 
primarily  to  its  complexity.  In  [20]  a first  attempt  is 
made  at  a theoretical  approach  to  the  problem.  Below  we  set 
forth  the  main  results  of  this  investigation. 

§25.  Hydrodynamic  forces  during  unsteady  planing 

A two-dimensional  problem  in  unsteady  planing  of  a thin 
profile  over  1 he  surface  of  a weightless  liquid  has  been 
considered  by  (1.  Wagner  [5]  and  L.  I.  Sedov  [21]. 

As  indicated  above,  t lie  total  hydrodynamic  force  acting 
on  a planing  plate  can  be  represented  in  the  following  form 
I see  formula  (IT.  28)]: 


[2  30 


• ~,F  (po3ta4V’i)  — npo««o  (l7i  — -^p-) 
/ . da  \ ('  //•.  in)  i In 

I'”"  ("*  + > ) .1 


In  the  above  formula  Vj  - y ' - uqB;  u 2(a)  is  a horizontal 
velocity  discontinuity  function  behind  a planing  plate  which 
depends  on  the  nature  of  movement  of  the  plate  and  can  be  found 
by  solving  integral  equation  (11.43);  C = a - ai  -a  (Fig.  129); 
aj  is  the  path  traveled  by  a plate  from  the  instant  of  rise  of 
unsteady  movement,  0 <_  a £ aj  ; a is  the  wetted  half-length  of 
a plate;  y ' the  velocity  of  vertical  displacements  of  a profile; 
up  the  horizontal  velocity  of  a plate;  Bp  the  angle  of  attack  [231 
of  a plate;  to q the  velocity  of  angular  displacements  of  a plate; 
and  p the  density  of  the  liquid. 


Formula  (11.28)  can  be  extended  to  the  case  of 
a plate  of  finite  span  [21]  in  which  case  it  can  be 
the  form 

planing  of 
written  in 

y - Yi  + y , -i-  v,, 

(III  .94) 

where 

y^-B\ , (Pk)4-  WF,]  ; 

(III  .95) 

Y*  = -B\x  (Pk)  k,  (X)  ~£~  U 0 (f,  - -2|s-)  ; 

(III  .96) 

r. = -BU  (W  *.  w -£-(«.+ 4-  4)  f T7r~fhr  • 

(III .97) 

Here  I is  the  length  of  the  plate;  B the  width  of  the  plate; 
and  kj(X)  correctional  coefficients  allowing  for  the  effect 
of  finiteness  of  the  span  of  the  planing  plate. 


1 1 1 a t ! a 


c_ 


Fig.  129.  Nonstationary  planing  of  a plate  (main  notation). 
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Fig.  130.  Graph  of  the  functions  *>(x)  and  q(\). 

The  Pabst.  coefficient  is  kj  ( X ) = (t  — 0,425  -pprrr) 

or  k2( A) 

Coefficients  k.2  Cx)  = 0.7/(l  + l,4x)  and  ks  (X)  = re  ^<7  where 
r and  q are  functions  of  aspect  ratio  x = Si/B  as  shown  in 
Fig . 130  [22]  . 

The  correctional  coefficient  £i(S;.)  takes  into  account  the 
effect  of  plate  dihedral  ~ . 


2 tR  Pk 

j’ 

(1  _ JM 
< 2 a J 

P 

fM 

^ n ) 

n 

■■ 

r(, 

JT 

/ -1 

or  approximately  g^)  = 1 - and  r (<c)  is  an  Euler  gamma 

function. 

Formulas  (III. 94)  and  (III. 97)  make  it  possible  to  cal- 
culate the  approximate  value  of  hydrodynamic  forces  acting 
on  tlje  bottom  of  a craft  during  unsteady  planing  in  a sea- 
way if  the  kinematic  parameters  of  this  movement  are  known. 

The  latter  can  be  determined  experimentally  or  by  solving 
equations  describing  the  movement  of  a planing  craft. 

§26.  Differential  equations  describing  movement  of  a planing 
craft  in  a seaway 

The  movement  of  a planing  craft  over  the  surface  of  a 
disturbed  liquid  represents  an  unsteady  process  of  interaction 
between  a craft  as  a certain  solid  body  and  the  surrounding 
mass  of  water.  The  mode  of  interaction  changes  continuously. 
If  when  sliding  from  the  crest  of  a wave  a craft  is  in  a 
planing  mode,  on  encounter  with  the  following  wave  this  mode 
is  replaced  by  a mode  of  impact  against  a liquid.  Since  both 
modes  are  nonstationary,  a mathematical  description  of  them 
in  genera]  form  presents  great  difficulty.  This  gives  rise 
to  a need  to  create  an  approximate  pattern  of  the  phenomenon 
rbicli  will  lend  itself  to  analytical  investigation  and  differ 
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from  the  actual  phenomenon  in  the  following  ways: 

1)  a craft  is  considered  to  be  an  absolutely  solid  body; 

2)  when  calculating  hydrodynamic  forces  components  of 
velocity  and  acceleration  due  to  orbital  movement  of  liquid 
particles  in  a wave  are  ignored  in  view  of  their  smallness 
as  compared  with  the  velocity  of  the  craft; 

3)  horizontal  movement  of  the  craft  is  assumed  to  be 
at  constant  velocity; 

4)  in  view  of  the  relatively  small  frequencies  of  forced 
oscillations  of  the  craft  and  also  the  smallness  of  the  aspect 
ratio  of  the  lift  surface  [^3(>0  is  small]  in  considering  the 
problem  in  the  first  approximation  the  third  term  in  the 
expression  for  hydrodynamic  forces  (111.94)  is  neglected,  that 
is,  the  problem  is  considered  in  its  quasistationary  formula- 
tion. 


We  will  select  the  following  system  of  coordinates  for  the 
purpose  of  comparing  differential  equations  of  movement.  The 
x axis  lies  in  the  direction  of  movement  of  the  craft  (Pig. 

131)  and  in  the  plane  of  undisturbed  liquid  and  'the  y axis  is 
directed  vertically  upward.  The  origin  of  the  fixed  system  of 
coordinates  isselected  so  that  it  coincides  with  the  crest  of 
a wave  whose  profile  in  a given  system  of  coordinates  is  described 
by  the  equation 

cos2*-dL,  (111.98) 

where  t q is  the  radius  of  an  orbit  which  is  traced  by  particles  [233 
of  the  free  surface  of  the  water  and  Asdiich  is  equal  to  half  the 
height  of  the  wave , and  \w  is  the  wavelength. 

We  will  consider  the  movement  of  a craft  in  relative 
coordinates,  that  is,  in  coordinates  oriented  on  a wave . In 
so  doing  we  will  consider  the  wave  to  be  fixed  and  the  craft 
to  be  moving  through  a section  of  the  wave  at  a relative  vel- 
ocity of 

■*''  = v*  I Hj,  (III  .99) 

where  vy  is  the  absolute  horizontal  velocity  of  craft  movement 
and  is  the  velocity  of  forward  movement  of  the  wave , 


V\j. 

Neglecting  the  hydrostatic  forces  and  considering  the 
angular  displacements  of  the  craft,  to  be  small,  we  can  write 
the  differential  equation  for  movement  of  the  craft  in  the  form 
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(III .100) 
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where  rn  is  the  mass  of  the  craft;  G the  force  due  to  its  weight; 
x",  y",  and  <t>"  the  accelerations  of  the  horizontal,  vertical, 
and  angular  displacements  of  the  craft;  Y the  total  hydrodynamic 
force  determined  from  formulas  (1 1 1 . 94 ) - - (1 1 1 . 96)  ; T the  force 
of  friction;  Wx  and  Wy  the  horizontal  and  vertical  components 
of  the  force  of  thrust  from  the  propellers  ( W) ; j the  moment  of 
inertia  of  the  mass  of  the  craft  with  respect  to  the  transverse 
axis;  <{-  the  angular  displacements  of  the  craft;  and  b and  c the 
arms  of  application  of  forces  W and  Y with  respect  to  the  center 
of  gravity  (Fig.  132). 


’ig.  131. 


Position  of  planing  craft  in  a seaway  (main  notation) . 


Fig.  132.  Diagram  of  external  forces  acting  on  a planing  craft 
in  a seaway. 


Considering  in  system  of  equations  (ITT. 100)  due  to  the 
assumption  of  constancy  of  velocity  that  z’  - const  and  that 
forces  b'x,  Wy , and  are  small  compared  with  forces  Y and  [234 

G,  we  reduce  system  of  equations  (III. 100)  to  the  simpler 
form: 

■v*  0,  1 


mil  ’ — )'  — G, 

l>l"  - Yc. 


(Ill .101) 
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Solving  even  this  very  simple  system  of  inhomogeneous 
liffcrential  equations  with  variable  coefficients  which  are 
squared  in  the  general  form  is  practically  impossible.  In 
the  following  discussion  we  will  consider  an  approximate 
numerical  solution  of  the  problem  based  on  an  artificial 
division  of  the  process  of  movement  of  the  craft  as  it  crosses 
one  wave  into  three  characteristic  modes.  However,  before  turning 
to  a discussion  of  these  modes  of  movement  it  is  necessary  for 
solving  system  of  equations  (III.  101)  to  explain  the  initial 
conditions  determining  the  position  of  the  craft  in  the  selected 
system  of  coordinates  for  a specific  instant  of  time  which  is 
taken  to  be  initial. 


As  a consequence  of  the  impossibility  of  specifying  exact 
initial  conditions  dn  the  basis  of  any  theoretical  premises 
in  the  problem  being  solved  by  way  of  first  approximation  we 
will  limit  ourselves  to  a static  setting  of  the  craft  on  the 
wave,  that  is,  we  will  start  from  the  condition  that  when 
t = 0(y'  = 0;4’'  = 0)  the  craft  is  on  the  apex  of  a wave. 
Taking  into  account  that  the  stationary  value  of  lift  of 
a planing  plate  is 


)'  - (?)  'y  iun 


(III .102) 


and  the  center  of  pressure  of  the  flow  around  a planing  plate 
s at  a point  three  - fourths  the  wetted  length  i-o  from  the  aft 
edge  of  the  plate,  by  using  equations  (III, 101)  we  can  find  [235 

the  following  initial  conditions  (Pig.  133).  When  t - 0 


„ A. 

<\  < 


x'  = const; 


!l  = r cos  (n  A)  - A (fV>  y‘  = o; 


2(1  , „ 
<j>  — 0. 


(III .103) 


Naturally  the  initial  conditions  determined  from  statistical 
premises  will  differ  from  the  dynamic  position  which  a craft 
may  assume  at  instant  t = 0 . However,  by  employing  the  method  of 
successive  approximations  and  viewing  movement  of  the  craft  on 
a series  of  waves  it  is  possible  to  adjust  conditions  (III. 103) 
and  establish  the  exact  position  of  the  craft  at  instant 
i = 0. 

§27.  Main  modes  of  movement  of  a planing  craft  in  a seaway 

Planing  over  the  surface  of  disturbed  water,  a craft 
encounters  waves  at  an  interval  equal  to  the  apparent  period 


< 


-2-17- 


where  <|/  is  the  angle  between  the  directions 
and  that  of  the  run  of  the  wave. 


When  a craft  moves  in  a head  sea  O = 180°)  this  formula 


becomes 


Fig.  133.  Wetted  length  of  bottom  of  planing  craft  in  a seaway 
(main  notation) . 


Within  the  limits  of  one  apparent  period  a craft  experiences 
modes  of  interaction  with  the  liquid.  When  moving  off  the  crest 
of  a wave  a craft  is  in  a mode  of  unsteady  planing  until  its  [236 
bow  lines  encounter  the  next  wave.  At  this  point  a new  mode  of 
interaction  begins  between  craft  and  liquid- - impact  against  the 
liquid.  After  completion  of  the  impact  process  the  craft  rises 
on  the  wave  and  this  is  also  an  unsteady  planing  mode  but 
different  from  the  first  in  the  magnitude  and  nature  of 
application  of  the  effective  forces.  All  these  modes  are 
mutually  related  and  affect  each  other,  representing  a contin- 
uous process  of  craft  movement  in  a seaway.  Differential 
equations  (III. 101),  due  to  their  generality,  hold  for  all  the 
indicated  modes  of  movement.  However,  since  the  expressions 
needed  to  describe  the  parameters  of  external  forces  are  highly 
complex  if  written  to  suit  all  modes  of  movement,  different  for- 
mulas are  used  for  the  different  modes. 


Thus,  in  the  first  mode  of  movement- - from  the  initial 
position  described  by  conditions  (1 1 1. 103)  until  the  instant 
the  craft  encounters  the  next  wave- -.the  wetted  length  of  the 
bottom  lines  of  the  craft  are  determined  by  formula  (Fig.  133) 


here  Ifc  is  the  distance  from  the  transom  to  the  center 
gravity  of  the  craft  and  Ra  is  found  from  the  equation 


•“  I-"- ,cos2;'  {-{-'-■)]■ 
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Included  in  the  expression  for  force  y along  with  za 
is  its  derivative  witli  respect  to  time 


dta  «_  , | 
di  ‘ ih  ' 1 


i t in  i 

p».. u p 


(III  .108) 


and  also  $o  = <j>  + a,  where  a is  the  angle  of  wave  slope, 


n 


(III .109) 


In  order  to  determine  Za  and  dza/d t it.  is  necessary  to  solve 
transcendental  equation  (III. 107)  or  a differential  equation  of 
the  first  order  with  variable  coefficients  (III. 108).  Neither 
equation  can  be  solved  in  final  form.  This  forces  us  to  find 
approximations  for  la  and  dla/dt.  Thus,  by  way  “of  first 
approximation  for  large  velocities  of  craft  movement,  we  can 
write 


•••41  ^ , 

,ii  "—x  and  l ■'< /,>  — x'l. 

In  the  first  approximation  we  can  also  write  Vj  - y ' . 


The  indicated  assumptions  somewhat  simplify  the  problem  but 
they  don't  enable  us  to  obtain  a general  solution  for  system  of 
equations  (III. 101). 

In  the  work  cited  [19]  an  approximate  solution  is  obtained  [237 
for  this  system  by  representing  the  sought  functions  in  the  form 
of  an  exponential  series.  Because  they  are  so  cumbersome  they 
are  not  presented  here. 

The  first  mode  of  craft  movement  ends  when  the  bow  of  the 
craft  comes  in  contact  with  the  profile  of  an  oncoming  wave. 

At  certain  combinations  of  length  of  craft  and  wavelengths  there 
is  a sharp  increase  in  the  wetted  surface  of  the  bottom 
accompanied  by  an  abrupt  increase  in  the  hydrodynamic  forces 
characteristic  of  impact  processes.  The  second  mode  of  craft 
movement  begins.  The  instant  of  impact  is  easy  to  establish 
if  the  movement  of  the  craft  and  movement  of  the  wave  are 
known.  As  already  remarked,  expressions  defining  hydrodynamic 
forces  (111.94)  and  equations  of  movement  (III. 101)  continue  to 
hold  for  this  mode  of  movement. 

Termination  of  the  process  of  impact,  is  established  by 
equating  to  zero  the  velocities  of  vertical  and  angular 
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displacement  of  the  craft.  After  this  comes  the  third  mode  of 
ovement- -rise  of  the  craft  on  a wave.  A theoretical  analysis 
of  movement  of  a craft  in  this  mode  is  additionally  complex  in 
that  at  small  velocities  it  is  necessary  in  many  cases  to  con- 
sider the  hydrostatic  forces  which  contribute  to  rise  of  the 
craft  on  the  wave. 

Having  considered  the  craft  movement  over  one  period 
we  find  a value  for  all  kinematic  parameters  of  this  movement 
and  the  effective  forces.  Having  determined  the  movement  of 
the  craft  over  a series  of  waves,  in  view  of  the  convergence  of 
the  process  we  can  establish  the  actual  initial  conditions. 


Of  0,2  i)3 


B A 

— Jnepuoi-- 

rn 


'8epmuKa/n>noe  .SBuW.etwe 


B 

- il  nepuod 


Tru 


-1,0  JL 
V 

00  

?o 


S~] Y 0.3  ~ Op  to  V V !j 

[ y ~ ' yrjXfr  -t , 

<1— - / peMliM />«*•+• w y*—JVpv- *uy4 , „„  ,,,  ,rr, +■  Upcmum 

' tofUVS  | t of  0,663  C Ipr  C 

c tor  0.556  ' L 


^ig.  134.  Parameters  of  heaving  for  movement  of  a planing 
•aft  in  a seaway. 

KEY:  A--Vertical  movement;  B--Period;  C--Mode. 
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Fig.  135.  Parameters  of  pitching  for  a planing  craft  in  a 
seaway . 

KEY:  A--Rotation  relative  to  center  of  gravity;  B--Period; 

C- -Mode . 

Figs.  134  and  135  show  by  way  of  example  the  result  of  a 
solution  to  system  (III.  ] 01)  found  by  the  described  method 
for  a craft  having  the  following  characteristics:  weight-- 
22,000  kg;  abscissa  of  center  of  gravity- - 1 . 34  m,  and  radius  of 
inertia  of  the  mass--4.45  m.  The  bottom  lines  of  the  craft  are 
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, placed  with  two  plates  equivalent  as  to  hydrodynamic  forces 

and  intersecting  at  an  external  angle  of  60°.  The  dimensions 
of  the  plates  are:  length  of  bottom  plate  15.8  m,  length  of 
bow  portion  of  bottom  plate--6.6  m.  Width  of  plate--2.85  m.  [238 
The  velocity  of  relative  movement  is  30  m/cea.  The  wavelength 
is  30  m and  the  height  of  wave  2 m. 

The  mathematical  difficulty  cited  above  which  arises  when 
solving  this  problem  prevents  obtaining  any  simple  analytical 

I relations  for  evaluating  the  movement  of  a planing  craft  in  a 

seaway.  Therefore,  the  results  presented  can  be  considered 
only  as  a method  for  formulating  the  problem  and  deciding  the 
approach  to  it.  The  decision  itself  in  each  particular  case 
must  be  found  numerically. 

Having  found  the  movement  of  a planing  craft  in  a seaway 
[ it  is  easy  to  use  formula  (III. 94)  to  determine  the  value  of  the 

■hydrodynamic  forces  acting  on  the  craft  in  all  modes  of  movement, 
including  impact  against  the  water. 
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CHAPTER  IV.  Hydrodynamic  calculations  for  a hydrofoil  craft 

A.  Hydrodynamic  calculations  for  foil  systems 

§28.  Foil  arrangements  along  the  length  and  width  of  a craft. 
Distribution  of  load  between  bow-  and  sternfoils 

Longitudinal  stability  is  imparted  to  a craft  by  using  two 
or  three  foils  positioned  along  the  length  of  the  hull  fore  and 
aft  from  the  center  of  gravity.  The  system  now  most  widespread 
is  the  tandem  pattern  consisting  of  two  foils,  one  behind  the 
other.  In  the  tandem  pattern  there  may  be  two  flat  surface - 
effect  foils,  two  deeply  submerged  foils,  two  V-shaped  foils, 
a bow  V-shaped  foil  and  a flat  sternfoil,  or  some  other 
arrangement.  Examples  of  tandem  arrangements  are  provided 
by  the  domestically  produced  Raketa  and  Meteor,  American 
craft  with  their  deeply  submerged  foils,  and  craft  of  the 
Supramar  concern  with  their  V-shaped  foils. 


The  relative  distance  the  foils  are  from  the  center  of 
gravity  of  a craft  determines  the  load  distribution  between 
bow-  and  sternfoils.  Based  on  load  distribution  foil  systems 
are  identified  as  tandem,  airplane  type,  and  canard  (Fig.  136). 

Tn  a normal  tandem  pattern  each  foil  carries  about  half 
,0--60?o)  the  di splacement  by  weight  of  the  craft.  In  the  air-  [240 
plane  and  canard  types  the  more  heavily  loaded  foil  is  the  main 
lift  foil.  The  main  foil  carries  about  80  — 90%  of  the  load 
(displacement  by  weight).  The  other  foil,  which  is  lightly 
loaded,  acts  as  a stabilizer.  In  the  airplane  pattern  the  bow- 
foil  is  the  main  foil  and  in  the  canard  pattern  the  sternfoil . 


It  is  completely  evident  that  the  hydrodynamic  forces  [241 

developed  by  a system  of  tandem  foils  must  differ  from  the 
simple  sum  of  the  forces  developed  by  the  separate  foils  since 
the  sternfoil  of  a tandem  system  moves  in  a flow  disturbed  by 
the  bowfoil  . The  effect  of  interaction  among  the  foils  in  a 
tandem  system  leads  to  the  rise  of  an  additional  horizontal  force 
which,  depending  on  velocity,  can  vary  not  only  in  magnitude 
but  also  in  sign.  In  the  case  of  depth-effect  tandem  foils 
their  interaction  also  causes  additional  trim  by  the  stern. 


In  those  cases  when  interaction  in  a tandem  system  proves 
to  be  unfavorable  and  also  for  the  purpose  of  increasing  trans- 
verse stability  of  a craft  it  may  be  advisable  to  split  one  of 
the  foils  (usually  the  bowfoil)  so  that  it  will  consist  of  two 
symmetrical  parts  located  outboard  from  the  centerline  plane. 
Usually  the  transverse  gap  between  the  half-foils  is  no 
greater  than  the  width  of  the  other  foil.  Such  a three- foil 
• ttern  can  be  formed  from  any  of  the  three  methods  named  for 
stributing  the  load  between  bow-  and  sternfoils. 
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Fig.  136.  Foil  arrangements. 

a- -continuous  foils:  I--tandem;  I I - -airplane ; III--canard; 
b--split  foils  (three-foil  pattern):  1,  II,  IV--split  bowfoil 
III--split  sternfoil. 


As  to  nature  of  hydrodynamic  interaction  the  main  foil 
system  patterns  can  be  relegated  to  one  of  the  types  considered 
that  is,  to  either  a tandem  type  of  a three- foil  type  with  a 
split  foil. 


As  of  the  present  time  there  are  no  general  theoretical 
solutions  to  the  problem  of  movement  of  a system  of  foils  of 
finite  span  beneath  the  water's  surface.  The  results  obtained 
by  solving  a two-dimensional  problem  involving  movement  be- 
neath the  surface  of  a system  of  foils  of  finite  span  cannot 
’ o used  for  determining  their  characteristics  since  the  nature 
d parameters  of  a wave  behind  a foil  of  finite  span  differs 


'•mportantly  from  two-dimensional  waves.  Consequently,  an 
pproximate  method  of  making  hydrodynamic  calculations  based 
on  experimental  investigation  of  the  deformation  in  a free 
surface  caused  by  a hydrofoil  moving  at  a great  relative  vel- 
ocity is  recommended  for  the  purpose  of  making  a practical 
determination  of  the  characteristics  of  a tandem  system. 


At  the  same  time,  in  order  to  establish  a connection  be- 
tween the  shape  of  a free  surface  and  induced  velocities  and 
to  evaluate  the  role  of  separate  components  of  the  induced 
velocities  in  determining  the  effect  of  interaction  among  foils, 
it  is  advisable  to  consider  a theoretical  solution  to  the  txvo- 
dimensional  problem  of  waves  induced  by  a foil  of  finite  span. 

§29.  Waves  excited  by  a hydrofoil  of  finite  span.  Effect  of 
interaction  in  tandem  systems 

On  actual  craft  the  sternfoil  is  located  10--20  chords 
behind  the  bowfoil.  Therefore,  when  determining  .the  dis- 
turbance caused  by  the  bowfoil  at  the  location  of  the  stern-  [242 

foil  the  immediate  vicinity  of  the  bowfoil  is  not  of  direct 
interest.  This  approach  to  the  problem  of  wave  formation 
caused  by  a foil  of  finite  span  makes  it  possible  to  replace 
the  foil  with  an  infinite  straight-line  vortex  whose  intensity 
is  equal  to  the.  velocity  circulation  around  the  foil  . 


The  conditions  of  movement,  notation,  and  coordinate  axes 
will  be  the  same  as  in  §3  of  Chap.  I.  In  [1]  the  iollowing 
formula  is  derived  for  the  ordinates  of  the  profile  of  two-di- 
mensional waves  caused  by  a vortex: 


!/,  i — 


c 
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(IV. 1) 


It  follows  from  (IV. 1)  that  far  to  the  front  of  a foil 
the  liquid  is  at  rest,  that  is,  lim  y q = 0,  and  far  to  the 

X-yoo 


rear  of  the  foil  sinusoidal  waves  form  which  can  be  described 
by  the  asymptotic  formula 


or 
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(IV.  2) 


(IV.  3) 


where  A*  is  the  wavelength  and  a the  amplitude, 
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The  induced  velocities,  horizontal  component  u>  and  vertical 
component  w,  on  the  basis  of  the  formula  for  complex  velocity 
dh'/dz  = u - iw,  also  can  be  expressed  in  terms  of  a derivative 
of  complex  potential 


ii  =-  Weal 
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CIV. 5) 


A comparison  of  (IV. 1)  and  (IV. 5)  makes  it  possible  to 
write  an  equation  relating  the  ordinate  of  the  wave  profile 
and  the  induced  horizontal  velocity  uq  of  surface  particles 
of  the  liquid 


Ua  — --~«o  (IV.  6) 

JL 

= _ i/o/r 

V V'2 

(IV. 7) 

Considering  the  contour  of  the  free  stirface  in  steady 
movement  to  be  a line  of  flow,  we  can  express  the  induced 
vertical  relative  velocity  (downwash)  in  terms  of  a 
derivative  of  the  ordinate  of  the  wave  profile 

a>0  ley  rf.'/o  . 

I-  ' t?  + (lx  • (IV.  8) 

Differentiating  equation  (IV. 3)  and  substituting  it  into 
(IV. 8)  we  obtain  an  expression  for  the  angle  of  inclination 
of  a wave  profile  far  behind  a vortex 


t> 


‘Jn  2i\ 
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(IV. 9) 


Expressions  (IV. 7)  and  (IV. 9)  hold  for  induced  velocities 
of  surface  particles.  Assuming  that  particles  of  the  liquid 
follow  circular  orbits,  we  will  determine  the  induced 
velocities  at  a depth  of  h by  using  the  known  relations 
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(IV. 10) 


Hence,  knowing  the  circulation  and  rate  of  movement  of 
an  infinite  vortex,  it  is  possible  to  determine  the  parameters 
of  a sinusoidal  wave  and  the  ordinate  of  the  wave  profile  and 
then,  by  using  formulas  (IV. 7),  (IV. 9),  and  (IV. 10),  to  find 
the  induced  horizontal  velocity  and  downwash  at  any  point  in 
the  disturbed  liquid. 

Let  us  now  proceed  from  a vortex  to  a foil  of  infinite 
span  with  chord  b . lie  substitute  into  formulas  (IV.  2)  and 
(IV. 4)  the  equation  for  circulation  r = %Cybv . At  the  same 
time  we  introduce  dimensionless  magnitudes  referred  to  the 
chord  of  the  foil  b: 


, A l;  fv  II  . 1 1 

'•  X ■ a h II 


As  a result  of  the  substitution  we  obtain  expressions  for 
the  ordi nates  of  a wave  profile  and  wave  parameters  in  dimension- 
less form 


— Cye  >r’  shly) . 


(IV. 11) 
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(IV. 12) 
(IV. 13) 
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(IV. 14) 


c»  ' (IV.  15) 

From  equations  (IV . II ) - - (IV . 14)  flows  the  following  con-  [244 
dition  of  similitude  for  dimensionless  parameters  of  a profile 
of  waves  caused  by  a foil  of  infinite  span: 

l*  = V (fr), 

(i  d { C Fr), 

Jin  Jin  (('in  *.  Fr). 


"r  ■ /'(4,  Fr). 
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(IV. 16) 
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It  is  apparent  from  (IV.  15)  that' 


a/C , ->  1 when  Fr  -*■  00 . 

Therefore,  when  Fr  -*■  a = a{Cy)  , that  is,  for  large 
Froude  numbers  wave  amplitude  does  not  depend  on  velocity. 

For  all  practical  purposes  what  has  been  stated  holds  even 
for  Fr  > 4 since  if  Fr  = 4 a/Cy  - 0.97,  that  is,  it  is  31 
less  than  the  limiting  value  which  is  1. 

_ Fig.  137  shows  curves  of  a wave  profile  in  the_form 
UO/Cy  as  a function  of  x/Vr 2 for  various  values  of  h/ Fr^ 
drawn  based  on  the  results  of  numerical  integration  of  (IV. 1). 

It  is  apparent  from  a consideration  of  these  curves  that 
only  in  direct  proximity  to  a vortex  does  a wave  profile 
'deviate  noticeably  from  a sinusoid,  but  even  when  x > X*/8 
it  practically  coincides  with  a sinusoid. 

The  graph  of  ordinates  of  a wave  profile  (see  Fig.  137), 
taking  the  change  in  sign  to  its  opposite  into  account,  can 
also  serve  as  a graph  of  induced  horizontal  velocity,  the 
scale  of  which  can  be  established  based  on  relation  (IV. 6). 

Fig.  138  shows  curves  for  the  angle  of  inclination 
wg/v  drawn  to  meet  the  same  conditions  as  the  graph  in 
Fig.  137. 


Fig.  137.  Profile  of  two-dimensional  waves  caused  by  an 
infinite  vortex,  c.- -sinusoid. 

Calculations  for  a foil  with  a chord  of  b = 0.8m  moving 
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at  velocities  of  22  and  44  knots  when,  Pr  = 4 and  8 were 
erformed  using  formulas  (TV. 7)  and  (IV. 9)  in  order  to 
evaluate  the  magnitue  of  induced  velocities  far  to  the  rear 
of  a foil.  Three  values  of  the  lift  coefficient,  Cy  = 0.15, 
0.3,  and  0.6  were  used  in  the  calculations.  The  results  of 
calculations  in  the  form  of  uo/v  and  wq/v  curves  as  a function 
of  x/Fr ^ are  shown  in  Fig.  139. 


Fig.  138.  Angle  of  inclination  of  wave  profile  behind  an 
infinite  vortex. 

The  curves  of  uo/v  and  wq/v  are  sinusoids  with  the  same 
amplitudes  and  a phase  displacement  of  3/ 2n . The  amplitudes 
of  induced  velocities  for  v = 44  knots  and  Cy  = 0.15  come  to 
only  0.002.  On  the  steeper  wave,  when  v = 22  knots  and 
Cy  = 0.3--0.6,  the  induced  velocities  reach  0.018--0.035  of 
the  velocity  of  foil  movement.  With  such  small  induced 
velocities  the  change  in  magnitude  of  effective  velocity  of  flow 
can  be  neglected  and  only  the  downwash  which  lias  a significant 
effect  on  the  hydrodynamic  characteristics  of  a foil  taken 
into  account.  For  example,  when  wo/v  = 0.018  the  downwash  is 
about  1°  which  with  an  initial  value  of  Cy  = 0.38  causes  a 
change  in  Cy  of  up  to  251. 

For  making  practical  calculations  for  depth-ef feet  foils 
traveling  at  high  velocities,  that  is,  when  h ~ 0.2--1  and 
pr  = i)  j /gt'  > 4 — 5 , when  _ = 0.95- -0.98,  we  can  set 


Fig.  139.  Induced  velocities  far  to  the  rear  of  a foil  of 
infinite  span  (chord  b = 1 m) . 


The  results  presented  above  for  determining  forces,  wave 
profile,  and  velocities  induced  by  a vortex  moving  under  a 
rrce  surface  make  it  possible  to  show  that  the  effect  of 
iteraction  of  a tandem  system  of  foils  of  infinite  span 
amounts  to  a change  in  the  hydrodynamic  characteristics  of 
the  sternfoil  as  a result  of  wave  disturbances  caused  by  the 
bowfoil  and  also  that  this  effect  can  be  negative  (additional 
increase  in  total  wave  drag)  as  well  as  positive  (decrease  in 
wave  drag  of  system) . 


By  way  of  example  we  will  discuss  movement  beneath  the 
water's  surface  of  two  vortices  of  the  same  intensity  at 
a distance  of  L from  one  another  so  as  to  simulate  a system 
of  tandem  foils  of  infinite  span.  We  will  compare  the  wave 
drag  of  the  system  of  tandem  vortices  with  the  sum  of  the 
wave  drags  of  two  isolated  vortices  and  show  that  the  excess 
drag,  or  thrust  of  the  system,  is  equal  to  a projection  of 
the  lift  of  the  rear  vortex  which  is  deflected  from  the 
vertical  by  an  angle  equal  to  the  downwash  at  its  location. 


As  is  known,  the  wave  drag  of  a vortex  can  be  expressed 
in  terms  of  the  amplitude  of  the  waves  induced  by  it  by 
means  of  the  following  formula: 


The  amplitude  of  a wave  .far  to  flic  rear  of  a tandem  sys- 
..'in  can  be  determined  by  adding  the  profiles  of  the  waves 
caused  bv  each  vortex  senaratelv.  and  shifted  one  with  rcsnect  f 2 4 7 


to  another  along  the  horizontal  axis  by  a magnitude  equal  to  the 
listance  between  foils.  This  procedure  is  possible  due  to  the 
linearity  of  a complex  potential,  thanks  to  which  the  potential 
of  a system  of  tandem  vortices  is  equal  to  the  sum  of  the 
potentials  of  isolated  vortices,  that  is, 

W't  - Wt  d-  Wit  (IV.  18) 

whence  on  the  basis  of  formula  (IV. 1) 

//or  //oi  I Uni 


or,  considering  (IV. 3), 

<Jm  = — a [ sin  — x + sin  x — p)  ] , 


(IV. 19) 


.where  3 is  the  phase  of  the  wave  of  the  forward  vortex  at  the 
location  of  the  aft  vortex. 


v] 


Fig.  140.  Wave  profiles  behind  a tandem  system  of  foils  of 
infinite  span  having  the  same  lifting  force  at  various  phases 
of  displacement  of  the  sternfoil.  (The  large  circle  pertains  to 
the  wave  profile  behind  a single  foil.) 

I--P  = 7T / 2 trough  of  wave;  II --3  = ir  rise  from  trough  of  wave 
to  crest;  III  — B = 3 tt / 2 crest  of  wave;  IV--P  = ?n  slope  from 
crest  of  wave  to  trough. 

Fig.  140  shows  the  wave  profiles  behind  a tandem  system 


.a.j  rAimWikiti . 
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obtained  graphically  by  adding  the  profiles  of  waves  caused 
y two  isolated  vortices.  By  way  of  example  we  have  con- 
sidered limiting  cases  to  which  correspond  the  existence  of  one 
horizontal  or  one  vertical  induced 'velocity , that  is,  when  the  [24  8 
downwash  is  either  equa^L  to  zero  or  is  maximum  in  magnitude  and 
either  negative  or  positive  in  sign. 

Table  6 gives  a summary  of  the  amplitudes  of  waves,  induced 
velocities,  and  also  the  total  wave  drag  of  a system  and  inter- 
action drag  or  added  "induced"  drag  of  the  aft  foil.  Line  5 
in  the  table  also  gives  the  horizontal  projection  of  the  lift 
of  the  aft  foil. 

It  follows  from  tan  analysis  that  the  added  force  of 
interaction  in  a tandem  system  of  foils  of  infinite  span  is 
determined  entirely  by  the  magnitude  and  sign  of  downwash  at  the 
location  of  the  sternfoil.  Downwash  downward  leading  to  an 
increase  in  the  drag  of  the  tandem  system  is  considered  to  be 
positive.  The  phase  of  the  wave  and  consequently  the  effect 
of  interaction  depend  on  the  relative  velocity,  or  the  Froude 
number.  In  that  case  when  the  aft  vortex  is  located  under  a wave 
trough  or  crest  the  downwash  and  force  of  interaction  are  equal 
to  zero.  The  greatest  interaction  drag  is  observed  when  the 
aft  vortex  is  at  a distance  of  L = X*  from  the  forward  vor- 
tex where  the  maximum  downwash  is  directed  downward.  In  this 
"ase  the  amplitude  of  a wave  in  the  system  is  doubled  and  the 
ave  drag  quadrupled  as  compared  with  an  isolated  vortex. 

The  most  favorable  effect  of  interaction  is  achieved  when 
the  distance  of  the  aft  vortex  from  the  forward  one  is 

L = 0.5X*  when  the  downwash  is  directed  upward  and  is  equal  in  I 

magnitude  to  the  maximum  downwash  downward.  The  waves  from 
the  vortices  are  in  antiphase  and,  therefore,  behind  the  sys- 
tem of  vortices  the  water's  surface  remains  undisturbed.  The 
wave  drag  of  the  system  is  correspondingly  equal  to  zero  and 
the  drag  of  interaction  negative,  that  is,  on  the  aft  vortex  a 
thrust  develops  in  the  direction  of  movement. 

It  is  apparent  from  a comparison  of  lines  5 and  8 in  the 
table  that  the  interaction  drag  of  the  system  is  equal  to  the 
horizontal  projection  of  the  lift  of  the  aft  vortex  on  condition 
that  the  lift  is  deflected  from  the  vertical  by  an  angle  equal 
to  the  downwash.  All  the  results  obtained  remain  unchanged  when 
the  phase  p is  changed  by  an  integral  multiple  of  2n. 

We  will  point  out  that  the  system  investigated  consisted  of 
two  infinite  vortices  of  identical  intensity  and  that  the  cir- 
culation of  the  aft  vortex  remained  unchanged  when  located  at 
any  phase  of  the  wave.  Furthermore,  it  was  assumed  that  the 
forward  vortex  in  a system  of  tandem  .vortices  was  in  no  way 
ffected  by  the  aft  vortex  and  its  wave  drag  always  remained 
unchanged . 
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"30.  Practical  calculations  of  hydrodynamic  characteristics  [250 
f foils  of  finite  span  in  a tandem  system 

Finding  approximate  solutions  to  the  problem  of  inter- 
action between  foils  of  finite  span  in  a tandem  system  is 
based  on  experimental  investigation  of  deformation  in  a 
free  surface  caused  by  a hydrofoil.  It  is  considered,  as 
demonstrated  in  the  preceding  section,  that  there  is  a direct 
relation  between  the  induced  velocities  and  the  shape  of  the 
wave  surface. 

Measurements  of  the  deformation  in  a surface  show  that  in 
front  of  a foil  wave  disturbances  are  completely  damped  at  a 
distance  of  3- -5  chords.  Inasmuch  as  the  distance  between 
foils  is  usually  more  than  10  chords  it  can  be  safely 
assumed  that  the  sternfoil  has  no  effect  on  the  flow  around 
the  bowfoil.  But  then  the  problem  of  interaction  between  foils 
in  a tandem  system  reduces  to  determining  the  hydrodynamic 
characteristics  of  the  sternfoil  working  in  a flow  disturbed 
by  the  bowfoil.  In  connection  with  the  fact  that  movement  of 
foils  at  great  speed  (Fr  > 4--S)  is  under  consideration,  it 
appears  possible  to  neglect  the  curvature  of  flow  and  the 
horizontal  induced  velocity. 

Thus,  it  is  considered  that  the  bowfoil  in  a tandem  sys- 
sm  works  in  an  undisturbed  flow  and  a skewed  pi ane -paral 1 el 
xlow  with  a velocity  equal  to  that  of  the  craft  impinges  on 
the  sternfoil. 

Under  these  assumptions  the  lift  of  the  sternfoil  in  a 
tandem  system  will  vary  in  proportion  to  the  true  angle  of 
attack  which  changes  by  the  magnitude  of  the  downwash 

y'w=sl'a  (i  . (iv.  20) 

The  drag  of  the  sternfoil  in  a tandem  system  also  changes. 

The  added  drag  is  equal  to  the  horizontal  projection  of  the 
lift  which  is  deflected  from  the  vertical  by  the  angle  of 
downwash,  that  is, 

tfsr  ~ Jit  + ActrYtr-  (IV. 21) 

In  formulas  (IV.  20)  and  (IV.  21)  Acer  is  the  downwash  caused 
by  the  bowfoil  at  the  location  of  the  sternfoil,  downwash 
downward  being  considered  positive.  . 

For  determining  the  total  lift  and  drag  of  a tandem  foil 
system  the  following  relations  hold: 

• • Yr-Yi+Vir,  1 

- K I -|-  Ri  + A«r^:r  I ( IV  . 22) 
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in  dimensionless  form 
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C/tt  ~ Q/i  'I-  Cuil, 

C\r  C,i  -1'  Cx<  -|-  ActjC^j,. 


(IV. 23) 
(IV. 24) 
(IV. 25) 


The  lift  and  drag  of  bow-  and  sternfoils  in  a tandem 
system  and  also  their  coefficients  which  do  not  have  the 
subscript  "T"  in  formulas  (IV. 20) -- (IV. 25)  are  determined  from 
their  characteristics  in  isolation.  The  geometric  angle  of 
attack  of  the  isolated  bowfoil  should  be  set  equal  to  the 
angle  of  attack  of  the  tandem  system  foil  measured  with  re- 
spect to  the  direction  of  movement  and  the  geometric  angle  of 
attack  of  the  sternfoil  should  be  measured  from  the  direction 
of  downwash . So  that  the  sternfoil  of  a tandem  system 
develop  the  required  lift,  the  angle  at  which  it  is  set  must 
be  increased  ahead  of  time  by  the  angle  of  downwash.  Further- 
more, it  must  be  taken  into  account  that  the  true  depth  of 
immersion  of  the  sternfoil  should  be  measured  not  from  the 
horizontal  undisturbed  surface  but  from  the  level  of  the 
wave  depression  which  the  bowfoil  would  cause  in  the  absence 
of  the  sternfoil.  Lowering  of  the  actual  level  of  free 
irface  for  a stern  (depth-effect)  foil  would  lead  to  an 
increase  in  trim  which  would  cause  a corresponding  increase 
by  the  same  amount  in  the  angles  of  attack  of  both  foils. 
Therefore,  in  order  to  obtain  calculated  angles  of  attack 
for  the  foils  of  an  actual  craft,  the  angles  at  which  they 
are  set  must  be  decreased  by  the  angle  of  added  trim  caused 
by  the  lowering  in  the  level  of  the  water  at  the  location  of 
the  'sternfoil . 


Finally,  in  this  way  the  problem  presented  by  a tandem 
system  reduces  to  determining  the  downwash  and  the  drop  in  the 
level  of  the  water's  surface  behind  a hydrofoil  of  finite 
span . 

At  a great  relative  speed  of  movement  (Fr  > 3)  the  wave 
surface  behind  a foil  of  finite  span  has  the  shape  of  a 
trough -shaped  depression  whose  transverse  sections  have  al- 
most flat  bases  and  vertical  sides  (Fig.  1 41).  The  de- 
press ion,  whose  width  is  at  first  somewhat  less  than  the 
span  of  the  foil,  gradually  becomes  constricted  and  then 
at  a certain  distance  behind  the  foil  its  sides  merge,  forming 
a rooster  tail.  lVhen  the  foil  is  immersed  to  a depth  greater 
than  1.0- -1. 2 chord  the  sharp  lines  of  the  depression 
begin  to  smooth  out. 

A longitudinal  wave  profile  constitutes  something  like  a 
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^alf-wave  and  can  with  sufficient  accuracy  be  replaced  with  a 
* nusoid.  Then  the  ordinate  of  greatest  lowering  in  the  wave 
profile  a and  its  distance  from  the  foil  X * / 4 will  represent 
respectively  the  amplitude  and  a quarter  of  a sinusoidal  wave- 
length. These  two  parameters  completely  determine  the  longi- 
tudinal wave  profile..  The  dimensionless  wave  profile  ordinate 
HO  = y 0 Ik , depending  on  the  distance  x - x/b  from  the  bowfoil,  [252 
can  be  expressed  by  the  formula 

- . 2.1  - 
(/,.  = « sin  x, 

(IV.  26) 

where  A*  is  the  relative  wavelength  (in  foil  chords) . 


3-3  4-4 


Fig.  141.  Wave  depression  behind  a foil  of  finite  span: 
a -- longitudinal  wave  profile;  b -- transverse  profiles. 

The  downwash  of  a foil  at  a depth  of  up  to  one  chord  can 
be  taken  as  equal  to  the  inclination  of  the  tangent  to  the 
wave  profile,  that  is, 

U" dl/0 

v ~ ~dx  ' (IV.  27) 

The  following  empirical  formulas  have  been  obtained  for 
= a/b  and  A */4\ 
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(IV. 28) 
(IV. 29) 


where 


[2  53 


v = <? 


O.M 


and  A is  the  aspect  ratio  of  the  wave  - forming  (bow)  foil. 


(IV. 3p) 


formula  (IV.  29)  for  o./Cy  holds  for  depths  of  immersion  of 
the  wave -forming  foil  to  1.0 -^1.2  chord.  In  the  indicated 
range  of  depths  of  immersion  &/Cy  depends  practically  not 
at  all  on  h. 


For  convenience  of  use  Figs.  142  and  143  show  curves  of 
A*/4  and  a/Cy  as  a function  of  Frj  in  terms  of  A. 


Substituting  the  expressions  for  a and  A * / 4 into  for- 
mulas (IV. 26)  and  (IV. 27),  we  obtain  formulas  for  calculating 
the  ordinates  and  angles  of  inclination  of  the  tangent  of  the 
wave  profile: 


:i/[p 

— — co  [ e 

v ~ |'r2v  LL 


• I/o  =Cv\e  +ivL(Fr2v_2) 
ii 

2v  4-  JWL  (Fr-V  — 2) 


sin  - 


Fr 


cos- 


Frv 


(IV. 31) 
(IV. 32) 


The  average  downwash  along  the  span  of  the  sternfoil 
differs  from  the  downwash  in  the  centerline  plane  since  its 
span. is  usually  greater  than  the  width  of  the  flat  part  of 
the  wave  depression.  At  the  usual  ratios  of  foil  dimensions 
when  the  span  of  the  sternfoil  is  about  0.8  times  the  span  of 
the  bowfoil,  the  average  downwash,  as  experimental  data  show, 
is  equal  to  approximately  15%  of  maximum. 


In  light  of  what  has  been  said  the  following  approximate 
formula  can  be  recommended  for  downwash  in  an  ordinary  tandem 
system: 


AaT  = 


cos 


/. 


(IV. 33) 


where  L = Ll 2 is  the  distance  between  foils  in  chords  of  the 
bowfoil . 


By  using  the  formulas  presented  it  is  easy  to  determine 
/Vie  lift  and  drag  of  a tandem  system  of  foils  for  which  the 
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geometric  'dimensions  of  the  foils,  the  distance  between  them, 
he  angles  of  attack,  and  the  speed  of  movement  are  given.  The 
lift  and  drag  of  the  bow-  and  stcrnfoils  (foil  systems)  are  deter 
mined  preliminarily  depending  on  the  angle  of  attack  and  rela- 
tive depth  of  immersion.  For  the  purpose  of  calculating  the 
characteristics  of  a tandem  system  consisting  of  complex  foils 
the  latter  are  replaced  with  monoplanes  equivalent  to  them. 

When  determining  the  characteristics  of  a sternfoil,  in- 
cluded in  the  calculations  should  be  the  actual  depth  of  [ 

immersion  as  measured  from  the  level  of  the  depression,  taking 
into  account  its  lowering  by  y o , and  the  actual  angle  of 
attack,  taking. into  account  the  downwash  from  the  bowfoil. 


A* 


Fig.. 142.  Graph  of  length  of  wave  depression  as  a function 
of  Frw  = v / /gb  . 

The  arrangement  of  the  foils  and  also  the  angles  of 
attack  and  depths  of  immersion  corresponding  to  the  calcu- 
lated speed  of  movement  are  given.  The  angles  of  attack  and 
depths  of  immersion  of  the  foils  in  all  intermediate  modes 
are  determined  from  calculations  of  craft  attitude. 

§31.  Comparative  description  of  main  patterns  of  foil 
arrangement 

The  results  of  interaction  in  a tandem  foil  system 
presented  in  the  preceding  section  make  it  possible  to 
evaluate  the  effect  of  foil  arrangement  on  the  lift-drag  ratio 
and  attitude  of  a craft  in  various  modes  of  movement. 

The  downwash  and  added  drag  of  the  sternfoil  in  a tandem 
•vstem  depend  on  the  ratio  between  the  distance  between  foils 


nd  the  length  of  the  wave  depression.  (Pig.  144) 


Fig.  143.  Graph  of  ordinates  of  maximum  lowering  (amplitude) 
of  wave  profile. 


Fig.  144.  Effect  of  length  of  wave  profile  on  the  nature  of 
interaction  in  tandem  systems:  a- -relatively  slow  craft  for 
which  Fr  < 4 — 6 ; X*/4  < Lf  ; interaction  drag  negative  (thrust); 
h- -high-speed  craft  for  which:  Pr  > 8--10;  A * / 4 > Lr  ; interaction 
drag  occurs  . 

KEY:  A- -Lf  . 


When  L = A */4 , that  is,  when  the  sternfoil  is  under  the 
trough  of  a wave  profile,  there  is  no  downwash  (A cep  = 0)  and 
the  drag  caused  by  interaction  in  the  system  is  also  equal 
to  zero. 


When  L < x*/4  a downwash  directed  downward  ( a a p > 0)  causes 
* added  drag;  when  L > X*/4  the  downwash  is  directed  up- 
ward (Aap  < 0)  and  therefore  the  added  drag  is  negative, 
that  is,  "thrust"  directed  forward  and  decreasing  the  overall 
drag  of  the  system  occurs.  A decrease  in  the  drag  of  a tandem 
system  accompanying  a-  relative  decrease  in  the  wavelength  has 
been  confirmed  experimentally. 


a)  b) 


-J/ 


Fig.  145.  Wave  profile  behind  a split  foil:  a- -attitude  of 
a craft,  with  tandem  foils;  b- -attitude  of  a craft  with  a split 
bowfoi 1 . 

However,  under  actual  conditions  the  distance  between  foils 
cannot  be  chosen  arbitrarily  and  therefore  the  positive  effect  oi 
interaction  in  a tandem  system  can  be  utilized  only  at  moderate 
speeds  of  movement  characterized  by  a Froude  number  of  4- -6. 
for  high-speed  craft  when  Fr  > 8- -10  interaction  in  a tandem 
system  produces  a negative  effect  since  L < x*/4. 

In  + ho  latter  case  dividing  the  bowfoil  into  two  half-foils 
i ng  them  outward  so  that  the  gap  between  the  inner 
no  greater  than  the  span  of  the  stern  foil  may  prove 
i1  able.  Behind  the  split  bowfoil  there  form  two 
-ions  with  a wave  hump  between  them  (Fig.  145) 
the  stern  foil  moves.  There  are  no  data  from 
. nts  of  the  wave  profile  or  velocity  field 
• foil.  However  visual  observations  of  the  flow  [ 
;1  in  a model  of  a three-foil  system  (split  foil) 
.erse  sections  of  a wave  hump  are  not  flat  but 

(lion  of  the  wave  hump  along  the  entire 
session  behind  each  of  the  half-foils 


I 


rises  above  the  level  of  the  undisturbed  water,  forming  a 
looth  maximum  close  behind  the  foil.  Judging  by  the  longi- 
tudinal profile  of  the  wave  hump  and  also  by  the  increase  in 
drag  of  a three- foil  system,  as  the  distance  between  foils 
decreases  (when  Fr  = const)  it  can  be  supposed  that  the  small 
downwash  upward  immediately  behind  the  foil  gradually  decreases 
with  increasing  distance  from  the  foil  and  then  changes  sign, 
remaining  small  in  magnitude.  The  ideas  presented  above  permit 
the  assertion  that  with  respect  to  interaction  a three-foil 
pattern  with  a split  bowfoil  is  undoubtedly  preferable  to  a 
tandem  system  for  large  values  of  Fr . However,  implementing 
this  advantage  is  in  practice  difficult  since  design  considera- 
tions dictate  the  use  of  separate  foils  of  small  aspect  ratio, 
the  additional  induced  losses  of  which  exceed  the  gain  in  drag 
resulting  from  their  'interaction . 

A three-foil  system  with  a split  bowfoil  can  prove  to  be 
a better  design  for  small  high-speed  craft  inasmuch  as  the 
foils  of  such  craft  are  relatively  small  compared  with  the 
foils  of  large  craft  designed  to  travel  at  moderate  speeds. 

If  based  on  the  condition  of  cavitation- free  flow’  it  is 
accepted  that  the  absolute  speeds  of  a large  and  a small 
craft  are  the  same,  then  the  specific  load  per  one  square 
meter  of  foil  must  also  be  the  same.  Indeed,  since  the  area 
n i a foil  5 is  proportional  to  the  displacement  in  the  first 
jwer  of  D and  the  width  of  the  hull  B proportional  to 
raised  to  the  one -third  power,  then 

■s  ^ ni  :i 

it-  when  v = const 


or 


s_,_.  s.. 

n'l  ' n'l 


■k. 


that  is,  with  a decrease  in  the  displacement  of  a craft  the 
ratio  Sf/B 2 does  not  remain  constant  but  decreases  propor- 
tionally to  the  linear  scale  of  k . 

For  any  speed  this  ratio  is  equal  to 

:sr  _ i 

where 


r _ n . • Fr n- -see  (TV. 34) . 
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Based  on  the  condition  of  transverse  stability  the 
an  of  a foil  cannot  he  decreased  arbitrarily  and  therefore 
ior  high-speed  and  small  craft  the  chord  of  a foil  turns  out  tc 
be  small.  In  this  case  separating  the  foil  into  two  parts  may 
prove  to  be  advisable  based  on  design  considerations.  It  is 
also  desirable  to  split  the  bowfoil  based  on  considerations  of 
seakeeping  characteristics  when  making  way  at  acute  course 
angles  or  beam  to  the  sea.  The  latter  recommendation  applies 
no  matter  what  method  is  used  to  distribute  the  load  between 
•the  bow-  and  stern  foils. 


B.  Drag  and  attitude  of  hydrofoil  craft 

§32.  Modes  of  movement  of  hydrofoil  craft, 
craft  drag 


Components  of 


A craft  at  rest  is  subjected  by  the  water  to  hydrostatic 
pressure  which  is  spread  over  the  entire  wetted  surface  of 
its  immersed  parts.  The  resulting  hydrostatic  surface  forces 
constitute  an  archimcdean  supporting  force  which  is  directed 
upward.  The  archimedean  force  in  this  case  is  exactly  equal  to 
the  weight  of  the  craft 


vhere  Vq  = V oh 

the  craft  in 
the  hull,  and 


+ V of  is  the  volume  of  the  underwater  part 

a static  state,  Vch'  is  the  underwater  volume  of 
Vof  is  the  underwater  volume  of  the  foils. 


When  a craft  moves  on  the  surface  the  underwater  part  of 
its  hull  and  the  foils  are  subjected  to  additional  forces 
exerted  by  the  liquid,  or  hydrodynamic  forces.  The  total  force 
supporting  the  craft  consists  of  hydrostatic,  or  archimedean, 
forces  and  hydrodynamic  forces  and  the  equation  expressing  the 
forces  supporting  a moving  craft  assumes  the  form 


where 


D - yV  -|-  7, 
V r IV  ' 


In  the  general  case  during  acceleration  of  a craft 


I'  " vh  i vf  , 

+ Yr 

For  a craft  without  foils  three  modes  of  movement  can  be 
distinguished  depending  on  the  relative  magnitude  of  the 
hydrodynamic  force  of  support: 

1.  Floating,  when  the  hydrodynamic  force  of  support  is 
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negligible',  for  which 


D % yV0. 

2.  Transitional  mode  of  movement  characterized  by  the 
rise  of  a significant  hydrodynamic  force.  The  total  support- 
ing force  is  then 

I)  = yV  I Y. 

3.  Planing  or  skimming  of  the  craft  when  90--95%  of  the 
supporting  force  is  due  to  hydrodynamic  forces,  that  is,  for 
all  practical  purposes  D - Y. 

With  further  increase  in  speed  planing  becomes  richocheting 

A change  in  the  mode  of  movement  is  accompanied  by  a change 
in  the  mean  draft  and  trim  of  the  craft  and  by  an  increase  in 
its  drag  (Fig.  146). 


Fig.  146.  Nature  of  change  in  drag  as  a function  of  Fry 
for  various  types  of  craft. 

1 - -displacement  craft;  2--stepless  planing  hull;  3--stepped 
planing  hull;  4- -hydrofoil  craft. 

The  following  values  of  relative  speed  expressed  in  terms 
of  displacement  Froude  numbers  are  usually  used  by  way  of 
arbitrary  boundaries  for  making  an  approximate  evaluation  of 
modes  of  craft  movement: 

a)  floating  mode  Fry  < 1; 

b)  transitional  mode  1 < Fry  < 3; 

c)  planing  mode  Fry  > 3. 


Here 


F<7)  ~ 


= Fr  LVl 


(IV. 34) 
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v/here 


-M4) 


1/3 


(IV. 35) 


Three  modes  of  movement  are  also  identified  in  the  case 
of  hydrofoil  craft  based  on  the  physical  nature  of  the 
supporting  forces: 

a)  floating  mode  when  D = y (VQh  + Vof). 

b)  transitional  mode  when  D = (Vfr  + Vf)y  + Y'n  + Yf.  (IV.  35) 

c)  foilborne  mode  when  the  hull  leaves  the  water  entirely  [260 

D = y Vf  + Yf. 

For  all  practical  purposes  in  the  foilborne  mode  D - Yf 
inasmuch  as  the  volume  of  the  foils  displacing  water  is  small  . 

•The  relative  speed  on  the  boundary  cf  the  displacement  mode 
is  the  same  as  for  a craft  without  foils  and  the  relative 
speed  of  takeoff  depends  on  the  design  of  the  foil  system. 

For  all  practical  purposes  for  most  craft  already  built  foil- 
borne movement  begins  at  Frp  = 2. 7- -3. 


■ 

I 


l 


Fig.  14  7.  Modes  of  movement  of  a hydrofoil  craft. 

J - - float  in g ; 1 1 - - transit i ona 1 mode ; 1 1 1 - - foi 1 borne . 

-274- 


l 


Operationally  the  first  and  second  modes  of  movement 
institute  the  period  of  start  or  acceleration  of  a craft 
and  the  third  is  the  mode  of  normal  operation. 

Fig.  147  shows  the  change  in  trim  and  drag  depending 
on  Vtd  and  attitude  of  a hydrofoil  craft. 


0 10  20  30  4 0 


Fig.  148.  Drag  components  for  the  hydrofoil  craft  Aquastroll. 
l--hull  resistance;  2--foil  resistance;  3--propeller  shaft, 
rudder,  strut,  and  bracket  resistance;  4--air  resistance; 

5--total  drag. 

KEY:  A --R,  kgf;  B--knots. 

The  total  drag  of  a hydrofoil  craft  is  the.  sum  of  the  [261 

following  components: 

a)  during  acceleration 

R = R"n  + Rf  + Rapp  + Ra>  (1^'  *36) 

b)  foilborne 

R - Rj-  + Rapp  + (IV.  37) 

where  r^  is  tlie  hull  resistance;  Rf  the  resistance  of  the  foil  » 
system;  RGpp  the  resistance  of  all  non-lift  members  of  the  craft, 
including  shafts,  brackets,  fairings,  rudders,  and  foil  struts; 
and  Ra  is  the  air  resistance. 


Fig.  148  shows  a graph  of  total  drag  and  its  components 
for  the  hydrofoil  craft  Aquastroll.* 


§33.  Distinguishing  aspects  of  the  hydrodynamics  of  hydrofoil 
raft  in  the  transitional  mode 


In  the  displacement  mode  the  attitude  of  a hydrofoil  craft 
is  no  different  from  that  of  a craft  with  no  hydrofoils  since 
the  hydrodynamic  forces  supporting  the  foils  are  small.  Almost 
all  elements  of  the  foil  system,  including  the  lift  foils  and 
their  struts,  and  also  all  appendages  are  immersed  in  the 
water  and  experience  strong  resistance  to  movement  from  the 
water.  Therefore  the  drag  on  a hydrofoil  craft  in  the  displace- 
ment mode  is  greater  than  for  a craft  without  foils.  However, 
almost  no  attention  is  paid  to  evaluating  the  drag  on  a hydro- 
foil craft  in  a displacement  mode  inasmuch  as  in  magnitude  it  is  [262 
a fraction  of  the  maximum  at  the  drag  hump  and  has  almost  no 
effect  on  attaining  the  main  mode  of  movement.  At  the  same 
time  during  acceleration  the  transitional  mode  is  of  great 
importance  when  at  a speed  of  0.5- -0.7  times  the  speed  of 
takeoff  the  drag  on  the  craft  reaches  a maximum  which  usually 
greatly  exceeds  the  drag  on  the  craft  in  the  foilborne  mode. 

During  foilborne  movement  the  lift-drag  ratio  is  10- -14  or 
higher;  at  the  hump  it  is  equal  to  7--8  and  rarely  reaches  10. 
Overcoming  the  drag  hump  when  the  propellers  on  the  craft  are 
fixed  pitch  can  subject  the  engines  to  an  intolerable  overload. 

If  "light"  propellers  are  used  to  avoid  overload  on  the  engines, 
then  maximum  speed  is  reduced  due  to  nonuse  of  full  power. 

Hence  the  importance  of  correctly  determining  the  drag  hump 
id  reducing  it  as  much  as  possible. is  obvious.  Correct 
^election  of  hull  lines  in  light  of  the  flow  around  them 
during  the  transitional  mode  plays  a large  role  in  reducing 
the  drag  hump. 

A supporting  force  of  the  foils  which  increases  with 
increasing  speed  of  movement  and'  a concomitant  decrease  in 
the  share  of  the  load  carried  by  the  hull  and  also  a re- 
duction in  lift-drag  ratio  of  the  hull  are  characteristic  of 
the  transitional  mode.  Calculations  show  that  at  a speed  of 
movement  corresponding  to  the  drag  hump  the  support  offered 
by  the  hull  i.s  2 5 — 35 % of  the  weight  displacement  of  the 
craft  and  at  the  same  time  hull  drag  is  0.4--0.6  times  the 
total  craft  drag. 

At  the  hump  the  flow  around  the  hull  is  very  complex 
in  nature.  The  bow  extremity  of  the  craft  rises  sharply  so 
that  the  forward  boundary  of  the  wetted  surface  on  the  bottom 
approaches  the  bowfoil.  But  continuous  flow  docs  not  stretch 
to  the  stern  as  in  a planing  craft.  It  separates  from  the 
hull  behind  the  bowfoil  as  a result  of  the  formation  of  the  wave 
depression  behind  the  bowfoil.  Continuous  flow  again  washes 
the  hull  aft  of  the  hull  midpoint.  The  bottom  is  washed  by 
a fine  sheet  of  spray  from  the  point  of  separation  of  the  main 
flow  and  upward  from  this  boundary  at  t lie  bow.  Distinguishing 
c boundary  where  the  main  flow  turns  into  spray  is  diffi- 


cult.  An  additional  difficulty  is  related  to  the  indefinite 
r ature  of  the  flow  in  the  boundary  layer  and  the  inapplic- 
ability of  ordinary  methods  of  determining  the  friction  drag 
in  the  zone  of  fine  spray.  The  degree  of  turbulence  in  the 
flow  caused  by  a foil  close  to  the  hull  is  also  unknown.  All 
this  makes  it  practically  impossible  to  calculate  theoretically 
the  friction  drag  on  a hull  or  to  scale  the  drag  from  a model  to 
a full-scale  craft. 

The  supporting  force  generated  by  a hull  at  drag  hump 
speeds  is  made  up  of  hydrostatic  and  hydrodynamic  forces. 
Calculating  the  hydrodynamic  lift  is  also  precluded  in  prac- 
tice due  to  lack  of  methods  for  calculating  the  flow  over  the 
bottom  in  the  transitional  mode.  Therefore  in  practice  the  | 

lift  and  drag  on  the  hull  of  a hydrofoil  craft  in  the  takeoff 
mode  are  determined  from  experimental  diagrams  drawn  based  on 
the  results  of  tests  of  model  hulls  in  the  absence  of  foils 
.but  with  a variable  load  and  with  the  hull  centered.  The 
diagrams  are  drawn  in  the  form  of  dimensionless  coefficients 
of  drag  Cr  = r/ yB'>  as  a function  of  the  Froude  number  with 
respect  to  the  width  of  the  hull  Frg  = V / SgB . The  parameters 
used  are  the  coefficient  of  static  load 


nd  the  coefficient  of  center  of  pressure  xg  which  is  a ratio 
between  hull  length  and  the  distance  the  point  of  application 
of  the  supporting  force  is  removed  from  Sta.  20. 

The  attitude  of  a craft  is  determined  from  graphs  of  trim  [267 
and  relative  draft  yiO  drawn  for  a point  on  the  base  line  at 
Sta.*  20  as  a function  of  Fr#.  The  curves  for  i|i(Frg)_and 
#20  (l‘r#)  arc  drawn  from  the  same  parameters,  CD  and  xr. 

Figs.  150- -152  show  the  curves  calculated  for  the  model 
whose  lines  are  shown  in  Fig.  149.  By  using  such  graphs  for 
models  with  different  lines,  after  calculating  the  attitude  of 
several  variations,  optimal  elements  of  the  hull  can  be  se- 
lected so  as  to  provide  minimum  drag  on  a hydrofoil  craft  in  the 
transitional  mode. 

An  analysis  of  the  characteristics  of  way-making  ability 
and  seakeeping  characteristics  based  on  the  results  of  model 
and  full-scale  tests  of  ships  already  built  makes  it  possible 
to  offer  the  following  recommendations  as  to  the  selection  of 
lines  for  the  hulls  of  hydrofoil  craft. 

In  most  cases  encountered  in  practice  it  is  advisable 
to  employ  hard  chines  with  a dcadrise  in  the  bow  and  a lift 
-in  the  buttocks  at  the  stern.  The  lift  at  the  stern  on  slow 
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§34.  Calculating  the  attitude  of  a hydrofoil  craft 

Since  the  drag  generated  on  a hydrofoil  craft  depends 
on  its  attitude,  the  first  step  in  making  hydrodynamic  cal- 
culations must  he  to  calculate  attitude. 

Attitude  is  determined  by  solving  a system  of  equations 
expressing  the  condition  of  equilibrium  among  the  forces 
acting  on  a craft  during  steady,  straight-line  movement.  The 
shape  and  geometric  dimensions  of  the  hull,  foils,  and 
appendages  and  their  mutual  arrangement  and  also  the  weight 
and  location  of  the  center  of  gravity  are  considered  to  be 
given . 

Fig.  153  shows  a diagram  of  the  forces  acting  on  a 
craft  and  their  coordinates.  The  equations  of  equilibrium 
take  the  form: 


H y i D - (/>„.,  sill  «r,  | Q,  cos 

I]  A’,-  II  Xj  d]  (Pvi  cos  <|',  - Q,  sin  <i ,).  j 

M Yi  (w  — il Pi1)  -I-  H A',  (i.f\ |’  -|  i|,)  - 


here  Yi  is  the  lift  acting  on  a given  element  of  a craft  [268 

around  which  water  flows;  Ri  = Xi  the  drag  on  the  given  ele- 
ment; D the  displacement  of  the  craft;  P^i  the  thrust  (along 
the  axis)  of  one  propulsor;  Qi  the  transverse  force  developed 
by  one  propulsor;  ^ the  trim  angle  of  the  craft  (i|i  > 0 for 
trim  by  the  stern)  ; <j>i  = yi  + i>  the  angle  between  the  direction 
of  thrust  of  a propulsor  and  the  direction  of  movement;  yi  the 
angle  between  the  direction  of  thrust  of  a propulsor  and  the 
base  line  of  the  craft;  E,g  and  ng-  the  coordinates  of  the  center 
of  gravity  of  the  craft;  and  n i coordinates  of  the  lift 
elements  of  the  craft  in  a system  of  coordinates  oriented 
on  the  craft;  and  ipi  and  i-Qi  are  arms  of  the  forces  P$i  and 
Qi  measured  from  the  origin  of  the  coordinates  which  is  con- 
sidered to  be  the  moment  pole. 


In  equation  (IV. 38)  due  to  the  smallness  of  the  trim 
angle  it  was  assumed  that  sini/'  = i|>  and  cosif'  = 1. 

Equation  (IV. 38)  can  conveniently  be  represented  in 
dimensionless  form  for  which  purpose  pll  forces  are  referred 
to  the  product  of  the  velocity  head  and  the  "main"  area 
(for  example  of  the  bowfoil)  4 pv~S\  and  the  moments  divided 
by  the  same  product  and  additionally  by  the  length  of  the 
craft  (t(v^/2)S\L.  Then,  in  light  of  .what  has  been  stated, 
*he  equations  of  equilibrium  -assume  the  form: 
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Fig.  153.  Diagram  of  the  forces  acting  on  a hydrofoil  craft. 

KF.Y : A- -base  line;  B--wave  line;  C--CG. 

The  coefficients  of  dynamic  forces  cx  and  Cy  on  the  left 
side  of  equations  (IV. 39)  are  functions  of  depth"  of  immersion 
and  angle  of  attack.  Inasmuch  as  the  location  of  all  parts  of 
the  craft  with  respect  to  the  base  line  is  fixed,  the  angle  of 
attack  and  depth  of  immersion  of  each  of  these  elements  with 
respect  to  the  undisturbed  surface  can  be  expressed  by  two 
coordinates  defining  the  location  of  the  base  line  itself,  for 
example,  in  terms  of  the  trim  angle  \p  and  draft  7/20  °f  a 
point  on  the  base  line  at  Sta.  20.  In  order  to  determine  the 
reduction  in  level  and  the  angle  of  downwash  caused  by  the  bow- 
foil  the  speed  of  movement  of  the  craft  must  be  given. 

Thus,  the  left  side  of  all  three  equations  can  be  ex- 
pressed in  terms  of  three  variables  y 20,  i|>,  and  v.  In  other 
words,  very  definite  values  of  hydrodynamic  coefficients  of. 
elements  immersed  in  the  water  can  be  given  for  every  position 
of  the  waterline  and  speed  of  movement.  Since  the  purpose  of 
solving  is  to  determine  the  dependence  of  ypQ  and  on  v> 
we  will  consider  the  speed  to  be  known  and  y 20  and  tp  the 
variables  being  sought.  The  three  available  equations  for 
the  system  make  it  possible  to  find  three  unknowns  depending  on 
the  magnitude  of  ;>  included  in  them,  that  is,  one  more  unknown 
can  be  introduced,  but  several  unknowns  of  propulsor  thrust  and 
transverse  force  enter  into  the  right  side  of  the  equations 
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(when  there  are  several  propulsors).  It  is  clear  that  in  the 
general  form  system  of  equations  (IV. 39)  has  no  determinate 
olution.  It  has  a unique  solution  when  only  one  (the  second) 
equation  of  the  system  is  used  for -matching  the  forces  of 
thrust  and  transverse  forces  developed  by  all  propulsors. 

Then  the  remaining  two  equations  will  suffice  for  determining 
the  two  unknowns  ypQ  anc^  V as  a function  of  speed  v.  In  order 
to  realize  these  conditions  the  magnitudes  of  thrust  and 
transverse  forces  of  all  propulsors  must  be  expressed,  in  terms  of 
one  of  the  propulsors  which  is  taken  as  the  main  one.  If  the  pro- 
pulsors differ  only  in  the  inclination  of  their  axes,  the  mean 
angle  of  inclination  must  be  used  and  if  they  differ  as  to 
power  the  thrust  ratio  must  be  given. 

In  the  case  of  >'  identical  propulsors  with  axes  inclined 
at  the  same  angle  and  developing  the  same  thrust,  it  suffices  to 
use  a constant  ratio  at  all  speeds  Qi/P^i  = q = const.  Then  the 
second  equation  in  (IV. 39)  will  assume  the  form 


V n V |cos(v„-|-i|-)  — f/ sin  (y,,d  'I  H 


(IV. 39) 


After  eliminating  P<j>  and  substituting  the  expression  for  [270 
it  into  the  remaining  equations  of  system  (IV. 39),  we  obtain 
the  following  system  of  two  equations  not  containing  P*: 


V C S,  r V c S /’  — D 

~ - p„,Vi  . 


lv  N IV  .1.1)  ' NJf.,S  (U  I M,  | .As)  = #2ita«i>, 

I1*  I 


(IV. 40) 


wnere 


(Yi^l  '1H  ■/ 

<1  u:  (Vy  ♦)' 


/,  > __ li-  -4-  qh 


i)')  v sin 


In  that  case  when  there  is  no  interaction  among  the  lift 
elements  of  the  craft  and  the  effect  of  interaction  can  be 
neglected,  solving  system  of  equations  (IV. 40)  doesn’t  entail 
any  fundamental  difficulty  although  calculations  become  very 
cumbersome.  It  is  recommended  that  the  equations  be  solved 
graphically.  The  procedure  is  as  follows. 

A series  of  values  is  given  for  the  draft  i/go  and  for  each 
draft  the  left  side  of  the  first  equation  ?.j  and  the  second  equa- 
tion T-2  (IV. 40)  are  calculated  depending  on  the  angle  of  trim, 
bach  of  these  relations  is  dr.nwn  on  a graph  in  the  form 


4 


■'  — — T- 


I? 


t j 


T-l  = and  r.2  = f ?,  ( $)  for  each  of  the  given  values  of  #20 

' order  to  determine  the  attitude  of  the  craft  at  a given 
VPeed  y = v\,  it  is  necessary  to  calculate  the  right  side  of 
each  equation  and  enter  their  dependence  on  ^ on  the  graphs 
of  Ej  and  12  respectively  (Fig.  154).  In  this  process  D/  pt>-Si 

2 

is  depicted  by  a horizontal  straight  line  [the  curve  of 

u-el) 

= fi  (>!')]  and  by  inclined  straight  line  2 [the 

2 

curve  of  12  ~ /gfifO].  The  points  of  intersection  of  straight 


line  1 and  the  curves  of  Ej  constitute  the  solution  of  the 
first  equation  in  (IV. 40)  expressing  the  condition  of  equilib- 
rium of  vertical  forces  and  the  intersection  of  straight  line 
2 and  the  curves  of  ly  gives  the  solution  to  the  equation  of 
moments . 


2, 

1 > 

t. 

Fig.  154.  Graphical  solution  to  system  of  equations  for 
craft  equilibrium. 


[271 


Curves  for  y 20  = f l('}))  and  P20  = f2(^)  whose  intersection 
yields  the  sought  solution  in  the  form  of  a pair  of  values 
for  y 20  and  4'  are  drawn  on  a separate  graph  using  the  points 
of  intersection  of  straight  lines  1 and  2 respectively  with 
the  curves  for  Ej  and  E#.  Rough  calculations  make  it  possible 
to  avoid  drawing  interpolation  curves  for  2/20  • For  this 
purpose  the  points  of  intersection  of  straight  line  1 and  curves 
for  E 2 on  the  lower  graph  are  ..transferred  to  corresponding 
curves  for  Eg  on  the  upper  graph  and  curve  5 is  drawn  expressing 
the  condition  of  equilibrium  of  vertical  forces  in  Eg  and 
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ip  coordinates.  The  intersection  of  line  2 with  curve  3 also  yields 
' ' e sought  solution.  The  procedure  described  for  solving  cqua- 
on  (IV. 40)  can  be  used  for  determining  the  attitude  of  a craft 
in  the  transitional  mode. 


For  the  purpose  of  reducing  the  volume  of  calculations 
it  is  recommended  that  the  system  of  equations  be  simplified, 
making  the  assumption  that  the  drag  on  the  craft  and  the  hori- 
zontal projection  of  thrust  are  completely  balanced  (not 
yielding  a force  couple)  and  the  weight  displacement  D*  is 
decreased  by  a constant  value  equal  to  the  unloading 
A V = E(P,j£sin6  + Q^cos 4^- ) and  corresponding  to  the  foilborne 
mode.  It  is  also  assumed  that  ip  ~ 0 . 


The  coefficients  of  lift  entering  into  systems  of  equations 
(IV. 40)  and  (IV. 41)  and  the  foil  drag  are  determined  by  methods 
' " forth  in  Chap.  T and  the  supporting  force  a;id  hull  drag  with 

unloading  taken  into  account  from  the  experimental  diagrams  de- 
scribed in  the  preceding  section.  When  determining  the  attitude 
of  a craft  with  tandem  foils  consideration  must  be  given  to  the 
drop  in  the  level  of  yg  and  the  downwash  Aap  at  the  location 
of  the  sternfoil. 

When  making  calculations  for  a tandem  system  an  additional 
assumption  must  be  made  concerning  the  constancy  of  the  arms  of 
the  vertical  forces.  This  makes  it  possible  to  consider  the 
loading  on  each  tandem  foil  to  be  independent  of  speed. 

The  steps  in  calculating  the  attitude  of  a tandem  hydrofoil 
craft  moving  with  its  hull  above  the  water  are  as  follows. 

1.  The  methods  described  in  Chap. I are  used  to  make 
hydrodynamic  calculations  of  the  bow-  and  stern foils  separate- 
ly. The  results  arc  used  to  draw  graphs  of  the  coefficients 
of  lift  for  the  bowfoil  Cyj  = hi)  (Fig.  155a)  and  the 

sternfoil  Cy2  - h%)  (Fig.  155b).  It  should  be  remembered 

that  the  depth  of  immersion  of  a sternfoil  is  measured  not  from 
the  horizontal  undisturbed  surface  of  the  water  but  from  the 
surface  of  the  wave  depression  formed  by  the  bowfoil.  When  [272 

progressing  from  angle  of  attack  to  angle  of  trim  consideration 
is  given  to  the  angles  at  which  the  foils  are  set  y j and  y2 
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with  respect  to  the  base  line  of  the  craft  and  the  angle  of 
Town  wash  for  the  sternfoil  Aaj . The  relation  between  the 
raft's  angle  of  trim  and  the  angle  of  attack  of  each  foil 
is  determined  from  the  equations: 


whence 


'■■Hi  ti- 
ll-'} 


Fig.  155.  Graphs  of  coefficients  of  lift  as  a function  of 
h and  \p  and  the  required  coefficients  as  a function  of  speed 
a--bowfoil;  b--sternfoil . KEY:  A--v,  m/seo. 


2.  The  depth  of  immersion  of  the  sternfoil  beneath  the 
level  of  the  undisturbed  surface  hi-  = f(hj)  is  determined 
depending  on  the  depth  of  immersion  of  the  bowfoil,  using 
in  the  process  an  expression  for  the  angle  of  trim  of  the 
craft  obtained  from  obvious  relations  among  geometric  elements 
and  parameters  of  attitude. 


Cy! 

i ' 

K 

^ _ *a_— //o  - 1-  (//,_■_//-> 

'"/  '/ 


(/.:-/.,)-K//,  //..) 

V d' 

where  is  the  distance  between  foils;  7/2  and  7/g  arc  the 

distances  of  the  foils  from  the  base  line;  and  hi  and  h2 
are  the  actual  depths  of  immersion  of  the  foils. 

The  following  expression  for  depth  of  immersion  of  the 
sternfoil  measured  from  the  level  of  the  undisturbed  (hori- 
zontal) surface  of  the  water  is  obtained  from  (IV. 43): 

Ik  = hi  -I-  ya  = Ik  -I-  t/y  -I-  (7/j  — //,).  (I) 

Relation  (IV. 44)  is  drawn  graphically  in  Fig.  156. 
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Fig.  156.  Graph  of  hi  = /(Tig).  Fig.  157.  Graph  of  ordinateso 

i/20  anc^  angles  of  downwash  A ay 
of  a wave  profile. 

KEY : k--v/m/seo. 

3.  The  coefficients  of  reo.uired  lift  of  foils  as  a func- 
tion of  speed  of  movement  arc  found  as  follows: 

V| ml)  I 1 

Ul  ~ P^-  ~ P^i  ~«'T  ’ I 

' 2 u ! ctv  a > 


r"  _ ‘ j _ 


(1  —m)n  I 
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’ 'here 


in  r=  -£<•- — h. 

Lf  (IV. 46) 

4.  The  lowering  in  level  y j q 00  and  downwash  Aap  caused  [274 
by  the  bowfoil  at  the  location  of  the  sternfoil  are  deter- 
mined as  a function  of  speed  (Fig.  157). 

The  parameters  {a/Cyj)  (Frp)  and  ( X * / 4 ) (Fri)  for  a bowfoil 
are  found  from  the  formulas  in  §30. 

The  values  of  Cui  needed  for  calculating  a are  taken  from 
the  graph  in  Fig.  155. 

5.  The  attitude  is  determined  by  means  of  a graphical 
solution  to  the  equations  of  equilibrium  for  the  craft. 

The  initial  data  for  this  are  the  calculations  performed 
in  steps  1--4.  These  data  can  conveniently  be  presented  in  the 
form  of  graphs:  Cyj(  <l>)  with  the  parameter  h j ; A’:.£(c*)  with  the 
parameter  h 3;  Cyj\v)  , {Mg(y),  and  fr§(?z;)  with  the  parameters  and 
also  yo(v)  and  2,ap(r>)  (Figs.  155-158). 

Further  calculations  go  as  follows. 

a)  A series  of  values  is  given  for  the  speed  and  for 

each  speed  values  for  > ch>  and  yo  are  taken  from  the 

appropriate  graphs. 

b)  In  accordance  with  the  values  found  for  C-*j  and  C$2 

for  each  speed,  using  the  graphs  for  Cyi  (>)  and  Cy2  (ty)  relations 
hi  = fiii)  when  Cy  7 = const  (Fig.  158a)  and  = .f’2(S)  when 

Cy2  7 const  (Fig.‘  158b)  are  drawn.  When  drawing  the  curve  of 
hyCt)  the  downwash  should  be  taken  into  account  and  the  trim 
determined  from  the  formula  <j>  = ty*  + Aap . 

c)  Using  the  graph  of  hft(hj)  and  considering  the  lowering 

in  level  from  formula  hfs  = *23  + i/q  from  the  graph  of  hg(Jii)  a 

determination  is  made  of  corresponding  to  the  relation 

h2(i')  when  Cy2  = const  as  obtained  in  "b"  above  and  this 
curve  is  drawn  on  the  combined  graph.  In  this  way  twro  curves 
for  h]  (ifi)  are  drawn  on  a common  graph  (Fig.  158a). 

The  first  of  them  (see  "h"  above)  expresses  the  possible 
combinations  of  hj  and  at  which  the  required  coefficient 
of  lift  C*2  corresponding  to  the  speed  under  consideration  [275 

is  developed  on  the  bowfoil.  The  second  curve  hj  (ij>)  obtained 
as  a result  of  redrawing  /z 2 ( ) expresses  possible  combinations 
of  h 1 and  at  which  the  required  magnitude  of  Cv%  is 
generated  on  the  sternfoil.  The  intersection  of  those  curves 
yields  a solution  to  the  problem  of  craft  attitude  at  a given 
oed  since  the  values  of  cfj ; and  Cf.  o required  for  supporting 
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1 


4 


*"he  craft  are  obtained  simultaneously. 


Fig.  158.  Graphs  of  IzjfiJi)  and  h.2  (<!>): 
a- -for  bowfoil;  b--for  sternfoil. 

KEY:  k--Cy2  = const;  B -~Cy2  = const. 

§35.  Method  of  calculating  the  components  of  drag  on  a 
hydrofoil  craft 

Calculations  of  the  drag  generated  on  a hydrofoil  craft  in 
the  main  mode  of  movement  yield  rather  reliable  results.  Further- 
more, for  determining  the  drag  on  the  lift  foils  themselves 
determination  by  calculation,  is  even  preferable  to  scaling 
the  drag  from  a model  to  a full-scale  craft  using  the  cubic 
law.  In  the  takeoff  mode  calculations  are  much  less  accurate 
since  the  drag  on  the  hull,  which  constitutes  a large  part  of 
the  overall  drag,  is  calculated  based  on  model  tests  without 
taking  the  scale  effect  into  account  when  scaling  to  a full-scale 
craft . 

1.  The  drag  of  a foil  system  is  determined  as  the  following 

* ' >rn 


(IV. 47) 


r . ( , ui  c 
bin'  2 


where  C#  = Cxp  + + Cxw  is  the  coefficient  of  drag  of  a 

separate  foil;  CXp  , Cxp  , and  Cxw  are  the  profile,  induced 
and  wave  drag  coefficients  respectively;  and  Cxpn  is  the 
drag  coefficient  due  to  the  interaction  between  lift  sur- 
faces . 

For  tandem  systems 


Cxin  - Acej 'Cy2i 

where  Aa-j  is  the  downwash  caused  by  the  bowfoil  of  the  tan- 
dem system. 

For  a system  consisting  of  three  foils  (one  continuous 
and  one  split) , 

Cxin  = 

Profile  drag: 

% - 2ZpJ\  + [(,„  + 0.5)  0.5]  Cuh\ , 


where  t (h)  = i-s  the  coefficient  of  reduction  in  pressure  [276 

drop  (on  the  upper  side);  k $ = ayj a*,  .is  the  coefficient  of 
reduction  in  the  derivative  of  Cy  with  respect  to  a close  to 
the  free  surface; 


m = 0.5  when  Cy  = 0.15--0.20 ; 

m = 0.75  when  Cy  = 0.5--0.6. 

Induced  drag: 

^xi  ~ £(1  -I  fi). 

where  X = l?-/S  is  the  aspect  ratio  of  the  foil;  t = f(k/X)  is  a 
function  taking  into  account  the  effect  of  the  free  surface'  on 
the  induced  downwash  (as  determined  from  the  graph  in  Fig.  19); 
and  6 is  an  increment  allowing  for  the  planform  of  the  foil. 

In  the  case  of  a complex  foil  the  mean  values  of  aspect 
ratio  and  depth  of  immersion  of  an  equivalent  monoplane  as 
calculated  from  the  formulas  in  Chap.  I should  be  included  in 
the  calculations. 


2.  The  hull  drag  is 


Rh  C,<yn\  (IV.  4 8) 

where  Cy  - /( Fr$,  y 20  > <lO  is  determined  from  experimental  dia- 
grams (see  Pig.  150);  B is  the  width  of  the  hull;  y 20  and  ip 
are  variables  for  the  draft  of  the  base  line  at  Sto . 20  and  the 
trim  angle  which  are  obtained  from  calculations  of  attitude. 

The  diagram  of  C/j>(Frg)  includes  all  types  of  drag  on  the 
hull  (friction,  wave,  spray)  and  is  determined  from  the  results 
of  model  tests  without  correction  for  the  scale  effect.  Con- 
sequently, for  a full-scale  craft  Cp  is  somewhat  high. 

3.  The  resistance  of  appendages,  is  determined  as  the  sum: 

Rapp  = Rsh  + Rbv  + Rst  + R-r-  (IV.  49) 

The  drag  of  an  inclined  propeller  shaft  is 


Rsh  = Cxsh ( pvZSsh/2) j (IV. 50) 

where  Cxsh  -0.2  and  Ssh  is  the  area  of  the  projection  of 
the  shaft  onto  the  plane  of  the  frame. 

.The  drag  on  the  shaft  brackets,  foil  struts,  and  rudders  is [277 
determined  from  the  single -type  formula 


Rst  — Cxs t l Pv ^ / 2 ) , 


where  s is  the  area  of  the  lateral  projection. 

The  drag  coefficient  of  a foil  strut,  bracket,  or  rudder 
in  separation- free  flow  is 

st  ~ MeSpl  + Cxspvay*  (IV.! 

In  the  case  of  separation  in  the  flow  around  a wedge- 
shaped  strut 


C.ra  t ~ 2kg{,pl  + Rxoai)  t C 


xn  pi’ ay  j 


•Aej’e  C pi  is  the  coefficient  of  friction  of  a smooth  plate  and 
is  a coefficient  taking  into  account  the  curvature  of  the 


surface,  for  struts  and  rudders  ks  being  1.1  and  for  brackets 
’>  • 


Cxoav^  nr  ' + 


(IV. 54) 


(IV. 55) 


where  X = h/b  is  the  wetted  aspect  ratio  of  a strut  (rudder 
or  bracket) . 

The  air  drag  is 


Ra  = CxaC pvsn/2) 3 


(IV. 56) 


where  ft  is  the  area  of  the  projection  of  the  craft  onto  the 
transverse  plane  and  Cxa  = 0.5- -0.6. 

§36.  Methods  of  determining  drag  on  a hydrofoil  craft  experi- 
mentally 

Despite  significant  progress  in  creating  methods  for  cal- 
culating the  drag  and  attitude  of  a hydrofoil  craft,  model  tests 
are  still  the  main  means  used  for  developing  foil  systems  and 
etermining  drag.  When  test  models  of  hydrofoil  craft  are 
towed  the  experimental  means  and  methods  used  are  the  same 
as  for  models  of  high-speed  craft  without  foils. 

Modeling  in  tow  tests  involves  the  Froude  number  and 
therefore  the  load  of  the  model  (displacement  by  weight)  is 
taken  to  be  inversely  proportional  to  the  cube  of  the  scale. 

When  Frm  = Fryg  with  an  accuracy  to  the  scale  effect  there  is 
similarity  in  wave  formation  and  pressure  forces,  .that  is, 
there  is  agreement  in  attitude  and  interaction  between  foils 
on  model  and  full-scale  craft  and  also  equality  between  the 
coefficients  of  lift  and  wave  and  induced  drag  on  the  foils. 


The  coefficient  of  drag  of  a model  is  different  from 
that  of  a full-scale  craft  due  to  lack  of  sameness  in  the 
Reynolds  and  cavitation  numbers.  In  order  to  obtain  full- 
scale  values  for  the  cavitation  numbers  a speed  close  to 
full-scale  must  be  imparted  to  the  model. 

The  scale  effect  in  model  tests  is  most  significant  in 
regard  to  friction  drag  on  foils.  However,  as  calculations 
show,  the  value  of  the  coefficient  of  profile  drag  of  hydro- 
dynamically  smooth  full-scale  foils  wTi  th  a negligible  error 
on  the  safe  side  can  be  accepted  as  the  same  as  those  ob- 
tained in  model  tests  which  must  be  produced  at  Reynolds 
JUimbers  noi  less  than  5*10^.  If  the  full-scale  foils  are 
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• t hydrodynanu  cally  smooth,  a correction  must  be  made  for 
roughness.  Accordingly,  the  scale  selected  for  a model  must 
be  based  pn  the  need  for  providing. a Reynolds  number  of 
Re  >.  S'lQ-’.  It  should  be  kept  in  mind  that  based  on  the 
condition  of  similitude  in  planing  the  v.’idth  of  the  model's 
hull  should  be  not  less  than  0.3  m. 

As  applicable  to  the  indicated  conditions,  scaling 
of  drag  to  full-scale  should  follow  a cubic  law  approximate- 
ly. As  practice  shows,  such  scaling  yields  satisfactory  results 
for  the  foilborne  mode  but  results  in  a drag  inflated  by 
10- -20%  at  the  hump  in  the  R(-o)  curve. 

C.  Transverse  stability  of  hydrofoil  craft 

One  of  the  most  important  sealceeping  characteristics  of  any 
craft  is  its  stability.  For  craft  in  a displacement  mode 
stability  is  provided  by  hydrostatic  forces  arising  as  a re- 
sult of  immersing  a certain  volume  of  the  craft  in  the  water 
when  the  craft  rolls. 

When  determining  the  stability  of  a craft  in  the  displace- 
ment mode  the  hydrodynamic  forces  developed  on  its  wetted  surface 
during  movement  are  usually  neglected  because  of  their  smallness 
°s  compared  with  the  hydrostatic  forces.  Therefore  in  existing 
ethods  of  determining  stability  of  craft  in  a displacement  mode 
speed  of  movement  is  neglected. 

The  picture  changes  radically  for  craft  moving  at  great 
relative  speeds.  As  a craft  progresses  from  the  displacement 
mode  through  takeoff  to  the  foilborne  mode,  hydrostatic  forces 
are  replaced  by  hydrodynamic  ones,  as  a consequence  of  which  [ 
pressure  becomes  redistributed  over  the  hull  and  this  in  turn 
affects  the  stability  of  the  craft. 

At  1 ow  speeds  of  movement  transverse  stability  is  ensured, 
as  was  indicated,  by  the  restoring  moment  of  hull  volume  entering 
and  leaving  the  water,  that  is,  by  hydrostatic  forces.  In  the 
case  of  a hydrofoil  craft  moving  at  high  speeds  stability  is 
ensured  in  the  main  by  the  hydrodynamic  restoring  moment 
resulting  from  the  effect  of  the  water’s  free  surface  on  the 
hydrodynamic  characteristics  of  the  lift,  foils.  At  intermediate 
speeds  of  movement  in  many  cases  the  hull  almost  completely 
leaves  the  water  at  a time  when  the  foils  are  not  yet  adequately 
effective.  Inasmuch  as  stability  in  this  mode  is  not  ensured  in 
due  measure  by  any  of  the  factors  named  above,  it  is  regarded  as 
the  most  dangerous. 

By  way  of  a measure  of  stability  we  will  take  the  arbitrary 
•agnitude  h which  is  the  ratio  between  the  restoring  moment  of 
.*1  hydrodynamic  forces  Mrr,.'  acting  on  the  craft  and  the  initial 
displ  accmeht  Pg  multiplied  by  the  angle  of  bank  0 ;•  ( h - 


At  slow  speeds  the  magnitude  of  ,h  is  nothing  other  than 
ic  metacentric  height  and  therefore  at  high  speeds  we  will 
call  it  the  conditional  metacentric  height  in  the  following 
discussion. 

For  convenience  in  determining  the  conditional  metacentric 
height  we  will  divide  the  entire  process  of  build-up  in  speed 
from  zero  to  the  maximum  into  three  modes.  In  the  first  mode 
which  is  characterized  by  constancy  in  craft  displacement  the 
magnitude  of  /j  is  determined  by  methods  known  from  ship  statics 
[2]. 


We  will  not  discuss  this  mode.  The  second  mode  of  movement 
begins  at  the  instant  of  decrease  in  the  volumetric  displace- 
ment of  the  craft  due*  to  the  developing  hydrodynamic  forces 
on  the  lift  surfaces  of  the  craft  and  ending  with  complete 
separation  of  the  hull  from  the  water.  It  is  characterized  by 
combined  action  of  hydrostatic  and  hydrodynamic  forces  and 
therefore  we  will  call  it  the  intermediate  mode. 


The  third  mode  begins  at  the  instant  of  complete  separation 
of  the  hull  from  the  water . All  motion  of  the  craft  in  this  mode 
is  due  to  hydrodynamic  forces.  A subject  for  further  investi- 
gation by  the  author  is  determining  the  stability  of  a hydrofoil 
craft  in  the  second  and  third  modes.  Initial  stability  will  be 
J’scussed  since  large  angles  of  bank  in  hydrofoil  craft  in 
;ese  modes  are  impermissible 


§37.  Hydrodynamic  forces,  attitude,  and  drift  of  a banked  [280 

hydrofoil  craft 

The  complexity  of  the  problem  at  hand  does  not  permit 
investigating  craft  stability  in  the  foilborne  mode  in  a 
nonstationary  formulation.  Therefore  in  the  following  discussion 
we  will  view  the  static  problem  under  the  assumption  of  con- 
stancy in  the  speed  of  movement  of  the  craft.  This  condition 
from  the  standpoint  of  stability  .is  in  many  cases  more  rigid 
than  in  a nonstationary  treatment  of  the  problem  since  in  the 
case  of  rapid  change  in  speed  of  movement  a craft  docs  not 
succeed  in  a brief  period  of  time  in  deviating  significantly 
from  its  state  of  equilibrium  in  zones  of  reduced  stability. 

In  the  second  and  third  modes  of  movement,  in  distinction 
from  the  first,  stability  of  a craft  must  be  determined  for 
each  value  of  speed  since  the  position  of  the  craft  with 
respect  to  the  free  surface  of  the  water  changes  with  the  speed 
of  movement. 

Tr  Sect,  h of  this  chapter  wc  considered  methods  of  cal- 
culating the  attitude  of  a hydrofoil  craft.  Assuming  the  angles 
ML  bank  vo  be  small,  the  methods  pres'ented  above  for  calculating 
*o  attitude,  can  be  extended  to  a banked  craft.  By  applying  [281 
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*hese  methods  to  each  particular  case  wc  can  determine  the  attitude 
A a craft  for  a given  constant  speed  of  movement.  We  will  con- 
sider as  known  the  relations  between  craft  trim  and  speed  of 
movement  $(v)  and  between  the  wetted  length  and  the  speed  of 
movement  £(u)  and  depth  of  immersion  of  the  foils  h(v). 

A banked  craft,  as  a consequence  of  lack  of  symmetry  in 
the  flow  around  its  lift  surfaces,  is  subjected  to  drift.  In 
order  to  determine  the  drift  it  is  necessary  to  determine  the 
components  of  hydrodynamic  forces  acting  on  the  craft  in  a 
horizontal  plane  and  solve  jointly  the  equation  for  projections 
of  these  forces  on  the  Gy  axis  (Fig.  159)  and  the  equation  for 
moments  of  the  given  forces  with  respect  to  the  vertical  axis 
Gz  which  passes  through  the  center  of  gravity  of  the  craft. 


Pig.  159.  Notation  for  coordinate  axes. 


The  equation  for  the  projections  of  all  external  forces 
acting  on  a craft  in  the  horizontal  plane  can  be  written  in 
the  following  form  (Fig.  160): 
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(TV.  5 7) 


where  fif.  is  the  hydrodynamic  force  of  drift  acting  on  the 
* >mersetf  portion  of  the  craft's  hull;  R*j-  the  force  of  drift 
Arising  on  a banked  foil;  Rn  the  liydrodynami c lateral  forces 
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acting  on  the  craft's  struts  during  drift;  the  force  acting 
i the  rudders;  and  lFn  the  resistance  of  the  craft's  huJl  to  drift. 

The  magnitudes  of  the  external  forces  entering  into  equation 
(IV. 57)  are  determined  as  follows: 

The  force 
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(IV. 58) 


where  3 CyX/3<j>  is  the  derivative  of  the  coefficient  of  lift  of 
the  bottom  with  respect  to  angle  of  trim  <t> . 

Bearing  in  mind  that  approximately  oCuX/d<j>  ~ it,  we  can  set 
3CyX  /'6  ( - where  kj  (x)  = 1.2/ (1.2  + x)  ; 

= 0.7 /(l  + I.4X);  X = L/By  B and  I,  being  respectively 
t lie  width  and  length  of  the  lift  surface  of  the  bottom;  and 
0/c  is  the  bank  angle  of  the  craft. 

The  forces  of  drift  acting  on  each  lift  foil  are 


R'f  = cwF  (h)  -if 


(IV. 59) 


Here  Cyk  is  the  coefficient  of  lift  of  the  part  of  the  foil 
miersed  in  the  water  when  the  flow- around  the  foil  is  un- 
bounded; F {h)  = h ) where  fi(h)  is  a function  taking 

into  account  the  effect  of  the  free  surface  of  the  water  on  the 
hydrodynamic  forces;  and  S is  a function  characterizing  the 
change  in  area  of  the  lift  elements  of  a foil  depending  on 
the  trim  angle  of  the  craft  and  the  depth  of  immersion. 

The  struts,  which  serve  to  join  t lie  foils  to  the  craft,  [282 
from  a hydrodynamical  standpoint  also  constitute  foils 
oriented  in  a certain  way  with  respect  to  the  free  surface. 

The  projection  of  the  hydrodynamic  forces  acting  on  the  struts 
onto  the  Gy  axis  is 


/»  _ „r  f"*2'  e 
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(IV. 60) 


where  Cyt;  = ( 3 7?y  <?  / 3 4 ) ■'  and  36V<:/3b  are  found  from  t he  results 
of  tests  of  struts  close  to  the  water's  surface;  b the  angle  of 
drift;  Ss  the  area  of  the  wetted  surface  of  a strut;  and  n 
the  number  of  struts. 


The  hydrodynamic  forces  generated  on  the  rudders  are 
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'here  m is  the  number  of  rudders;  Cyr  = (Sfyr/SPr) (8r  “ ^0  » 
iie  coefficient  3 Cyr /'*&■?  is  found  from  the  results  of  wind 
tunnel  tests;  and  is  the  angle  at  which  the  rudders  are  set. 

The  approximate  value  of  the  force  of  resistance  offered 
by  a side  of  the  craft  to  drift  can  be  found  from  the  formula 

Rh  ^ yJ0g.RJ.lt*,  (IV.  6 2) 

where  Bo  = £*/2;  k*  = 0 . 7/ (1  + 1.4X*);  and  X*  = L/p0  “2/*. 

Substituting  the  expressions  presented  above  for  external 
forces  into  equation  (IV. 57),  we  transform  it  to  the  form 
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The  equation  for  moments  of  external  forces  with  respect 
to  the  Ga  axis,  the  moment  being  considered  positive  when 
it  increases  the  angle  of  drift,  that  is,  rotates  the  craft 
clockwise,  is  written  in  the  following  form: 

dC,jX  ....  . ( 3 , \ ...  ..  I’"n 
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(IV.  6-1) 


where  -re  is  the  distance  from  the  craft's  center  of  gravity 
to  the  transom.  The  meaning  of  all  other  symbols  is  clear  from 

Fig.  160. 

According  to  the  directions  of  forces  shown  in  Fig.  160 
the  bowfoils  and  stern  struts  create  positive  moments  and  the 
stern  foil,  bow  struts,  and  rudders  negative  moments. 
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Pig.  160.  Horizontal  hydrodynamic  forces  acting  on  a hydrofoil 
craft  when  there  are  angles  of  bank  and  drift. 


Solving  equations  (IV. 63)  and  (IV. 64)  jointly,  we  obtain 
the  following  relations  for  the  sought  magnitudes  &r  and  $<: 
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In  equations  (IV. 65)  and  (IV. 66) 


£ ‘0  = B v/%k  and  ip0  = <l>/0k. 


(IV. 67) 


When  the  lift  elements  of  a craft  are  known  it  is  possible 
to  use  these  formulas  to  establish  the  angle  of  drift  of  a 
craft  \l>  and  the  angle  at  which  the  rudder  is  set  for 
straight  ahead  movement  of  the  craft  at  a bank  angle  of  0^  . 


§38.  Determination  of  restoring  moment  and  conditional 
metacentric  height  of  a hydrofoil  craft 


The  relations  obtained  above  make  it  possible  to  proceed 
to  a determination  of  craft  stability,  that  is,  to  a deter- 
mination of  the  restoring  moment  when  a craft  banks  at  a given 
angle  at  a constant  speed.  For  this  purpose  we  will  consider 
the  moments  of  each  of  the  effective  forces  with  respect  to  the 
longitudinal  axis  Gcc  passing  through  the  center  of  gravity 
(Fig.  161). 


Fig.  161.  Moments  of  external  forces  acting  in  the  midframe 
plane  of  a banked  hydrofoil  craft.' 

The  restoring  moment  of  hydrostatic  forces  Mp,  which 
provides  for  craft  stability  at  low  speeds  in  the  first  mode 
of  movement,  is  determined  from  the  well-known  formula  from 
ship  statics  [2] 

M„~D  JiA,  (IV.  68) 

where  Dj  is  the  displacement,  corresponding  to  the  attitude  of 
the  craft  at  a given  speed  of  movement  and  hj  is  the  transverse 
metacentric  height  corresponding  to  displacement  Pi. 

The  metacentric  height  h]  is  found  from  the  formula  |2]  [285 
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where  p is  the  metacentric  radius;  ix  the  moment  of  inertia  of 
the  waterline  area  with  respect  to  the  longitudinal  axis; 

Vi  the  volume  of  that  part  of  the  hull  immersed  in  the  water; 
and  a = {zq  - zc)  is  the  rise  of  the  center  of  gravity  above 
the  center  of  buoyancy. 


Parameters  lx,  Vi,  and  zg  in  formula  (IV. 69)  are  found  from 
ship  statics  for  each  speed  of  movement  in  the  first,  and  second 
modes  of  movement. 


The  following  approximate  formula  can  be  recommended  for 
a preliminary  evaluation  of  hi: 


As  the  speed  of  craft  movement  increases  in  the  second  mode 
of  movement  the  magnitudes  of  Tx  and  Vj  in  formula  (IV. 69) 
decrease.  In  the  process  displacement  Vj  decreases  much  more 
rapidly  than  the  moment  of  inertia  of  the  waterline  area  TXj 
as  a consequence  of  which  the  metacentric  height  hi  increases 
with  an  increase  in  speed  of  craft  movement.  The  magnitude 
rr  t lie  restoring  moment  k'u  decreases  with  an  increase  in  speed 
movement.  Therefore  t lie  metacentric  height  hi  cannot  be  used 
in  this  mode  of  movement  to  characterize  even  that  part  of  the 
stability  of  a hydrofoil  craft  which  is  provided  by  hydro- 
static forces.  The  coefficient  of  stability  ( Dihi ) serves  as 
such  a characteristic  in  this  particular  mode. 


In  the  third  mode  of  movement  the  magnitude  of  the 
restoring  moment  Mj)  can  be  neglected. 

The  moment  acting  on  the  hull  of  a craft  due  to  hydro 
dynamic  forces  and  can  lie  written  in  the  following 
form : 


- - V -TT  W'MAv-  -9-  B0U<*cs, 

where  or  and  cn  arc  respectively  the  arms  of  the  hydrodynamic 
forces  developing  on  the  bottom  and  side  of  a banked  craft, 
and  a n - = zq  - L<()/4. 


The  moment  due  to  the  effective  forces  on  the 


’•'here  os  -■  zq  + (no  - hs/2 ) are  the  arms  of  application  of  the 
esultant  external  forces  on  the  struts  (fig.  162).  Here  hs 
is  the  depth  of  immersion  of  a foil.  If  > Ho,  the  second 
term  in  the  last  formula  should  be  set  equal  to  //p/2. 


Fig.  162.  Approximate  location  of  point  of  application  of 
hydrodynamic  forces  acting  on  the  strut  of  a hydrofoil 
during  drift. 

The  moment  due  to  the  forces  acting  on  the  rudders  with 
respect  to  longitudinal  axis  Gx  are  (see  Fig.  159): 


where  aT  - zq  + ar/2  (£r  is  the  distance  from  the  base  line  to 
the  center  of  pressure  on  the  rudder)  . 


The  total  restoring  moment  .of  the  hydrofoils  is  written 
in  the  form 


where  Lj<  is  the  foil  span. 

The  derivative  of  the  coefficient  of  restoring  moment  of 
a foil  with  respect  to  the  angle  of  bank  ZCmk/Z0}>  must  be  deter 
mined  from  experimental  .data.  The  approximate  formula  (11.178) 
(11.179)  can  be  recommended  as  a first  approximation  for  the 
coefficient  of  restoring  moment  of  flat  foils. 

The  algebraic  sum  of  all  the  listed  moments  constitutes 
the  restoring  moment  due  to  the  action  of  the  entire  complex 
of  lift  surfaces,  the  magnitude  of  which  is 


Substituting  the  value  of  cacli  moment  into  the  last 
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expression,  we  obtain 
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(IV. 76) 


Representing  moment  M in  the  form  M = DqH  0j:,  we  obtain 
for  the  arm  of  the  restoring  moment--the  conditional  metacentric 
height--the  following  formula: 
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(IV. 78) 


I-ormula  (IV. 77)  makes  it  possible  to  determine  the  con- 
ditional metacentric  height  depending  on  the  speed  of  craft 
movement  and  the  hydrodynamic  chai ncteristics  ot  the  elements 
of  its  lift  surfaces. 


An  analysis  of  (IV. 77)  shows  that  at  a speed  of  movement 
of  u-0  - 0 or  close  to  it,  that  is,  in  the  first  mode  of  move- 
ment, stability  of  the  craft  is  ensured  by  hydrostatic  forces 
^ nd  the  conditional  metacentric  height  is  equal  to  t lie  meta- 
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centric  height  of  the  craft 

h = hj  when  Dj  = Dq . (IV. 79) 

In  the  third  mode  of  movement  Dj  -*■  0 and  therefore  the  [ 2 B 8 

conditional  metacentric  height  is  determined  by  only  the  second 
term  in  formula  (IV. 77),  that  is, 
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(IV. 80) 


It  follows  from  (TV.  77)  and  (IV.  78)  that  the  total  mo- 
ment due  to  the  above  listed  forces  can  be  positive,  equal  to 
zero,  and  even  negative,  that  is,  banking.  Usually,  as  calcula- 
tions show,  function  h(v),  or  the  stability  of  a hydrofoil 
craft,  has  a clearly  expressed  minimum  at  intermediate  speeds 
of  movement.  After  a craft  has  risen  on  its  foils  its  sta- 
bility increases  abruptly.  In  some  cases  the  curve  of  k(y) 
has  several  extrema. 


The  existence  of  a zone  with  minimum  stability  is 
undoubtedly  a disadvantage.  However,  if  this  zone  is  small 
and  its  boundaries  known  ahead  of  time,  it  is  always  possible 
to  control  a craft  in  the  takeoff  mode  so  as  to  maintain 
stability. 

The  formulas  presented  above  make  it  possible  to  evaluate 
the  effect  of  separate  elements  of  a craft  on  its  initial 
stability  and  also  to  clarify  the  interrelations  among  all 
the  lifting  surfaces  as  a kind  of  hydrodynamic  complex. 

§39.  Problems  in  standardizing  the  stability  of  a hydrofoil 
craft.  Results  of  calculations  and  experiments 

As  with  any  floating  structure  a hydrofoil  craft,  depending 
on  its  type  and  purpose,  must  satisfy  the  requirements  of 
stability  when  afloat.  As  is  known,  the  initial  metacentric 
height  and,  in  the  case  of  largo  angles  of  bank,  the  diagrams 
of  static  and  dynamic  stability,  serve  as  a measure  of  stability 
in  any  given  mode.  When  a craft  moves  in  the  takeoff  or  foilborne 
mode  only  small  inclinations  in  a transverse  plane  arc.  possible, 
that  is,  banks  of  not  more  than  5 — 1 0 0 , since  larger  deviations 
of  the  craft  from  a state  of  equilibrium  are  dangerous  at  such 
high  speeds  of  movement.  In  this  connection  it  is  advisable 
to  consider  only  t lie  initial  stability  in  these  modes  of  move- 
ment. 

The  best  way  in  this  case  would  be  to  investigate  the 
dynamic  stability  of  hydrofoil  craft  in  a transverse  plane. 
However,  the  formulation  and  solution- of  this  problem  in 
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view  of  its  complexity  whicli  is  due  .to  the  absence  of  standard 
>hapes  for  foil  systems;  and  also  to  the  absence  of  the  necessary 
hydrodynamic  characteristics  of  craft  hulls  and  devices,  entail 
great  difficulty.  For  this  reasoii  it  is  necessary  to  resort 
to  a static  formulation  of  the  problem  using  the  formulas 
presented  in  the  preceding  sections. 


Fig.  163.  Main  characteristic  points  on  a curve  of  conditional 
metacentric  height  plotted  against  speed  of  craft  movement. 

KEY:  A--v}  m/aec. 


Fig.  164.  Relation  between  angle  at  which  rudders  of  a hydro- 
foil craft  arc  set  and  speed  of  movement. 

1 - -calculated ; 2 - - experiment . 

KEY:  A--v,  m/oea. 

In  standardizing  the  transverse  stability  of  hydrofoil  craft 
it  seems  hardly  advisable  to  give  all  values  of  the  function 
h = h(v)  in  the  form  of  a certain  limiting  curve  (Fig.  163). 
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pparently  it  would  be  better  (as  is  done  in  statics  for 
large  angles  of  inclination)  to  standardize  individual  points 
which  are  most  characteristic  of  the  function  of  interest.  Among 
such  points  in  this  case  are  the  values  of  the  initial  metacen- 
tric  height  ho,  speeds  at  which  the  function  h = h (u ) reflects 
minima,  the  value  of  conditional  metacentric  height  bmin>  and 
also  the  value  of  this  magnitude  at  the  maximum  speed  oi  movement 
of  a hydrofoil  craft  (Fig.  163).  For  an  evaluation  of  the  static 
stability  the  indicated  magnitudes  yield  a sufficiently  complete 
idea . 


Fig.  165.  Relation  between  angle  of  drift  of  hydrofoil  craft 
and  speed  of  movement. 

1 - -calculated ; 2 - - experiment . 

K f.  Y : A - - v m / a e o . 


Fig.  166.  Conditional  metacentric  height  h as  a function 
of  the  speed  of  movement  of  a hydrofoil  craft. 

1- -calculated ; 2- -experiment . 

KFY  : A--V,  ml  era. 

Fitting  the  cited  magnitudes  into  a system  will  make  it 
possible  in  the  future  to  introduce  standardization  in  the 
transverse  stability  of  hydrofoil  craft. 

For  the  purpose  of  illustrating  the  main  relations  obtained 
•ith  the  formulas  presented  above  which  characterize  the  trans- 
verse stability  of  a hydrofoil  craft  and  of  comparing  data  from 
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alculations  with  those  from  experiments  Figs.  164--166  show 
respectively  calculated  and  experimental  values  for  the 
functions  Zo(v)‘,  ^0  (v) and  h(y).  .a  comparison  of  calculated 
and  experimental  data  reveals  satisfactory  agreement. 

D.  Translational  and  rotational  motion  of  hydrofoil  craft  in 
an  irregular  seaway 

§40.  Investigation  into  statistical  characteristics  of 
translational  and  rotational  motion  of  hydrofoil  craft 

Until  recently  in  theoretical  investigations  and  model  tests 
of  the  scakeeping  characteristics  of  hydrofoil  craft  an  actual 
seastate  was  replaced  with  a regular  seaway  which  amounted  to 
a system  of  progressive  sinusoidal  waves  of  constant  period  and  [291 
amplitude.  However,  in  order  to  make  an  objective  evaluation 
of  the  seakeeping  characteristics  of  hydrofoil  craft  under 
•actual  conditions  it  is  necessary  to  study  their  behavior 
and  analyze  their  parameters  of  movement  in  an  irregular  sea- 
way . 

In  view  of  the  random  nature  of  a seaway  the  resulting 
processes  which  affect  a craft  (change  in  hydrodynamic  forces 
acting  on  foils,  translational  and  rotational  motion,  stresses 
in  hull  members,  etc.)  studying  them  and  arriving  at  a 
uantitative  evaluation  must  be  based  on  probability  methods. 

In  works  [10],  [11],  [12],  [14],  [16],  and  [17]  prob- 
ability methods  are  extensively  used  to  investigate  and 
calculate  the  characteristics  of  a seaway  and  the  rotational 
and  translational  motion  of  displacement  craft. 

During  the  past  few  years,  thanks  to  the  accumulation  and 
analysis  of  experimental  data  from  full-scale  tests  of  hydro- 
foil craft  in  a seaway,  investigations  have  been  made  into 
the  characteristics  of  irregular  motion  of  these  craft  Avhich 
make  it  possible  to  establish  several  important  results  in 
this  area. 

The  main  approaches  followed  in  investigating  the  motion 
of  hydrofoil  craft  in  an  irregular  seaway  amount  to  studying 
the  statistical,  correlation,  and  spectral  characteristics 
of  various  kinds  of  rotational  and  translational  motion  and 
also  establishing  the  nature  of  their  interaction. 

The  statistical  properties  of  processes  of  translational 
and  rotational  motion  arc  described  completely  by  laws 
governing  the  distribution  of  the  main  parameters - -wave  ordin- 
ates, amplitudes,  and  periods--and  are  established  by  analyzing 
data  from  statistical  processing.  The  degree  of  relation  among 
jfthc  oscillations  of  a craft  during  translational  and  rotational 
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:>tion  at  various  instant  of  time  is  described  by  autocorrel- 
ation functions  of  the  motion. 

The  physical  properties  of  translational  and  rotational 
motion  which  are  determined  by  the  distribution  of  energy  of 
oscillations  by  frequency  are  characterized  by  energy  spectra 
of  motion  and  can  be  found  by  the  method  of  spectral  analysis. 

The  mutual  correlation  functions  and  mutual  spectral 
densities  which  are  also  determined  from  recordings  of 
translational  and  rotational  motion  are  the  main  characteristics 
of  correlation  among  the  various  types  of  motion  in  an  irregu- 
lar seaway. 

Below  we  set  forth  the  main  results  of  investigation  of 
statistical,  correlation,  and  spectral  characteristics  of 
translational  and  rotational  motion  of  craft  on  fixed  (not 
controllable)  hydrofoils. 

1.  A statistical  analysis  of  translational  and  rotational 
motion  of  several  craft  with  fixed  hydrofoils  showed  that 
during  movement  of  the  craft  in  the  foilborne  mode  in  a seaway 
of  moderate  intensity  (sea  state  of  3--5)  the  distribution  of 
angles  of  rolling  and  pitching  and  ordinates  of  heaving  are 
satisfactorily  described  by  a normal  gaussian  law.  Based  on 
he  condition  of  normalcy  of  the  processes  of  these  motions 
it  has  been  established  that  pitching  occurs  with  respect  to 
a position  determined  by  the  underway  trim  of  the  craft  in 
calm  water. 

The  law  governing  distribution  of  amplitudes  of  oscilla- 
tions of  a craft  is  an  important  probability  characteristic  of 
translational  and  rotational  motion  of  hydrofoil  craft. 

In  describing  the  statistical  distribution  of  the  ampli- 
tudes of  translational  and  rotational  motion  of  displacement 
craft  as  well  as  of  hydrofoil  craft  the  law  which  has  been 
most  widely  used  up  to  the  present  time  is  the  Rayleigh  law, 
the  probability  density  of  which  is  expressed  by  (IV. 81)  and  the 
likelihood  function  by  (IV. 82): 
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(IV .81) 
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(IV. 82) 


where  pv  is  the  variance  of  the  process  and  //  the  amplitude  of 
isci 11  at  ions . This  law  holds  for  processes  with  the  narrowest 
possible  spectrum  (0  <.  r i 0,4) . However,  as  A.  T.  Voznesensk  iy 
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has  showed,  the  use  of  the  Rayleigh  law  for  describing  the 
stribution  of  amplitudes  of  translational  and  rotational 
notion  of  displacement  craft  leads  in  many  cases  to  signifi- 
cant deviation  on  the  unsafe  side.  Therefore,  it  has  been 
proposed  that  use  bo  made  of  a more  universal,  general  law 
governing  the  distribution  which  takes  into  account  the  width 
of  the  spectrum  of  processes.  This  general  law  is  character- 
ized by  a probability  density  of 

[ (,) « „ | r (i  -i- ] " JLL  , I ' ( " '=■)!" (iv . 83) 

and  a likelihood  function  of 
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(IV.  84) 


and  has  two  independent  parameters,  a mean  value  for  the 
random  magnitude  and  a parameter  n reflecting  the  effect 
of  spectrum  width. 


The  re.  :lts  of  statistical  analysis  of  data  from  full; 
scale  l t I •••:  that  deviations  in  the  distribution  of  ampliti  ’■ 
of  translational  and  rotational  motion  from  the  Rayleigh  law 
e observed  also  in  the  motion  of  hydrofoil  craft.  Since 
the  motion  processes  of  hydrofoil  craft  have  a relatively  wide 
spectrum  (0.4  £ e £ 0.0)  such  deviations  from  the  Rayleigh  law 
should  he  expected . 

A comparison  of  .empirical  distributions  of  the  amplitudes 
of  translational  and  rotational  motion  of. hydrofoil  craft  with 
theoretical  relations  for  probability  density  (IV. 81)  and  (IV. 82) 
shows  that  when  the  mentioned  general  law  is  applied  to  processes 
having  very  many  "secondary"  oscillations  (that  is,  processes 
with  a wide  spectrum)  better  agreement  is  achieved  with  experi- 
mental data  than  when  the  Rayleigh  law  is  applied.  At  the  same  [ 
time  it  should  be  noted  that  in  order  to  identify  exactly  the 
limits  of  application  of  the  Rayleigh  law  more  experimental 
data  for  statistical  investigation  of  translational  and  rotational 
motion  of  hydrofoil,  craft  must  lie  gathered. 

The  above  noted  properties  of  statistical  distributions 
of  translational  and  rotational  motion  of  hydrofoil  craft 
justify  applying  the  theory  of  normal  random  functions  to  these 
processes  and  also  using  relations  established  during  investi- 
gation of  translational  and  rotational  motion  of  displacement 
craft . 


2.  On  the  basis  of  a calculated  verification  performed 
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for  numerous  recordings  of  translational  and  rotational  motion 
f hydrofoil  craft  it  was  established  that  when  a craft  moves 
in. the  foilbornc  mode  at  constant  speed  under  unchanging  (or 
slightly  changing)  conditions  of  wave  formation  this  motion  can 
be  viewed  as  a stationary  and  ergodic  function  of  time.  It  is 
thus  possible  to  analyze  this  motion  based  on  separate  record- 
ings of  sufficient  duration  with  the  help  of  the  mathematical 
apparatus  of  that  part  of  random  theory  which  has  been  most 
fully  developed'-corrclation  theory. 

Within  the  framework  of  correlation  theory  a stationary 
and  normal  random  process  ^(t),  as  is  known,  is  completely 
described  statistically  by  mathematical  expectation  :c  and 
a correlation  function  #x(x)  which  in  this  case  does  not 
depend  on  the  selection  of  specific  instants  of  time  and 
t 2 at  which  the  ordinates  of  the  process  are  read  but  is  only 
a function  of  their  difference,  t ~ t 2 - t\. 


Determination  of  the  mean  value  and  correlation  function 
of  the  process  of  motion  for  a given  run  of  duration  T is 
accomplished  using  the  known  relations: 
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(IV .85) 


(TV.R6) 


The  correlation  function  of  a stationary  random  process 
describes  the  probability  tie  between  the  ordinates-  of  the 
process  taken  at  different  instants  of  time.  The  main  para- 
meters of  a correlation  function  are: 

a)  the  value  of  cw.(0)  when  x = 0 representing  the  maximum 
value  of  the  function  and  numerically  equal  to  the  variance 
of  the  process  Dx ; 

b)  the  time  of  correlation  x^  during  which  the  correlation 
function  becomes  damped;  with  an  increase  in  x the  probability 
tic  between  the  ordinates  of  the  process  weakens  and  when 

1 > x^  the  ordinates  of  the  process  are  uncorrelated; 

c)  coefficients  a and  P describing  respectively  the 
degree  of  damping  and  the  mean  frequency  of  the  correlation 
funct  itm  . 


As  a result  of  an  analysis  of  correlation  functions  calcu-  [294 
lated  from  recordings  of  translational  and  rotational  motion 
it  has  been  established  that  the  motion  processes  of  craft 
with  fixed  hydrofoils,  as  compared  with  display eiiuii i craft, 
are  characterized  by  a much  weaker  correlation  tic  among 
"dinates  as  evidenced  by  the  short  time  of  correlation 
*>--?()  sec  for  hydrofoil  craft  as  compared  with  20- -00  for 
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•dinary  craft)  . 

With  a decrease  in  speed  of  movement  and  also  transition 
from  a head  seaway  to  a following  one,  the  mean  frequency  of 
correlation  function  p and  its  coefficient  of  damping  a 
decrease  and  the  time'  of  correlation  v }.  increases.  Consequently, 
movement  in  a following  seaway  is  characterized  by  a stronger 
correlation  tic  among  the  ordinates  of  translational  and  rota- 
tional motion.  If  parameters  a and  p are  known,  the  correlati-on 
functions  of  the  processes  of  translational  and  rotational 
motion  can  be  satisfactorily  approximated  by  exponential- 
cosine  relations  of  the  type: 

R (t)  = e a 1 1 1 cos  |ir, 

It  (T)  =-  r “ i 1 f (cospr  | “ sin fJ  | t |)  , ( I V . 8 7 ) 

R (T)  = f “Mi  ^cos  pT  — |(C  si»PITl)- 

Fxamples  of  experimental  correlation  functions  approximated 
by  relations  (IV. 87)  are  shown  in  Fig.  167. 

3.  The  spectral  density  S^fc)  of  the  process  z (t)  can  be 
determined  using  a Fourier  cosine  transform  based  on  the 
correlation  function  of  a stationary  random  process: 

cr> 

.S\(o)^  ~ j Ry (t)  cosot  dr.  (IV.  88) 

1*1 

The  first  three  even  spectral  moments  are  important  numerical 
characteristics  of  a random  process: 


///„  | ohS,  k ■-  0;  2;  A,  (IV.  89) 
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using  which  a determination  can  be  made  of  the  frequency  of 
zeroes  c7  and  maxima  o'  in  the  process: 


(IV. 90) 


and  the  width  of  the  spectrum  of  the  process: 

/ , ,;,r 
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(IV. 91 ) 


Functions  of  spectral  density  Sx ( a ) , or  energy  spectra, 
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characterize  the  distribution  of  energy  of  translational  and 
otational  motion  based  on  the  frequencies  of  separate  com- 
ponents of  a process.  The  shape  of  a spectrum  of  motion, 
its  length  along  the  frequency  axis,  and  the  number  and  location 
of  the  maxima  are  determined  by  type  and  mutual  arrangement 
as  to  frequency  of  the  seaway  spectrum  and  the  ampl i tude - fre - 
qucncy  characteristic  of  the  craft  and  depend  on  the  craft's 
speed  and  direction  of  movement.  With  transition  from  a head 
seaway  to  a following  one  the  maximum  ordinates  of  all  types 
of  translational  and  rotational  motion  increase  greatly  and 
shift  to  the  zone  of  lower  frequencies.  This  situation  is 
clearly  illustrated  for  the  process  of  pitching  in  Fig.  168. 

With  an  increase  in  speed  of  movement  there  is  a shift 
in  the  maxima  of  motion  spectra  in  the  direction  of  the 
higher  frequencies  which  i.s  related  to  the  increase  in 
frequency  of  disturbances  during  movement  in  a seaway  (Fig. 

169)  and  the  maximum  ordinates  of  the  spectra  decrease. 

According  to  the  relation 


y\  --  ].S\(a),/0.  (IV.  92) 
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the  variance  of  the  process  Dx  is  numerically  equal  to  the 
"tea  delimited  by  the  graph  of  the  spectrum.  As  an  analysis 
Y spectra  has  showed  the  variances  (and  consequently  the 
amplitudes)  of  pitching  and  heaving  reach  maximum  values  in 
a following  seaway  and  the  maximum  variances  of  rolling  occur 
when  moving  beam  to  the  sea.  These  conclusions,  which  were 
obtained  from  spectral  analysis  data,  are  completely  con- 
firmed by  the  results  of  statistical  processing. 

V.  A.  Abramovskiy  and  Yu.  K.  Usachev  calculated  values  for 
the  width  of  a spectrum  over  a wide  range  of  modes  of  craft 
movement  in  a sea  state  of  3 or  4 for  numerous  recordings 
of  processes  of  translational  and  rotational  motion  of 
several  Soviet  hydrofoil  craft.  As  a result  of  their  calcu- 
lations they  established  that  the  width  of  the  spectrum  for 
all  types  of  motion  varies  over  rather  wide  limits,  namely: 

0.4  1 e <.  0.9. 

The  observed  values  of  width  of  spectrum  exceed  c =0.4 
with  a probability  of  97®,  the  most  probable  values  falling 
within  the  limits  0.6  ± e i.  0.8. 

On  the  basis  of  the  same  experimental  data  the  following 
tendencies  for  parameter  t-  to  vary  depending  on  speed  (Fro) 
and  the  direction  of  craft  movement  can  be  noted: 

I 
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\g.  168.  Experimental  spectra  of  pitching  as  a function  of 
course  angle.  Sea  state  of  4,  Fr^  = 3.2. 

Course  angles:  1)  x = 0;  2)  x = 45°;  3)  x = 90°;  4)  x = 135°; 

S)  x = 180°. 

KEY:  A --Sty,  deg  sec;  B--ofc,  1/sec. 

a)  when  movement  is  at  acute  course  angles  to  the  sea 
(x  =’0°,  45°)  with  an  increase  in  speed  of  movement  the  width 
of  spectrum  of  the  processes  of  motion  increases  (in  the  interval 
2 £ Fr  p £ 4 the  parameter  e varies  from  0.4- -0.6  to  0.6- -0.8 
respectively) ; 

b)  when  movement  is  at  oblique  course  angles  to  the  sea 
(x  = 135°,  180°)  an  increase  in  speed  of  movement  leads  to  a 
decrease  in  the  width  of  spectrum  (in  the  interval  2 <.  Fr /•  £ 4 
the  parameter  r.  decreases  from  0.6--0.9  to  0.4--0.7  respectively); 

c)  when  movement  is  beam  to  the  sea  (x  = 90°)  the  width 
of  spectrum  of  the  processes  of  motion  which  is  equal  to 

c = 0.6--0.8  varies  practically  not  at  all  with  a change  in 
relative  speed  (in  the  interval  under  consideration  2 £ Fr/;  £ 4). 

The  results  of  spectral  processing  presented  above  make  it 
possible  to  recommend  for  calculating  the  amplitude  characteristics 
of  translational  and  rotational  motion  of  hydrofoil  craft  formu- 
las which  take  into  consideration  the  width  of  spectrum  devel- 
oped for  displacement  craft.  Specifically  recommended  are  formula 
y V .931  which  expresses  the  relation  between  the  mean  amplitudes 
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A.  G.  Stepanov's  formula  is: 
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(IV. 93) 


and  A.  I.  Voznesenskiy ' s is: 
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(IV. 94) 


whore  e is  the  width  of  spectrum  and  N the  number  of  ampli- 
tudes (size  of  statistical  sample) . 

4.  For  calculating  the  shifts  in  speed  and  acceleration 
in  the  general  case  of  movement  of  a hydrofoil  craft  in  an 
irregular  seaway  it  is  necessary  to  know  the  statistical 
characteristics  of  the  mutual  relation  among  various  types 
of  translational  and  rotational  motion. 

Within  the  framework  of  correlation  theory  the  mutual 
correlation  functions  and  mutual  spectra]  densities,  for 
determining  which  from  the  recordings  of  processes  of 
duration  T the  following  relations  serve,  are  the  main 
statistical  characteristics  relating  the  various  random 
rocesses : 


V<T> 


J 


x(t)y(t  f t )dl. 


S„(a)  = ~ j c ,<nRt!/(i)dT. 


(IV. 9 5) 
(IV. 96) 


The  mutual  spectral  density  of  two  stationary  and 
stationary-related  processes  .r(t)  and  y (t)  can  be  represented 
in  the  form  of  a sum  of  real  and  imaginary  terms  (Fig.  170) 
using  the  formulas: 

Sxv(o)~S%(o)  f iS%(a), 

on 

S%(o)  =■•  !,  j I A\„  (ilirosfTTdT. 

0 

*»< 

£» ( J^(t)-^(T)}MiiardT, 


there  }\Xy  ( t ) is  a mutual  correlation  function  of  processes 
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(IV. 97) 
(IV. 98) 

(IV. 99) 


which  is  related  with  the  function  R. 


relation 


For  making  calculations  of  total  shifts  of  a craft 
during  translational  and  rotational  motion  it  is  important 
to  know  the  magnitude  of  mutual  coefficient  of  correlation 
which  is  equal  to  the  normalized  mutual  coefficient  function 
at  zero  shift  t = 0 : 


The  correlation  coefficient  of  two  random  processes  can 
also  be  found  from  their  mutual  spectrum  hy  means  of  the 
relation 


where  is  a mixed  spectral  moment  of  zero  order  .equal  to 

the  mutual  variance  DXy  of  the  processes  under  consideration 
and  m%  and  m ^ arc  spectral  moments  of  zero  order  equal  to  the 
respective  variances  Dx  and  Du  . 


. Mutual  spectral  density  of  rolling  and  pitching 
part;  h- -imaginary  part. 

1/sec. 


Actual  calculations  of  the  statistical  characteristics 
of  mutual  relation  among  the  various  types  of  translational 
and  rotational  motion  of  hydrofoil  craft  using  relations 


TV . 95)  - - (IV.  101 ) were  carried  out.  on  electronic  computers 
..used  on  recordings  of  these  processes  during  full-scale 
tests.  Oji  the  basis  of  such  calculations  performed  for 
several  craft  with  fixed  foils,  V.  A.  Abramovskiy  investi- 
gated the  characteristics  of  mutual  relation  between 
rolling  and  pitching  (o  - ^)  and  also  pitching  and  vertical 
accelerations  at  the  center  of  gravity  of  a craft  (ij;  - zv) 
and  at  the  bowfoils  (ii>  - z^)  . 


Fig.  171.  Mutual  correlation  function  of  rolling  and  pitch  ig 
(Irc  = 3.3,  x = 0°)  . 

KHY:  A - - t , sec. 


As  a result  of  his  investigation  he  established  the 
'ollowing  distinguishing  aspects  of  relations  among  processes 
of  translational  and  rotational  motion  for  these  particular 
hydrofoil  craft: 

a)  processes  of  translational  and  rotational  motion  of 
hydrofoil  craft  can  be  viewed  as  stationary-related  functions 
of  time; 

b)  the  maximum  values  of  correlation  coefficients  for 
rolling  and  pitching  in  head  and  following  seaways  do  not 
exceed  (Fig . 171) : 

I'W  (0)|  ^ 0,054-  0,10. 

which  gives  sufficient  basis  in  the  case  of  a craft  moving  in 
a head  or  following  seaway  to  regard  the  processes  of  rolling 
and  pitching  as  independent; 

c)  when  a craft  moves  at  oblique  angles  to  the  sea 

l hub  (0)  [ — 0,3-4  0,5, 


that  is,  in  this  case  rol 1 ing  and  pitching  arc  correlation- 
wise  related; 

d)  processes  of  pitching  and  normal  accelerations  in  all 
directions  of  movement  have  a rather  high  degree  of  relation 
which  is  characterized  by  the  magnitudes 


V;  (1)  | =*  0.5  4 0.7;  | r#  (0) } - 0.2  4 0,5, 
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here  the  lower  limits  of  change  in  correlation  coefficient 
correspond  to  the  case  of  movement  broadside  to  the  sea. 

The  data  presented  on  the  characteristics  of  mutual  relation 
of  the  types  of  translational  and  rotational  motion  considered, 
after  they  have  been  supplemented  with  mutual  characteristics 
of  other  processes,  will  make  it  possible  to  calculate  more 
accurately  the  overall  shifts  of  a hydrofoil  craft  in  an 
irregular  seaway. 


§41 . Approximate  method  of  making  practical  calculations  of 
pitching  and  heaving  of  hydrofoil  craft 

The  longitudinal  movement  of  a hydrofoil  craft  moving  in 
a regular  seaway  at  a constant  horizontal  speed  is  considered 
with  the  following  assumptions  in  mind: 

a)  the  hull  does  not  come  in  contact  with  the  waves  and 
the  lift  surfaces  of  the  foils  do  not  broach  the  surface; 

b)  the  effect  on  pitching  of  the  forces  of  drag,  non-  [302 

stationarity  of  lifting  forces,  and  adjoining  masses  of  the  foils 
and  interaction  among  them  is  negligible  and  therefore  not 
considered ; 

c)  the  shifts  in  craft  position  are  small  and  the  changes  in 
hydrodynamic  characteristics  of  the  foils  caused  by  them  obey 

a linear  law. 


The  movement  being  considered  can  be  described  by  a system 
of  linear  differential  equations  with  constant  coefficients 
of  the  type: 


* (1,1?  ?o  (A  sill  a,J  -f-  B cos  cij ); 

V b M'  ! <1.{Z  f aivz  — ~ £0  (C  sin  cj  -+  D cos  tv  /), 


(IV. 102) 


where  c#  is  the  half-height  and  afc  the  apparent  frequency  of  a 
regular  wave  and  v is  the  radius  of  inertia  of  the  craft  with 
respect  to  the  transverse  axis. 


The  coefficients  aij  and  bfj  entering  into  system  of 
equations  (IV. 102)  are  determined  by  the  design  and  kinematic 
parameters  of  the  ship  and  the  hydrodynamic  characteristics  of  the 
foils,  and  the  variables  in  the  expressions  for  disturbing  forces 
and  moments  depend,  furthermore,  on  the  parameters  of  the  seaway. 

Since  system  of  equations  (IV. 102)  is  linear  its  general 
integral  will  consist  of  the  general  integral  of  a homogeneous 
system  (natural  oscillations)  and  the  solution  of  an  inhomogeneous 
system  (forced  oscillations). 

As  revealed  by  calculations,  electronic  modeling,  and  model 
tests  for  actual  hydrofoil  craft  possessing  significant  longi- 
tudinal stability  natural  oscillations,  due  to  the  strong 
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amping  during  foilborne  movement,  rapidly  become  damped  and  the 
translational  and  rotational  motion  of  such  craft  in  a regular 
seaway  will  be  determined  only  by  the  forced  oscillations. 

Solution  to  equations  for  pitching  of  craft  equipped  with 
the  common  types  of  foil  systems  and  also  investigation  into 
stability  of  movement  of  such  craft  in  calm  water  and  a 
regular  seaway  arc  examined  in  detail  in  many  works  (see  for 
.example  [13]).  The  relations  obtained  in  these  works  for  the 
characteristics  of  pitching  are  very  complex  and  utilization  of 
them  requires  the  employment  of  electronic  computers  or  model- 
ing equipment. 


At  the  same  time  in  the  early  stages  of  designing  a need 
often  arises  for  an  approximate  evaluation  of  the  characteristics 
of  translational  and  rotational  motion  of  hydrofoil  craft  using 
a relatively  simple  approach.  An  approximate  calculation 
method  which  was  proposed  by  V.  A.  Abramovskiy  can  be  used  for 
this  purpose.  The  method  is  based  on  the  assumption  that  a 
craft  has  a symmetrical  foil  system  in  which  the  bow-  and 
sternfoils  are  equidistant  from  the  center  of  gravity  and  have 
the  same  (with  an  accuracy  to  mutual  effect)  hydrodynamic 
characteristics.  In  this  case  in  the  initial  equations  (IV. 102) [303 
coefficients  bji,  o-20  > and  a21  become  equal  to  zero,  the 
expressions  for  the  remaining  coefficients  become  much  simpler, 
nd  the  moment  equation  becomes  unrelated  to  the  equation  for 
normal  forces.  After  transferring  in  the  latter  the  terms 
containing  the  variable  ^ to  the  right  side  and  combining  it 
with  the  disturbing  force  of  the  seaway,  the  equations  for 
pitching  can  be  written  in  the  following  (dimensional)  form: 

2 -f  2 vj  + n'tz  — L0d|  sin  (oj  j-  t ,); 

T T 2v„,ij;+  M;.  sin  (ok/  f 


(IV. 103) 


i 


The  structure  of  the  differential  equations  (IV. 103)  and 
the  physical,  meaning  of  t lie  coefficients  included  in  them  are 
the  same  as  for  displacement  craft;  the  specific  nature  of 
hydrofoil  craft  lies  in  the  structure  of  the  coef ficients 
which  arc  expressed  in  terms  of  craft  parameters  by  the 
following  relations. 


arc : 


The  relative  drag  coefficients  for  heaving  and  pitching 


Vi  = 


III  V 


( 1 /sec) . 


(IV .104) 


The  frequency  of  natural  oscillations  of  a hydrofoil 
_ era  ft  during  heaving  and  pitching  is 

I 
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}/  ~vr>  "*=  | / ->-  (1/aeo. 


(IV. 105) 


The  dimensionless  relative  drag  coefficients  are: 

v V riK1'  ’*  % '*»'  V 2 lV  (IV.  106) 

The  coefficients  of  disturbing,  forces  and  moments 
and  the  shifts  in  phase  between  the  forces  and  moments  on 
the  foils  and  a wave  take  the  form: 

■d i = |dh -)- /liif,  + 2/1 1[/1  cos  ((■:,[, — i ) | ; | 


S,«.it!«urL  [(£&£)!  KIOT-’; 


(IV. 107) 


where 


f.j  arclg 


Ait sin  *i  + dm,  sin 
/Incest,  + /X  cos  k ; 


CluoSlk>' 
e,  = arclg—— — 
A v 


/irS=i?ic“i L[(£l^y (K-y- 

l*  in  \ v • 


d i ^ — 


2A,qC“S 


y'(4-o;)T4  4v^ 

2VT« 


r>  =.;  r.  — ft;  ft  — arclg-— — ; ('i  — “o Fi« 

hi  & ip  Ql.  If  2*f  . Pa  dCt/ 

I = -y  COS  X-  A = -f-  lOyftl,  «“  X*  L,J"~  da 


(IV. 108) 


(IV.109) 


used : 


In  formulas  (IV . 104) - - (IV . 109)  the  following  symbols  are 


m,  I mass  and  moment  of  inertia  of  mass  of  a craft 

with  respect  to  the  transverse  axis; 

S , l,  ?.q  area,  distance  between  foils,  and  their  depth 
of  immersion  when  moving  in  calm  water; 

Oj  \ the  frequency  and  length  of  a regular  wave; 

q - cv^/2  velocity  head; 

x course  angle  with  respect  to  wave. 

Solving  system  of  equations  (IV. 103)  yields  the  following 
final  relations  for  the  parameters  of  pitch  of  a craft  equipped 
with  symmetrical  foils: 

a)  equations  of  forced  pitch  and  heave  oscillations: 


-321  - 


i|  (/I  ,1*  -sill  (aj  | *t), 

/ (/)  A,  sin  (oj  I *,); 

b)  amplitude  of  pitching  and  heaving 


(IV. 110) 


V K -<)■'  ■ 


( vad) j 


V/  v r'^ 


(IV. Ill) 


c)  shifts  in  phase  between  wave  and  pitching  and  heaving: 


^ ^ * i ^ t £ i - £ i p : 

P-  arctg— p&r-. 

r.  n *• 


(IV. 112) 


The  relations  presented  for  a regular  seaway  are  also  used 
to  determine  the  statistical  characteristics  of  pitching  in  an 
irregular  seaway.  For  such  calculations,  along  with  the  seaway  [305 
spectrum,  it  is  necessary  to  know  the  relations  for  the  ampli- 
tude-frequency characteristics  of  the  ship. 

The  latter  arc  found  from  formulas  (IV. Ill)  in  which  we 
must  set  £.0=1. 

The  ampl itude - frequency  characteristics  for  pitching  and 
heaving  can  be  written  in  the  form: 


<M°k)  = 


•»TV  V 

°K  V , , 2 °K 
— r + 4i't  — 


(IV. 113) 


The  probability  properties  of  a seaway  are  determined  by 
its  energy  spectrum  for  representing  which  in  shipbuilding  prac- 
tice use  is  usually  made  of  relations  established  by  G.  A. 
Firsov  and  N.  N.  Rakhmanin.  Specifically,  the  empirical 
spectrum  is  expressed  by  the  formula 


V.  la)  — - l ) ' u~ 

' Jl  * |tJ  | 'M1  " it  * I -.'ibn-i  I < 


(IV. 114) 
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where  and  b % + 6^. 

Parameters  a and  8 arc  determined  in  accordance  with  the 
recommendations  given  in  work  [10]. 

Inasmuch  as  the  expressions  for  amplitude  - frequency  character- 
istics are  obtained  in  a system  of  coordinates  oriented  on  the 
craft  and  are  functions  of  the  apparent  frequency,  the  spectral 
density  of  the  seaway  (IV. 114)  also  must  be  transformed  into  a 
function  of  apparent  frequency.  Such  a transformation  is 
accomplished  by  the  formula  [16] : 

S;(oJ  = St(o)-£,  (IV.  115) 

where  the  derivative  da/dc % is  determined  from  the  known 
relation 


oK  = o + -j  v cos 


(IV. 116) 


which  must  be  preliminarily  solved  for  a. 

When  a craft  moves  in  a following  seaway  the  relation 
between  o and  o%,  generally  speaking,  is  not  unique.  When 
0 < afe  < g/bv  three  values  of  o correspond  to  one  value  of 
c'K:  two  of  them  correspond  to  the  case  when  waves  overtake 
he  craft  and  one  to  the  case  when  the  craft  overtakes  the 
t.aves.  However,  due  to  the  high  speeds  of  movement  of  the  craft 
when  foilborne,  as  a rule,  the  condition  > g/ 4v , which 
provides  for  uniqueness  of  the  relation  between  a and  o% , 
is  met. 


.In  light  of  the  remark  made  above,  for  transformation  of  [306 
a seaway  spectrum  into  a function  of  apparent  frequencies  the 
derivatives  included  in  (IV. 115)  should  be  determined  depend- 
ing on  the  course  with  respect  to  the  wave  from  the  formulas: 
a)  for  a head  seaway  (x  = 0°) 


(IV. 1 17) 


(e,)M>  +T  "■‘H 


(IV.  13  9) 


After  transformation  of  the  seav.’ay  spectrum  the  spectral 
densities  of  translational  and  rotational  motion  can  be  cal- 
culated from  the  known  formulas: 


St(oK)  = l(l'«  K)!‘S:K);  1 
S,  K)  — Sc  (".«>■  I 


(IV. 120) 


In  concluding  this  section  we  will  briefly  formulate  the 
sequence  of  steps  followed  in  calculating  the  pitch  of  craft 
equipped  with  fixed  hydrofoils. 

1.  Initial  data  are  determined  for  calculations, 
including : 

a)  main  elements  of  a craft  and  the  geometric  parameters  of 
foils: 

m = D/g  T'sec^/m  mass  of  the  craft; 


J,  T-sea^-m 
Hb}  s,  m 

a,  m 

xb}  s 
ab3  s 


moment  of  inertia  of  the  mass  relative  to 
the  transverse  axis; 

rise  of  center  of  gravity  above  the  lower 
planes  of  the  bow-  and  sternfoils; 
distance  between  foils; 

distance  of  foils  from  center  of  gravity; 
set  angles  of  attack  of  the  foils. 


The  parameters  in  this  group  are  determined  from  the 
appropriate  design  documents  (calculations  of  load  and  location 
of  center  of  gravity,  drawings  of  general  layout,  etc.'. 

b)  parameters  describing  steady  movement  of  the  '•raft  in  calm 
water : 


V0> 

m/ see 

speed  of  movement; 

4> 0 j 

rad 

trim  under  way; 

zb. 

s * % 

depth  of  immersion  of  foils 

Sb, 

s*  m 

wetted  area  of  foils. 

The  parameters  in  this  group  are  given  for  several  speeds  [307 
corresponding  to  the  calculated  modes  of  movement.  They  arc 
determined  either  from  calculations  for  steady  movement  of 
the  craft  or  from  tests  of  a model  in  a tank. 

c)  hydrodynamic  parameters  characterising  the  intensity 
of  change  in  lift  acting  on  foils  depending  on  their  depth 
of  immersion  and  angle  of  attack: 


_a 

cyl'j  s 


- derivative  of  coefficient  of  lift  with 

(?Cy/d k)},  g respect  to  angle  of  attack  for  calcu- 
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lated  depths  of  immersion  of  foils; 
derivative  of  product  of  coefficient 
of  lift  on  wetted  area  with  respect  to 
depth  of  immersion  of  foils. 

are  determined  by  the  methods  described 

\ 

the  seaway: 

calculated  height  of  regular  wave; 
length  of  regular  wave; 
spectral  density  of  irregular  seaway 
(detailed  recommendations  for  determining 
it  are  given  in  work  [10]). 

are  performed  for  pitching  in  a regular 
seaway,  for  which  purpose  a determination  is  made  of: 

a)  relative  coefficients  of  drag  of  heaving  and  pitching 
and  using  formulas  (IV. 104); 

b)  frequency  of  natural  oscillations  n, i,  and  r.v  using 

formulas  (IV. 105);  * 

c)  dimensionless  relative  coefficients  of  drag  and  \iz 
using  formulas  (IV. 106); 

d)  coefficients  of  disturbing  forces  and  moments  A]  and  Ay 
and  phase  angles  lj  and  cy  using  formulas  (IV . 1 1.1)  - - ( IV . 1 1 2)  . 

3.  Calculations  arc  performed  for  the  statistical 
haractcri sties  of  pitching  in  an  irregular  seaway  in  the 
oil  owing  sequence: 

a)  amplitude-frequency  characteristics  of  pitching  and 
heaving  <I»’t  (ef)  and  <1> , (<rK)  are  calculated  from  formulas 
(IV.  11 5)  ; 

b)  the  seaway's  variance  is  determined  for  a given  sea 
state;  and  from  formula  (IV. 114),  taking  into  account  the 
recommendations  indicated  in  [10]  and  [11]  for  selecting 
parameters  ot  and  B,  calculations  are  performed  for  the 
spectral  density* of  the  seaway 3 *  5g(°); 

c)  formulas  (IV. 116) -- (IV. 119)  are  used  depending  on 
the  course  angle  to  transform  the  spectral  density  of  the 
seaway  into  a function  of  apparent  frequency 

d)  transformation  (IV. 120)  is  used  to  calculate  the 
spectral  densities  of  pitching  S|j.(0fc)  and  heaving  5a(a&); 

e)  variances  Dy  and  Dz  (or  standard  deviations  o ig  and 
°a)  for  pitching  and  heaving  are  determined  by  integrating 
frequency  spectra  in  accordance  with  the  formula  (IV. 92); 

f)  the  recommendations  contained  in  §40  are  applied  to 
determine  the  amplitudes  of  translational  and  rotational 
motion  for  different  values  of  the  likelihood  function. 


Z(CyS)b}  g/az,  m 

These  parameters 
in  Chap . I . 

d)  parameters  of 
m 

X s m 
Sr  ( a) 

v 


2.  Calculations 
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CHAPTER  V.  Distinguishing  features  of  tiie  way-making  ability 
of  high-speed  craft 

On  high-speed  craft,  either  planing  or  hydrofoil,  the 
propulsors  are  usually  propellers.  In  most  cases  inclined 
shafts  are  used  to  transmit  power  to  the  propellers  but 
lately  attempts  have  been  made  to  use  zee  drives  which  are 
often  referred  to  as  angled  columns. 

Because  of  the  high  speeds  reached  by  craft  of  this  kind 
their  propellers,  as  a rule,  cavitate.  The  oblique  flow 
around  propellers  mounted  on  inclined  shafts  and  also  the 
work  of  propellers  mounted  on  angled  columns  in  close  proximity 
to  reduction  gear  fairings  and  struts  lead  to  unevenness  in 
the  flow  and  this  intensifies  cavitation. 


In  order  to  decrease  overall  draft  partially  immersed 
propellers  which  pierce  the  free  surface  of  the  water  are 
used.  In  distinction  from  completely  immersed  propellers, 
the  work  of  such  propellers  is  accompanied  by  many  unfavor- 
able phenomena,  including  nonsta tionarity  of  flow. 

Below  we  analyze  the  main  distinguishing  features  of 
calculations  made  for  the  way-making  ability  of  high-speed 
raft  due  to  the  noted  conditions  under  which  their  propellers 
work . 

§42.  Action  of  a blade  element  on  a cavitating  propeller 


t«'e  will  consider  the  forces  arising  on  an  element  of  a 
propeller  blade  located  at  radius  r . The  velocity  triangle  of 
the  clement  with  the  propeller  rotating  at  n revolutions  and 
the  craft  moving  ahead  at  a forward  speed  of  Vp  is  shown  in 
Fig.  172.  Here  B = arctg Xp/vr  is  the  advance  angle;  Xp  = Vp/nD 
the  relative  advance  of  the  propeller;  D = 2R  the  diameter  of 
the  propeller;  v - r/R  the  relative  radius;  AB  the  induced 
angle  of  downwash;  wa  and  wt  respectively  the  axial 
and  tip  induced  velocities  in  the  plane  of  the  propeller; 

the  angle  of  attack  of  the  element;  Y and  x the  lift  and  drag 
of  the  clement  corresponding  to  angle  of  attack  a ; Y*  and  -x* 
the  same,  allowing  for  induced  losses;  e = arctgA/T; 
a = arctgA'* /Y*  = e + A 8 ; and  A 8 = arctg  X/Y*. 


The  relations  among  forces  acting 
the  following  form: 

Y*  = ( Y — X tg  A,B)  cos  Ap, 


UJ1  U It’  UUIIIUI 


A'*  •=  O'  - A'lg  AP)  sin  Ap  + — ' ^ , 

AA  — (Y  — X tgAP)  sin  A?. 
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The  thrust  created  by  the  element  is 


dP  ^tS'cos(P  + ^ 

and  the  tangential  fo.rce 


dTr* 


Y * 

COS  |l 


sin  (P  + (i). 


The  efficiency  of  the  blade  element  is 

dPvp 

1|'  ~ 2nril  dT  ’ 


(V  . 2 


(V . 3 


that  is, 


T,r  *R  (P  + 10  * (v-4 

Transforming  (V.4),  we  obtain  [1] 

— **  - 'g  P 

^ **  + ctgji’  (V . 5 

where  k*  = Y*/X*  is  the  reduced  lift-drag  ratio  of  the  clemen 


Fig.  172.  Velocity  triangle  of  a propeller  blade  element. 


By  analogy  with  k*  we  write  k = T/Jandk**  = Y*/i\X  the 
relation  among  k,  k** , and  k*  being 


■ * + *"  ■ (V.63 

Using  (V.5)  we  can  obtain  an  optimal  vela  Lion  between 
the  reduced  lift-drag  ratio  of  element  k*  and  the  advance 
angle  p.  From  the  equation 


ctK*  p (k*  - tg  P)  - (<=  + cl;'  ['.) 
(k*  |-  clg  PR 


t>)]r 

d(ic  P)" 


k*  --  tg  2Popi 


whence 


/dpi  (V . 9) 

After  substituting  (V..8)  and  (V.9)  into  (V . 5)  we 
obtain 

tj, opt  = tg* Popt  = tg*  (-y  arctg  k*)  = \-~(VT+F^-  1).  (Vtl0 

The  results  of  calculations  made  with  formulas  (V.5)  and 
(V.10)  are  shown  in  Fig.  173. 


Fig.  .173.  Results  of  calculations  using  formulas  (V.5)  and  (V.10) 


An  analysis  shows  that  a deviation  in  the  advance  angle 
from  optimal  in  the  range  0.31  arctgk*  < p f < 0.68  arctg?:* 
leads  to  a drop  in  element  efficiency  which  is  slight  compared 
with  opt’  Consequently , with  a decrease  in  k*  the  range  of 
permissible  change  in  p also  decreases.  This  has  been  confirmed 
by  experiment. 

Thus,  for  cavitating  propellers  whose  elements  have 
relatively  low  values  of  k * the  optimal  modes  of  work  must 
be  established  with  greater  accuracy  than  in  the  case  of  non- 
cavitnting  propellers.  In  addition,  it  is  necessary  to  improve 
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in  all  possible  ways  the  lift-drag  ratio  of  blade  elements  of  [312 
ropellers  operating  in  a deep  stage  of  cavitation. 

Let  us  discuss  qualitative  changes  in  the  efficiency  of  a 
cavitating  propeller,  making  use  of  formula  (V.4)  which  we  will 
write  in  the  form 

ty  p 

1t“  '«(P  i A(J  | t)  • (V.  11) 

It  is  plain  from  (V.ll)  that  in  order  to  raise  the 
efficiency  of  a propeller  it  is  necessary  to  decrease  the 
magnitude  of  AB  + e with  respect  to  B. 

The  induced  angle  of  downwash  decreases  with  a decrease 
in  the  angle  of  attack  and  therefore  in  order  to  attain  a high 
efficiency  it  is  necessary  to  have  each  element  of  a blade 
.work  at  the  least  possible  angle  of  attack  at  which  the  lift- 
drag  ratio  remains  sufficiently  high.  , 

Under  conditions  of  cavitation  these  requirements  are 
satisfied  by  wedge-shaped  profiles  which  possess  at  a given 
maximum  thickness  the  least  possible  entry  angle  yen  which 
is  formed  by  a chord  and  a tangent  to  the  low-pressure  side  of 
a profile  at  the  leading  edge. 

Under  conditions  of  developed • cavitation  the  characteristics 
of  profiles  in  a cavitating  propeller  array  and  not  the  isolated 
ones  of  individual  blades  are  determining.  Indeed,  the 
existence  of  cavitation  cavities  in  the  space  between  blades 
(Fig.  174)  can  greatly  change  the  nature  of  flow  around  the 
profiles  in  an  array.  The  latter  is  expressed  in  a decrease 
in  the  hydrodynamic  angle  of  attack  and  the  more  intensive 
development  of  cavitation  due  tc  constriction  of  the  flow 
caused  by  the  existence  of  cavitation  cavities  between  blades. 

This  adverse  effect  of  a cavitating  array  is  intensified  with  an 
increase  in  the  thickness  of  the  cavitation  cavities  and  a 
decrease  in  the  spacing  of  the  array. 

It  can  be  considered  with  a sufficient  degree  of  accuracy  [314 
that  at  angles  of  attack  characteristic  of  elements  of  pro- 
peller blades  the  thickness  of  a cavitation  cavity  of  a profile 
is  proportional  to  the  entry  angle  y cn  • For  example,  of  the  three 
profiles  in  Fig.  1 7 5 - -aviat i on , segmental,  and  wedge -shaped- - 
whose  maximum  thickness  is  the  same,  the  profile  exhibiting 
the  greatest  thickness  of  cavitation  cavity  is  the  aviation 
type  and  the  one  exhibiting  the  least,  the  wedge-shaped  one. 

Thus,  for  profiling  the  blades  of  pi  opellt.  i s intended 
for  work  in  a deep  stage  of  cavitation  it  is  best  to  use  the 
^wedge-shaped  profile  with  the*  smallest  possible  relative 
' thickness  in  keeping  with  strength  requirements.  Propellers 
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with  the  blades  profiled  in  this  way  were  called  supercavitating 
/ V . L . Pozdyunin  [2] . 


Fig.  174.  Nature  of  flow  in  a cavitating  propeller  array. 


_ A B C 
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Fig.  175.  Dimensions  of  cavitation  cavities  of  various  profiles 
(a--c)  . 

KEY:  A- -aviation;  B- -segmental ; C- -wedge  - shaped . 

By  way  of  illustration  Fig.  176  shows  curves  depicting 
the  behavior  of  ordinary  and  supercavitating  propellers  having 
the  same  main  geometric  elements:  A/Arf  = 0.S0,  E/D  = 1.4, 

2=3.  It  follows  from  the  figure,  for  example,  that  the 
nature  of  the  change  in  propeller  efficiency  differs  quali- 
tatively. Specifically,  the  efficiency  of  a supercavitating 
propeller  reflects  no  drop  over  a wide  range  of  change  in 
mode  of  work  as  cavitation  develops  compared  with  subcavitat- 
ing  flow  as  is  the  case  for  ordinary  propellers  but,  on  the 
contrary,  increases. 


Pig.  176.  Running  curves  showing  action  of  propellers 
with  the  elements  A/ Ad  = 0.80,  H/D  = 1.4,  z - 3.^  a-- 
segmental  profile;  b- - supercavi tat ing  profile. 

§43.  Solution  to  the  problem  of  cavitation  flow  around  a 
flat  profile  array 

Methods  for  calculating  subcavitating  propellers 
based  on  vortex  theory  are  now  well  developed.  Investi- 
itions  conducted  by  N.  N.  Polyakov  proved  that  methods 
uerived  from  vortex  theory  can  also  be  used  to  make  cal- 
culations for  cavitating  propellers.  Analogous  results  were 
obtained  later  by  Tachmindzhi  and  Morgan  [3], 

i 

When  vortex  theory  methods  are  used  to  calculate  cavitat- 
ing propellers  the  hydrodynamic  characteristics  of  blade  sections 
must  be  determined  with  cavitation  and  array  effect  taken  into 
account.  The  effect  of  a propeller  array,  as  shown  by  N.  N. 

Polyakov  [4],  can  be  taken  into  account  based  on  data  for  flat 
profile  arrays. 

I 

Since  for  cavitating  propellers  the  array  effect  is 
decisive,  below  we  present  the  solution  to  a problem  of 
cavitating  flow  around  a flat  profile  array. 

The  method  of  hydrodynamic  singularities  was  used  to 
solve  the  problem.  The  boundaries  of  the  cavitation  cavity 
representing  lines  of  discontinuity  in  the  tangential  com- 
ponents of  velocities  were  replaced  with  continuously  dis- 
tributed vortices.  A profile  was  considered  to  lie  thin  and 
as  in  thin  foil  theory  was  replaced  with  a vortex  layer.  Based 
on  the  pattern  of  the  flat  array  of  cavitating  profiles  shown  [31S 
in  Pig.  177,  the  boundary  condition  Qn  a profile  in  the  array 
can  be  written  in  the  form 
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ill  (a  • 


(V . 1 2) 


where  nj(C)  = ;//H,  n 7 C ^ ) being  the  equation  for  t lie  pro- 

file skeleton;  v is  the  mean  velocity  in  the  array;  yT  the 
vertical  component  of  the  velocity  on  a profile  chord  induced 
by  the  system  of  singularities  replacing  the  profile  and  the 
cavitation  cavities  in  an  infinite  flat  array. 


Fig.  177.  Diagram  of  a flat  array  of  cavitating  profiles. 

The  expression  for  velocity  yn  takes  the  following  form: 


= “ -if  J Yn  clh  ~T  ~ 8 x 


I + etc*  — 1)n  (£) 
cth»-?  (S„  — S)  -f-  ctg*  — 


(V.13) 


In  (V.13)  the  limits  of  integration  p and  q should  be 

p = -a  and  q = a for  a profile,  p - -a  and  q - 00  for  the 

upper  boundary  of  a cavitation  cavity,  and  p = a and  q = « for 

the  lower  boundary. 

Substituting  (V.13)  into  boundary  condition  (V.I2),  we 
obtain  the  following  integral  equation  for  determining  the 
intensity  function  of  the  vortices  replacing  a cavitating 
profile  in  an  array: 


In  equation  ( V . 1 4 ) 


V -Vi  I V*. 


" Ih  •'  t 
II,  d'  0 ' ‘ 


(V.14) 


is  a new 
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variable,  # = “lli-y-fl,  1’—  J v’1'" (&) is  tlie  circulation  of  a 

--a 

cavitating  profile  in  an  array;  and  Au  is  the  velocity  induced 
by  parts  of  the  cavitation  cavities  lying  outside  the  limits  of 
profile  chords  in  an  array. 

In  the  derivation  of  equation  (V.14)  it  was  assumed  that 
within  the  limits  of  a profile  chord  a cavitation  cavity  is 
thin  and  this  made  it  possible  to  arrange  the  vortices  re- 
placing the  upper  boundary  of  the  cavity  along  the  length  of 
a chord  on  the  chord  itself.  The  term  t>v /v  (we  will  designate 
it  Aa)  entering  into  the  right  side  of  (V.14)  is  equivalent  to 
the  angle  of  downwash  caused  by  t lie  effect  of  the  cavitation 
cavities.  The  following  expression  has  been  derived  for  deter- 
mining the  angle  of  downwash: 


. c?n,  Cy  o O 

Aa  = a — — y, — h t~ 

dlo  2n  1 4n 
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(V  .15) 


where  CyQ  = f (a , a)  is  the  coefficient  of  lift  of  a cavitating 

profile'"  in  an  unbounded  liquid;  a _ Po  — p<i  is  the  cavitation 

Ef: 

2 

number;  PO  the  static  pressure;  pd  the  vapor  pressure  of  the 
"•iquid;  and  p the  mass  density  of  the  liquid. 

The  expression  for  the  vortex  intensity  function  of  a 
cavitating  profile  in  an  array  can  be  written  in  the  form 


Y*  (s)  — (s) J-  rafi  (s)] 

or 

+ (n  arccos—)  , 


(V .16) 


where 


^(s)- 


/ a — Arlhfls 

1/  — "r 
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As  a result  of  solving  the  initial  integral  equation 
(V.14)  the  following  formula  was  obtained  for  determining 
the  circulation  of  a cavitating  profile  located  in  a system 
f an  infinite  flat  array: 
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T 
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(V.17) 

following 

notation  is  used  in  (V.17): 

0 0 

(V  .18) 

/.,=  f 0c°s.0»  dO  d0o; 

• - J .1  COS0  — COSOo  0 

0 0 

(V . 19) 

ji  n 

'"JJ 

|i  (0)  sin  0cc>s(lad0rf0o 

(V.  20) 

~ a (Arth  Da  cosU  — Arth  Da  cos  0o)  [ 1 — (Da  cosOc)2] 

0 0 

• 

/ f cos2  00  <i0o 

4 ~ J 1 — (Ifa  cos  0o)“  * 
0 

(V . 21) 

n 

. 1 cos0odfl„ 

6 J 1 -(BacosOo)2  • 

(V  . 2 2) 

The  variable  e in  integral  equations  (V . 18) - - (V . 2 2)  can 
oe  expressed  in  terms  of  the  variable  s by  means  of  the 
relation  0 = arc  cos s/a. 


After  calculating  integral  equations  (V . 1 8) - - (V . 22)  the 
following  final  formula  was  obtained  based  on  (V.17)  for 
determining  the  coefficient  of  lift  of  a cavitating  profile 
in  an  array: 


Cy  (a)  = — 4r-  [Cy 0 (<0  f 1 + “f  'il  ~ 

cli  — a *•  L 


(V.  2 3) 


(h o , . _ 

where  ort  1 ; and  7 2 , T2,  and  T $ are  improper  inte-  ‘ 

grain  wliosc  values  are  shown  in  Fig.  178,  On  the  right  side 
of  (V.2S)  is  the  cavitation  number  a’  which  is  determined 
in  light  of  the  change  in  rate  of  flow  in  an  array  caused 
by  the  effect  of  finiteness  of  the  thicknesses  of  the 
cavitation  cavities  and  related  to  the  cavitation  number 
0 by 


t 
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(V.24) 


’’ere  e£  is  the  thickness  of  a cavitation  cavity  v/hose  mag- 
nitude can  be  determined  either  from  experiment  or  from 
calculations. 


[ 


The  following  formula  can  be  used  for  an  approximate 
determination  of  : 


0 l | o — V\  -f o ’ (V.2S) 

It.  was  derived  based  on  research  conducted  by  N.  N.  Polyakov 
on  the  pressure  drag  of  a cavitating  profile. 


Pig.  178.  Values  of  the  Pig.  179.  Results  of  calculations 

integrals  Ijt  Is,  and  73.  performed  with  formula  (V.25). 


By  way  of  example  formula  (V.23)  was  used  to  make  cal- 
culations for  a flat  plate  with  an  angle  of  attack  of 
a = 4°  and  cavitation  numbers  of  a = 0.10,  0,20,  and  0.30. 

The  results  of  calculation  are  shown  in  Fig.'  1 7|tfn  the 
form  of  curves  of  the  coefficient  k(t/a)  = Cy (o) /Cy q ) 
where  a ~ const. 


§44.  Verifying  calculations  of  cavitating  propellers 

The  hydrodynamic  characteristics  of  propellers  are 
generally  represented  in  the  form  of  dimensionless 
coefficients  of  thrust  and  moment.  The  latter  are  usually 
expressed  in  terms  of  the  coefficient  of  lift  and  the  drag- 
lilt  ratio  of  blade  elements  Cv  and  CT/('v  • If,  as  in  §42, 
an  additional  function  of  the  ilrag-l-ift  ratio  y = arctg Cx/Cy 
is  introduced  and  the  coefficients  of  lift  of  elements  on 
the  bn*'’0  nt  th“  results  of  the  preceding  section  arc 
expressed  in  terms  of  analogous  characteristics  of  profiles 
i an  unbounded  liquid,  C,f  ~ kc,lf),  then  the  formulas  for  the 
coefficients  of  thrust,  anil  momcht  of  a propeller  will  take  the 


form : 


(V .26) 


*.~f  I*-*' (3)' 


(V . 2 7) 


where  a is  the  number  of  propeller  blades;  n tlie  number  of 
revolutions  of  the  propeller;  coefficient  k is  determined 
from  formula  (V.23);  D = P,R  is  the  diameter  of  the  propeller; 
b = b/D  is  the  relative  width  of  chord  of  an  element;  r;z  = r)x/R 
is  the  relative  radius  of  the  hub;  $£  the  induced  angle  of  advance 
of  the  propeller;  and  wy  the  velocity  with  wliich  the  flow  impinges 
on  an  element  of  the  propeller  blade. 

Thus,  if  the  hydrodynamic  characteristics  of  cavitating 
profiles  are  known,  computation  of  the  coefficients  of  thrust 
and  moment  of  a cavitating  propeller  from  formulas  (V . 2 6 ) and 
(V.27)  doesn't  entail  any  fundamental  difficulty  and  the  induced 
velocities  can  be  calculated  by  the  methods  of  vortex  theory. 

The  form  and  sequence  used  to  make  calculations  will  depend  on 
the  method  used  to  determine  the  induced  velocities  of  the 
propeller . 

Calculations  which  have  been  performed  show  that  the  dis- 
tribution of  circulation  along  the  blades  of  cavitating  pro- 
pellers which  possess-  a high  efficiency  is  close  to  optimal. 
Therefore  in  the  following  discussion  for  the  purpose  of  deter- 
mining the  induced  velocities  we  will  use  vortex  theory  for  a 
propeller  with  the  least  possible  induced  losses. 

The  purpose  of  making  verifying  calculations  is  to  deter- 
mine the  running  curves  of  a propeller  wi th  given  geometric 
characteristics.  The  following  must  be  given  to  perform  these 
calculations:' 

a)  the  main  geometric  elements  of  the  propel ler- -disk 
ratio  A/Aa,  number  of  blades  a and  the  pitch  ratio  distribution, 
and  the  relative  width  and  thickness  of  blades  over  the  radius 
of  the  propeller 

■',y  (0.  Hr)  and  H&, 

b)  the  shape  of  blade  cross  sections  and  their  hydro- 
dynamic  character] sties ; 

/ ' h - - n i 

c)  the  cavitation  number  of  the  nvonellor  >:  — — 7-- , where 

#- 

•.  is  the  translational  velocity  of  propeller  movement. 


Calculations  for  the  running  curves  of  a cavitating  propeller 
•re  performed  by  element,  for  this  purpose  breaking  the 
ulades  dov.'n  into  several  sections . for  each  section  located 
at  a relative  radius  of  r the  calculations  are,  per  formed  in 
the  following  sequence : 

1 . Several  values  of  induced  angle  of  attack  of  an  element 
relative  to  its  chord  a are  given. 

2.  The  angles  of  induced  advance  are  determined  using  the 
formula 


// 

n i D 

P i—  arclg— — a. 


3.  On  the  basis  of  work  [4]  the  relative  spacing  of  an 
equivalent  hydrodynamic  array  is  calculated 


a 


2n 

2 


4 sin  p,-. 


4.  The  local  cavitation  number  of  an  element  is  found 
from  the  formula 


At  the  start  of  calculations  when  determining  the 
value  of  relative  induced  tip  velocity  in  the  plane  of  the 
propeller  vi/vp  can  be  set  equal  to  zero  and  the  relative 
advance  to  , ' 

= -n-l8  Pi- 


5.  Formula  (V.23)  is  used  to  calculate  coefficient  k 
which  characterizes  the  drop  in  lift  of  a cavitating  profile 
in  an  array . 


6.  The  Prandtl -Goldshteyn  correction  which  takes  into 
account  the  finiteness  of  the  number  of  blades  k (r , a, 
is  determined. 


7.  The  coefficients  of  induced  velocities 


<h  ~ 


v„ 
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and 
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where  va  is  the  axial  induced  velocity  in  the  plane  of  the 
propeller  arc  found. 

8.  The  values  of  relative  advance 
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r_" 


and  also  the  relative  induced  tip  velocity 


tv  nr 

• ' = -r-  • 

V,,  - A,, 

are  calculated  in  the  first  approximation. 

9.  The  values  of  \p  and  v t/vp  from  the  above  step  are  used 
to  determine  the  local  cavitation  number  v-i  in  the  second 
approximation.  The  calculations  called  for  in  1--8  above 
are  repeated  until  the  required  degree  of  closeness  is  found 
between  the  results  of  a preceding  and  a following  approxi- 
mation. 


10.  After  establishing  the  induced  velocities  in  accord- 
ance with  formulas  (V.26)  and  (V.27)  the  elementary _coef f icients 
of  thrust  and  moment  of  the  propeller  referred  to  dr  are 
calculated  using  the  formulas 


(Ei\ 2 css  (P/  -r  m)  . 
dr  yU  \nD)  COSH  ’ 


AKt 

dr 


— Cvb  r 


yy\  ’ sin  (ft,-  -f  ») 
,nDJ  cosji 


here 


KV  1 1 4~  <*1 

nD  ~ n sin  (5/ 


Analogous  calculations  are  made  for  other  blad.e  sections 
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Fig.  180.  Running  curves  of 
wide-blade  propeller. 

Solid  1 ine  - -experiment ; 
heavy  dots  - - calculations . 


Fig.  181.  Running  curves  of  supe 
cavitating  propeller. 

Solid  line --experiment; 
heavv  do l:s  - -c;<  1 cl  at  i on s . 
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Having  tho  relations  dK-j/dr  and  dKz/dv  expressed  as 
metions  of  relative  radius  r by  integrating  we  can  find  the 
coefficients  of  thrust  and  moment  for  a propeller  as  a whole 


1 1 


The  above  method  was  used  to  calculate  the  running  curves 
of  a propeller  with  segmental  blade  profiling  at  a cavitation 
number  of  x = 0-4  and  a supercavitating  propeller  at  x = 0.3. 
By  way  of  illustration  Table  7 shows  calculations  for  a 
relative  radius  of  v = 0.8  of  the  propeller  with  segmental 
blade  profiling. 

Figs.  180  and  181  show  a comparison  of  the  results  of 
calculations  and  experimental  data,  showing  the  satisfactory 
accuracy  of  the  method  described. 

TABLE  7 

Example  of  Calculations  of  a Cavitating  Propeller 

Initial  data: 


~ = 0.80,  x — 0,4  r - 0,8,  b = 0,508,  6 = 0.021, 

Ai  L) 

H_ 

x v arclg  — 0,509,  z 3,  i„  — 0,165 
nr 


.1 

a (33AaHo)  A 

—0,014 

0,020 

0,056 

0,125 

Pi  = v — a 

0,523 

0,489 

0,453 

0,384 

sin  p,- 

0,499 

0,470 

0,438 

0,374 

7 2n  r . „ 

t = — sin  Bt 

* i 

1,48 

1,39 

1,30 

1,11 

>o 

1,342 

1,201 

1,030 

0,830 

cos  p, 

0,870 

0,883 

0,899 

0,927 

nr 

5 

1 ,892 

2,085 

2,320 

3,025 

7-— S 

j «J/\ 

\ vp  ) 

0,1595 

0,1490 

0,1394 

0,1 1.(11 

{a,  a,  ) 

0,121 

0,194 

0,223 

0,307 

It  | no  (p'pMyAr  (V.23)]  ]} 

0,457 

0,3(11 

0.342 

0,315  • 

Cj  ' -■  kCyt  C 

0,055 

0,070 

0,076 

0,097 

nonpanKii  npniiAT/m— ranwiiiiTpftiia 

* (o  7 p.) 

0.59 

U.6I  1 

(1,04 

0,09 
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TABLE  7 (Cont) 


ia 

U!  Pi 

0.57G 

0,532 

0,487 

0,40.1 

u 

X 

-.-•SVi  i ct 

4 :\r  h 

0.0181 

0,0221 

0,0221 

0,0254 

15 

IJ  -x  : IU-  Pi 

0.0553 

0,0779 

0,0944 

0,1564 

IG 

«|  I/:(I—  y) 

0,0587 

0,0845 

0,1012 

0,1855 

17 

«.  - ' *•'  (1  1 x) 

0,0180 

0,0216 

0,0214 

0,0218 

1« 

(1—  Oj):(l  -fod 

0,930 

0,902 

0,887 

0,823 

19 

^ ~ 1 | 

1,342 

1,201 

1,080 

0.830 

20 

» J\r 

<».,  =»  H i — 

“ '*  ^/» 

0,0338 

0,0451 

0,0498 

0,0750 

21 

Cx( a;  Oi) 

0,0059 

0,0089 

0,0120 

0.0209 

22 

|i  arclg  •— 
c y 

0,107 

0,125 

0,156 

0,212 

M 1 

W/  . 1 «, 

nD  p sin  (5/ 

2,864 

2,780 

2,720 

2,630 

2-1 

Pi  + (i 

0,630 

0,614 

0,609 

0,596 

25 

COS  (P/  + |l) 

0,808 

0,817 

0,820 

0,828 

26 

COS|l 

0,994 

0,992 

0,988 

0,977 

27 

cos  (P,-  l-  |i) : cos  |1 

0,813 

0,823 

0,830 

0,817 

28 

AK , 

dr 

r- 1 (m\*  cos  (P,  + n) 
~^b\nD)  cos  ft 

0,209 

0,264 

0,290 

0,330 

29 

sin  (P,  -\-  ji) 

0,589 

0,576 

0,572 

0,561 

30 

sin  (P< -HO  :cos  (i 

0,592 

0,580 

0,580 

0,574 

31 

AK , 
dr 

— Cybr  ( 2 Sin<P'  +E) 

y \nuj  cos|t 

0,121 

0,148 

0,150 

0,173 

KEY:  A--given;  B--from  formula  (V.23);  C- - Prandt -Goldshteyn 
correction . 

§45.  Hydrodynamic  characteristics  of  cavitating  propellers 
working  in  a uniformly  skewed  flow 


Let  us  discuss  the  movement  of  a propeller  (Eig.  182) 
with  the  inclination  of  its  axis  of  rotation  held  constant 
with  respect  to  the  direction  of  motion.  Employing  the 
theory  of  quasi-stationarity , we  will  analyze  the  flow 
around  a blade  element  located  at  a radius  of  r on  the  pro- 
peller which  rotates  at  a constant  number  of  revolutions  n and 
moves  with  a translational  velocity  of  v.  The  direction  of 
velocity  v forms  an  angle  4>  with  the  axis  of  rotation  of  the 
propeller.  The  vector  of  velocity  v ‘for  each  turn  of  the  blade 
describes  the  surface  of  a circular  cone.  The  angle  at  the 
apex  of  the  ccr.c  which  lies  in  the  plane  of  the  blade  ele- 
ment under  consideration  is  equal  to  twice  the  angle  of 
down  wash  <f>.  The  axial  component  of  the  velocity  of  the  on- 
Y 
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coming  flow  Vp  = vcos<|>  serves  as  the  -height  of  the  cone  and  is 
onstant  in  magnitude.  As  for  a propeller  working  in  a uni- 
form flow,  Vp  is  taken  to  be  the  characteristic  velocity 
determining  the  hydrodynamic  characteristics  of  a propeller 
in  an  oblique  flow.  The  transverse  velocity  Vq  serves  as 
the  radius  of  the  cone  base  and  its  projections  onto  the 
radial  direction  and  a direction  normal  to  the  radius  of  the 
propeller  are  respectively 

vr  = vp  tg  cos  0;  Ativ  = v,,  tg  <|>  sin  0. 

Thus,  the  radial  and  tip  components  of  velocity  change 
periodically  during  one  revolution  of  the  propeller  and 
consequently  the  elements  of  the  blades  work  in  a variable 
velocity  field. 


Fig.  182. 
flow. 


Directions  of  propeller  velocities  in  an  oblique 


In  theories  of  a propeller  working  in  a uniform  flow 
usually  the  effect  of  the  radial  component  of  velocity  on 
the  forces  arising  on  elements  of  the  propeller  blades  is 
neglected.  In  our  study  of  the  hydrodynamic  characteristics 
of  propellers  in  an  oblique  flow  we  will  also  neglect  the 
effect  of  the  radial  component  of  velocity  and  the  change  in 
it  during  one  revolution  of  the  blade  and  we  will  consider  the 
effect  of  tip  losses,  the  finiteness  of  the  number  of  blades, 
and  other  factors  to  be  the  same  as  in  axial  flow. 

With  these  assumptions  the  distinguishing  aspect  of  the 
conditions  under  which  a propeller  works  in  an  oblique  flow 
will  lie  in  the  existence  of  an  additional  tangential  com- 
ponent of  velocity  due  to  the  downwash  which  changes 
periodically  during  one  revolution  of  the  propeller. 

For  the  purpose  of  studying  the  hydrodynamic  char- 
acteristics of  a cav'tating  propeller  in  an  oblique  flovr 
wre  will  introduce  a local  cavitation  number  for  a blade  element 
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where 


tt>,  ~ Vvj,  + (2 nrti  + vp  1g  (p  sin  0)J 


takes  into  account  the  change  in  tangential  velocity  of  a 
propeller  in  an  oblique  flow,  that  is, 


1 -|-  ( tjj  «j>  sin  ft  | ■ 


(V. 28) 


If  in  (V.28)  we  set  <j>  = 0,  we  obtain  the  well-known 
expression  for  the  cavitation  number  of  an  element  of  a pro- 
peller blade  in  a uniform  flow 


Iff 


(V .29) 


I.  Ya.  Miniovich  showed  that  in  determining  the  hydro  - 
dynamic  characteristics  of  a propeller  in  a nonuniform  flow 
it  is  possible  to  proceed  from  its  characteristics  in  a uni- 
>rm  flow,  considering  them  to  be  given. 

From  the  velocity  triangle  (Fig.  183)  it  follows  that 
meeting  the  condition 

° = (V  .30) 

with 'the  same  axial  component  of  velocity  Vp  of,  what  is  the 
same  thing,  at  equal  cavitation  numbers  x,  ensures  equality 
between  angles  of  attack  of  corresponding  elements  of  propeller 
blades  in  oblique  and  axial  flows.  Consequently,  the  indi- 
cated elements  are  subjected  to  equal  conditions  and  according 
to  tne  assumptions  made  the  hydrodynamic  forces  acting  on  the 
elements  must  be  equal  in  both  cases.  In  order  to  determine  the 
hydrodynamic  characteristics  of  a cavitating  propeller  in  an 
oblique  flow  from  its  given  characteristics  in  an  axial  flow 
it  suffices  to  carry  out  double  integration  of  forces  with 
respect  to  the  radius  of  the  propeller  and  the  angle  of  pitch 
of  the  blade: 


'ZJi  l 

0 lu 


(V . 31) 
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(V. 32) 


where  dKj/dr  and  dKg/dr  are  determined  on  the  basis  of  calcu- 
lations by  element  of  the  running  curves  of  a given  propeller 
under  conditions  of  axial  flow.  The  instantaneous  value  of 
the  relative  advance  X ' which  for  given  Ap  and  4,.  is  a unique 
function^  of  the  angle  of  rotation  of  tiic  blade  * and  relative 
radius  r must  be  determined  from  equation  (V.30)  which  in 
light  of  (V.28)  and  (V.29)  can  be  transformed  to  the  following 
form: 


ij!  «r  sin  <i  i-  ~.~ 
'•/> 


(V. 33) 


The  factor  (Xp/Ap)“  in  formulas  (V.31)  and  (V .32)  takes 
into  account  the  difference  in  propeller  revolutions  at 
Xp  and  Ap. 

For  calculating  the  running  curves  of  a cavitating 
propeller  in  an  oblique  flow  from  formulas  (V.31)  and  (V.32)  it 
is  necessary  preliminarily  to  take  into  account  the  character- 
istics of  the  same  propeller  in  a uniform  flow  by  element.  The 
indicated  calculations  of  running  curves  of  a cavitating  pro- 
filer in  a uniform  flow  can  be  carried  out  by  the  method 
^escribed  in  §44. 
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Fig.  183.  Velocity  triangle  of  a blade  element  of  a pro- 
peller in  an  oblique  flow. 

For  the  purpose  of  simplifying  the  calculations  of  the 
running  curves  of  a propeller  the  action  of  a propeller  blade 
is  replaced  with  the  action  of  an  element  located  in  the  center 
of  pressure  of  the  blade  at  a certain  radius  rg  . However,  as 
applicable  to  a propeller  working  in  an  oblique  flow,  this 
means  that  the  effect  of  an  oblique  flow  on  the  propeller  as 
a whole  is  the  same  as  for  an  element  at  radius  vg  while  at 
the  same  time  it  is  different,  for  each  radius.  Indeed,  in  this 
case_conditi  on  (V.30)  will  be  satisfied  ( ;;  f 0 f tt)  only  when 
r = rg  (Fig.  184). 


Fig.  184.  Change  in  local  cavitation  number  at  instantaneous 
relative  advance  A^ . 

/ _ 0 (7.  yp).  1 - o (r,  /'); 

3 ~ %■  ('•  V ”) 

For  the  propeller  as  a whole  meeting  this  condition  strict 
ly  is  impossible.  However,  for  an  approximate  solution  to  the 
problem  propositions  can  be  found  such  that  (V.30)  will  be 
satisfied  in  the  best  possible  way  for  all  elements  of  the- 
blade.  Apparently  there  must  be  equality;  among  areas  delimited 
by  the  curves  o^(Ap,  v,  <j> , 0)  and  a(A_p,  r>)  drawn  as  functions 
of  relative  radius  and  by  the  coordinate  axes  when  0 = const. 
Analytically  this  condition  can  be  expressed  by  the  integral 
equation 


j % (lp,  r , <p,  0)  efr  = J a (k’r,  r)  dr. 
'h  ~'h 


(V.34) 


Calculating  the  integrals  in  (V.34)  and  taking  (V.28)  and 
(V.29)  into  consideration,  we  obtain 


a „.„i„  (i  — n, ) nX p _ fn  — , (i  — hL)n'kp 

P ° Ap  + a2'";,  v '"L  Lfp  (1  + <K2,P  sinv<>)  (I  +7,;) 


tg  T si»  0 I 21  rfi 


(V .35)  [327 


Calculations  which  have  been  performed  show  that  satisfy 
ing  (V.35)  is  not  only  necessary  but  also  for  all  practical 
purposes,  sufficient  since  in  this  case  the  curves  of 
0(t >(Ap,  r,  <j>,  tf)  and  o ( r)  at  corresponding  values  Of 
A , A p,  and  A * arc  close  (Fig.  188). 

Based  on  what  has  been  stated  simpler  expressions  than 
|(V.31)  and  (V.32)  can  be  writlen  for  coefficients  of  thrust 
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nnd  moment  of  a cavitating  propeller  in  an  oblique  flow: 


•in 

Kh(K  = y.) 


2ji 


K.9(>.p,  *)  = — ' KiiXp,  x)x 

c 


(V . 36) 
(V. 37) 


where  the  values  of  k-j  and  K2  in  the  integrand  are  determined 
from  corresponding  curves  for  the  action  of  a propeller  in  an 
axial  flow  and  Xp  from  equation  (V.35). 


Fig.  185.  Change  in  local  cavitation  number  at  instantan- 
eous relative  advance  X* 

>n)-  h',): 

J-  %('•  V v) 

Formulas  (V.36)  and  (V.37),  in  distinction  from  (V.31) 
and  (V.32),  make  it  possible  to  calculate  the  running  curves 
of  cavitating  propellers  in  an  oblique  flow  from  their  over- 
all hydrodynamic  characteristics  for  axial  flow  which  can  be 
obtained  by  means  of  tests  in  cavitation  tunnels. 

In  order  to  determine  the  values  of  Xfi  equation  (V.35)  should 
he  solved  graphically.  Ancillary  graphs  for  finding  the  indicated 
solution  for  angles  of  downwash  <t>  = 12°  and  1-1°  are  shown  in 
Figs.  186  and  187  respectively. 

In  order  to  check  the  reliability  of  the  theoretical 
method  of  calculating  the  running  curves  of  cavitating  pro- 
pellers in  an  oblique  flow  using  formulas  (V.36)  and  (V.37), 
appropriate  calculations  were  performed  for  propellers,  models 

which  were  tested  in  cavitation  tunnels  in  axial  and  oblique  [330 
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Fig.  186.  Graph  for  determining  Xi  when 


Tows.  The  comparison  of  calculations  and  experiment  (from 
.nirshberg)  shown  in  big.  188  is  evidence  of  satisfactory 
agreement . 
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Fig.  188. Running  curves  of  propeller  in  an  oblique  flow. 

experiment  in  axial  flow;  _ _ __  experiment  in  oblique  flow 

The  circles  indicate  values  obtained  using  formulas  (V.36)  and 
(V.  37)  . 

Below  we  discuss  in  greater  detail  an  investigation  of 
the  effect  of  oblique  flow  on  the  efficiency  of  a propeller. 

Usually  coefficient  n ;y  character]  ting  the  effect  of  the 
conditions  under  which  'a  propeller  works  on  its  efficiency 
is  customarily  represented  in  the  form  n?/  “ il/ip,  where  j.j 
and  ip  are  coefficients  taking  into  account  the  unevenness  of 
flow  on  thrust  and  moment  respectively  of  a propeller.  By 
analogy,  using  formulas  (V.31)  and  (V.32)  the  indicated 
coefficients  for  a propeller  working  in  an  oblique  flow  can 
he  represented  in  the  following  form: 


(V . 38) 


rzz 


_i  _ r r x)  / x, 

2**1  J j </r 


'h 

o«  I 


,2~  2ji A 


. I1  (»;■»). 

'■>  J J dr 


if) 
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t/rrfO; 


(V. 39) 


where  dXlfdv,  dX-2/ dr> , K j,  and  £2  are  determined  from  data 
for  the  propeller  under  discussion  in  an  axial  flow  and 
Ap  from  formula  (V.33). 


Fig.  189.  Change  in  efficiency  of  a propeller 'depending 
on  the  relative  advance:  when  <j>  = 12°  and  Ap  = 1.0, 
r = 1.0;  when  A'  = J0.94--l.08  and  v - 0.6;  and  when 
Ap  = 0.89- -1.1 3 and  v = 0.3. 

Calculations  made  with  (V.3S)  and  (V.39)  show  that  at 
angles  of  downwash  not  exceeding  10--120  i]  - fg . Conse- 
quently, under  the  indicated  conditions  an  oblique  flow  leads 
to  practically  no  change  in  the  efficiency  of  a propeller 
as  compared  with  axial  flow.  At  the  same  time  the  instan- 
taneous work  modes  of  elements  of  a propeller  in  an  oblique 
flow  may  change  rathei  significantly  during  one  revolution. 

Indeed,  it  follows  from  (V.33)  that  t he  instantaneous  advance 
varies  in  the  range  ’ |332 
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T-bat  is,  for  example,  when^Ap  - 1,0  and  <t>  = 12°  for  r = 0.3  we 
a vc  ) p = 0.83  — 1 .29;  for  r = 0.6  \p  = 0.89- -1.1 3;  and  for 
r = 1.0  a/,-'  0.94--1.08  . I;or  the  indicated  limits  of  change 
in  A p t)io  efficiency  of  a propeller  changes  significantly 
(fig.  189)  which  at  first  glance  contradicts  the  conclusion 
reached  above.  Therefore  it  is  necessary  to  discuss  this 
matter  in  greater  detail,  concentrating  on  its  physical  signifi 
cance.  It  follows  from  formula  (V.4)  that  when  a propeller 
works  in  a uniform  flow  always  e > 0,  AS  > 0,  and  n <1.  How- 
ever, we  can  imagine  an  external  flow'  for  which  A0  < 0 and 
a < 0 . In  this  case  n > 1,  that  is,  the  propeller  uses  the 
energy  of  the  external  flow  and  develops  useful  power,  in  this 
case  the  propeller  working  as  a turbine. 


IjL  0}  C.4  Hi  0.6  0.7  0.0  0.9  1,0  r 


Fig.  190.  The  relation  n^O’)  for  different  values  of 
when  A p = 1 . 

For  a propeller  in  an  oblique  flow  the  external  flow 
creates  an  additional  tangential  component  of  velocity  equal 
to  A u$  = v tgf s i n 0.  In  this  way  in  that  part  of  a propeller 
disk  where  A ?-t <<■  > 0,  the  value  of  y can  decrease  and  the 
efficiency  increase  and,  on  the  other  hand,  when  Lu$  < 0 
the  efficiency  will  decrease  in  comparison  with  uniform 
flow.  In  this  event  in  the  general  case  the  values  of 
c , a P , and  will  also  change  and  we.  will  designate  them 
r * , AS*  . and  y * . 

T 7 t 7 1 

In  light  of  what  lias  been  stated  we  will  represem  the 
efficiency  of  an  element  of  a propeller  blade  in  an  oblique 
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ji,p  = s>  + A|V*  a Af'q,  ~ Af>  4-  f>q  — (h 


that  is, 


_ 'f!.P 

'r<i>  tR  4'  e<r  'l“  AP) 

If  we  neglect  the  change  in  c<j,  as  compared  with  e in  the 
case  under  consideration,  we  will  have 


« = 'fJ 

lrv  IK(P<?  + |‘)‘  (V.  41) 

Wc  will  determine  the  mean  efficiency  of  an  element  during 
one  revolution  for  the  purpose  of  evaluating  the  change  in 
efficiency  of  a propeller  in  an  oblique  flow.  For  this  pur- 
pose we  calculate  the  integral 

nl2 

~ ( lg(f^  + |i)dil  = tg,i  + ^rM±ipL==.  (V . 4 2) 

Consequently,  the  mean  value  for  the  efficiency  of  one 
element  during  one  revolution  of  a propeller  can  be  represented 
in  the  form 


= iR  P : 


Mr<p  — 2k  1 'hq  d(p 

MJ  + 1R5 1') 


i 


V (rir  — Xp  tR  ft)2  — ur'|. 


(V .43) 


By  analogy  with  (V.4o)  for  an  element  of  a propeller  in 
a uniform  flow  we  can  write 


Mr  — tg  P : 


ig  n + I 

I'pir  -ipIR|t)- 


(V  .44) 


From  a comparison  of  (V .4b)  and  (.V.44)  it  follows  that 
the  efficiency  of  an  element  of  a propeller  in  an  oblique 
flow  due  to  the  existence  of  the  term  Aptg,<>,  all  other  con- 
dition: remaining  equal,  will  always  be' less  than  in  a uniform 
flew. 
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For  a quantitative  evaluation  of  this  effect 
'V.43)  and  (V.44)  were  used  to  make  calculations, 
of  which  are  shown  in  Fig.  190  in  the  form  of  the 


and  k * for 


fo rmulas 
the  results^ 
relations  r\r^(r) 
It  follows 


for  different  values  of  4>  and  k*  for  Xp  = 1.  It  follows 
from  the  figure  that,  all  other  conditions  remaining  the  same, 
the  efficiency  of  elements  decreases  as  the  elements  become 
closer  to  the  hub.  For  relatively  small  angles  of  downwash  the 
effect  of  nonuni  form ity  in  flow  for  the  most  part  begins  to 
become  manifest  when  v < 0 . 1 and  this  explains  the  weak  effect 
of  an  oblique  flow  on  the  efficiency  of  a propeller  as  a whole 
when  4 < 12°.  When  the  angles  of  downwash  increase  to  41  = 18° 
such  an  effect  becomes  manifest  on  practically  all  elements. 
Therefore  in  the  indicated  case  the  effect  of  oblique  flow  on 
the  efficiency  of  propellers  must  be  considered.  Calculations 
show  that  at  angles  of  downwash  on  the  order  of  4 = 18--200  the 
change  in  propeller  efficiency  will  be  significant  CIO  — 15%)  . 

§16.  Hydrodynamic  characteristics  of  propellers  piercing 
the  free  surface  of  the  water 

Due  to  design  peculiarities  it  is  sometimes  advisable  to 
use  on  hydrofoil  craft  propellers  which  pierce  the  free  sur- 
face of  the  water.  In  this  case  the  conditions  affecting  a pro- 
peller's work  differ  greatly  from  those  affecting  a fully  sub- 
merged propeller.  First  of  all,  the  hydraulic  section  of  the 
propeller  is  reduced  since  part  of  the  blades  is  always  out  of 
the  v/ater.  Unwetting  of  blades  causes  nonstationary  develop- 
ment of  lift  on  the  elements  of  each  blade  and  entrainment  of 
air  around  the  propeller  disk. 

The  work  of  a propeller  which  pierces  the  free  surface  or 
is  located  close  to  it,  in  distinction  from  a deeply  submerged 
propeller,  is  accompanied  by  wave  phenomena  on  the  surface. 

All  this  leads  to  a change  in  the  hydrodynamic  characteristics 
of  partially  immersed  propellers  as  compared  with  those  which 
are  deeply  submerged.  The  results  of  known  experimental  in- 
vestigation into  the  hydrodynamic  characteristics  of  propellers 
piercing  the  free  surface  show  that  the  thrust  exerted  by  pro- 
pellers under  goes  an  especially  great  change . Their  efficiency 
is  reduced  to  a much  less  degree  [51. 

Because  of  the  special  conditions  under  which  partially 
immersed  propellers  work  generally  accepted  methods  of  making 
calculations  cannot  be  used  for  determining  their  hydrodynamic 
characteristics.  As  a conscquqncc  of  this  fact  a need  arises 
to  study  phenomena  arising  in  the  work  of  a propeller  at 
the  boundary  of  a liquid  or  close  to’ it  and  to  create  new 
methods  for  determining  their  characteristics  [6]. 

Work  1 7 J is  devoted  to  a study  of  a propeller  rotating 
close  to  the  free  surface  of.  the  water.  It  sets  forth  justi- 
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fication  of  a method  for  calculating  the  hydrodynamic  character- 
istics of  completely  submerged  propellers. 

In  this  section  we  will  investigate  the  effect  of  a decrease 
in  hydraulic  section  and  nonst at i onarity  on  the  work  of  a 
propeller  whose  blades  pierce  the  free  surface  of  the  water. 

As  a comparison  of  the  results  of  calculations  performed  by  the 
method  developed  in  the  course  of  this  investigation  and  the 
results  of  experiment  shows,  the  effect  of  these  latter  two 
factors  is  manifest  in  the  main  in  the  hydrodynamic  character- 
istics of  a partially  immersed  propeller.  [335 


In  distinction  from  deeply  immersed  propellers  the  coefficient 
of  thrust  of  a propeller  piercing  the  free  surface  of  the  water 
can  be  written  as  follows: 


K' : " Yiih/n  ~ ~8n  1 1 Ct>  ~D 
7 «. 


(■5-y  cospio 


etgf \)dttdr. 


( V .45) 


where 


p = ~j—  J | -h-  Cybw9;  cos  p,  ( 1 — t Ig  p,)  d 0 dr 

X 0, 


(V  . 46) 


xpresses  the  mean  value  per  revolution  of  the  thrust  of  a 
partially  immersed  propeller;  g is  the  number  of  propeller 
blades;  R and  D are  the  radius  and  diameter  of  the  propeller; 
x the  least  possible  value  of  effective  radius  per  revolution, 
of  the  propeller;  x = x R;  and  ih  are  respectively  the  angles 
of  entry  into  the  water  and  exit  from  it  for  a blade  element 
at  a given  radius  r measured  clockwise  from  the  vertical  (Fig. 
191);  p is  the  density  of  the _w a ter ; Cy  the  coefficient  of  lift 
of  a blade  element  at  radius  v ( r = r/R)\  b the  chord  of  the 
blade  section  corresponding  to  this  radius;  wi  and  Bi  the  induced 
velocity  and  angle  of  advance;  e the  drag-lift  ratio  of  the  pro- 
file; and  « the  number  of  revolutions  of  the  propeller. 


If  h.Q  is  the  distance  from  the  axis  of  a propeller  to  the 
free  surface  of  the  water,  its  deformation  being  taken  into 
account  (sec  Fig.  191),  then  for  angles  of  entry  and  exit  of 
each  radius  when  j-  >_  \ho\  the  following  relations  hold: 


Oi~-~ -I-  arcsln  Jy- , 
n — arcsln  . 


(V . 4 7) 


Radii  satisfying  the  inequality-  v <_  \h[i\  do  not  pierce  the  [336 
4$;?rcc  surface  and  therefore  for  them  >'i  = 0 and  ().,  - 2v  . It 
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should  be  noted  that  when  72(9  > 0 the  lower  linut  of  integration 
- ho  and  when  ho  < 0 the  radius  of  the  hub  (rfr  = vn/R) 
should  be  used  for  x . 


Coefficient  Cy  in  this  case  is  a complex  function  of  the 
patli  covered  by  the  blade  element  under  consideration  from  the 
start  of  entry  into  the  water.  As  follows  from  formula  (11.91) 
the  lift  on  a foil  moving  in  a liquid  from  a state  of  rest  at 
a constant  rate  is  the  following  function  of  path  traveled: 


)'(s+>)(s  + 2) 


\VVv 


Ms +3) 

(■*  I I )(i  I 2) 


(V . 48) 


where  s = ai/b/ 2;  aj  is  the  path  traveled  by  the  foil  or,  in 
the  given  case,  the  blade  element  from  the  instant  of  entry 
into  th£  water;  K a total  elliptical  integral  of  the  first 
order;  y = Y/Yh;  Y is  the  current  value  of  lift;  yy  _ ,it.; 

b 

is  the  stationary  lift  on  the  blade  element.  Taking  formula 
(V.48)  into  account  coefficient  Cy  can  be  written  in  the  form 


C„  CIIUI4  (s), 


(V . 49) 


where 


/■'(*)=  1- 


V'2  I K ( n i/ ! 3) } 

n V(TTWs":FYj  V '2  ' V (s  + l){s  4 2)1 


A graph  of  function  F(e)  is  presented  in  Fig.  192.  The 
path  traveled  by  a blade  element  during  an  increase  in  angle 
of  rotation  from  6 — <(,  to  0 — -0-,  , taking  into  account 

the 'forward  movement  of  the  propeller,  can  be  calculated  from 
the  formula 


a,  =--■ 


/ 1 +(4T' 


(V . 5 0 


where  Vp  is  the  translational  velocity  of  the  propeller; 

AO  = O,  — ■&)  ; and  \p  - Vp/nD  is  the  relative  advance  of  the 

propeller . 

Accordingly  t lie  dimensionless  expression  for  the  path 
takes  the  following  form: 


(V. 51) 


t 
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Fig.  191.  Diagram  showing  location  of  partially  immersed 
propeller  with  respect  to  surface  of  water. 


o.v 
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Fig.  192.  Determining  the  effect  of  nonstationarity  on  the 
lift  of  a propeller  blade  element. 

Substituting  (V.49)  into  (V.45),  we  obtain  for  the  coeffi- 
cient of  tinust  the  following  relation: 


K‘i  = -aTJ  f [4 cosP<  (I  — * **5.1*#)  ^'J  CV.  5 2) 

Observing  that  in  this  formula  the  expression  in  brackets 
is  the  differential  of  coefficient  of  thrust  of  a propeller 
blade  element  when  movement  is  steady,  that  is,  dKj , we  transform 
it  into: 


(V. S3) 


For  a propeller  whose  axis  is  above  the  surface  of  the 
water  formula  (V.53)  is  written  in  the  following  form: 


(V. 54) 


When  ho  < 0,  that  is,  in  that  case  when  the  axis  is  below 
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water  level 


clr  di)  -(-  z J 


In  the  particular  case  of  a half - immersed  propeller  when 
0 we  have  the  following  formula: 


Substituting  the  values  of  the  derivative  dKi/dr,  which 
is  calculated  taking  into  account  all  changes  which  the  free  sur- 
face causes  in  the  work  of  the  propeller,  into  formulas  (V.53)-- 
(V.56)  and  integrating  we  find  the  coefficient  of  thrust  for 
a partially  immersed  propeller. 

By  way  of  example  we  will  calculate  the  value  of  the 
coefficient  of  thrust  for  a half - immersed  propeller  having  the 
following  elements:  D = 0.20  m,  disk  ratio  A/Ad  = 0.65,  pitch 
ratio  h/D  = 1.0,  number  of  blades  a = 3.  The  given  propeller  [338 
was  tested  in  open  water  and  at  hp  = 0..  The  results  of  the  tests 
are  presented  in  Fig.  193. 


Fig.  193.  Change  in  coeffi 
cient  of  thrust  of  half- 
immersed  propeller. 

experiment; 

_ calculated . 


Fig.  194,  Running  curves  of 
partially  immersed  propeller 

experiment; 

calculated. 


For  the  purpose  of  simplifying  calculations  we  will 
assume  that  the  value  of  the  parameters  CyO , Vi,  Bf. , and 
e do  not  depend  on  the  depth  of  immersion'  of  the  propeller 
and  we  will  replace  the  effect  of  the  propel lei  as  a whole 
with  the  effect  of  an  equivalent  section  located  at  a radius 
rp  which  coincides  with  the  center  of  gravity  of  a straightened 
blade  surface  (in  the  case  under  consideration  y’p  = 0.6, 


\ 

V 

ht=0 

b = 0.486)-. 

These  assumptions  make  it  possible  to  write  (V.56)  in  the 

form: 

*/.ji 

= J F(s)d0  = 4j-r(s), 

Jt/i 

whore  Kj  is  the  coefficient  of  thrust  of  the  propeller  in 
open  water. 

Using  formula  (V .SI)  to  redraw  the  graph  of  function  f(s)  as 
a function  of  f>  and  integrating  numerically  in  the  last  expression 
we  obtain  the  values  for  coefficient  of  thrust  as  a function  of 
relative  advance  shown  in  Table  8 and  in  the  graph  in  Fig.  193. 

TABLE  8 


Values  of  Coefficient  of  Thrust 


0,86 

0,92 

1,00 

F{s) 

0.G82 

0,085 

0,080 

A, 

0,043 

0,034 

0,023 

Calculations  were  performed  analogously  for  a propeller 
with  the  specifications  D = 0.2  A/Ad  = 0.382;  H/D  = 1.0; 
and  z = 3 immersed  to  a depth  of  h - -0.25.  The  results  of 
these  calculations  are  compared  in  Fig.  194  with  the  results 
of  tests  of  the  same  propeller  according  to  Kempf. 


A comparison  of  test  and  calculated  data  confirms  that 
the  main  factors  determining  the  hydrodynamic  characteristics 
of  a partially  immersed  propeller  are  the  decrease  in  its 
hydraulic  section  and  nonstationarity  in  the  development  of 
lift  on  its  blades.  The  method  of  calculation  developed 
makes  it  possible  to  take  into  account  the  effect  of  these 
factors  and  this  gives  good  reason  to  recommend  the  method 
for  determining  the  hydrodynamic  characteristics  of  pro- 
pellers whose  blades  pierce  the  free  surface  of  the  water. 

§47.  Calculation  of  the  way-making  ability  of  planing  and 
hydrofoil  craft 

The  distinguishing  aspects  of  the  work  of  propellers 
on  planing  and  hydrofoil  craft  were  noted  above.  We  will 
discuss  in  greater  detail,  (Fig.  195)  the  system  of  forces 
acting  on  a propeller  working  in  an  oblique  flow. 
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Fig.  195.  Diagram  of  forces  acting  on  a moving  hydrofoil  craft. 
KEY:  A--line  of  shaft. 

It  is  known  that  on  propellers  in  an  oblique  flow,  in 
addition  to  the  force  acting  along  the  axis  of  the  propeller 
F<ji,  there  arises  a transverse  force  Q directed  perpendicularly 
to  the  propeller  shaft.  Obviously  the  forces  developed  by 
propellers  in  an  oblique  flow  will  change  the  attitude  of  a 
craft  and  consequently  its  drag.  The  attitude  of  a particular 
craft  is  determined  by  its  weight  and  location  of  the  center 
'of  gravity  and  therefore  the  effect  of  the  propellers  on  the 
drag  of  hydrofoil  craft  can  conveniently  be  reduced  to  a change 
in  the  magnitude  of  these  characteristics  [8]  . 

Let  us  assume  that  a hydrofoil  craft  has  n propellers. 

Then  the  correction  for  the  weight  of  the  craft  will  be 
determined  completely  by  the  sum  of  the  vertical  projections 
of  the  forces  generated  by  the  propellers  (Fig.  195) 


n 

AG  = 2 P'Ti  (sin  (p‘  + cos  *P/)  • 


(V .57) 


The  effect  of  moment  AA1  VJ  (Pv///V  |-  created  by  the 

i i 

propellers  with  respect  to  the  center  of  gravity  of  the  craft 
is  equivalent  to  a change  in  the  location  of  the  latter  along 
the  length  by  the  magnitude 


Axg  =4-2  (Pcfilri  + QiIqi)- 


(V .58) 


where  G is  the  weight  of  the  craft.  In  this  event  the  moment  is 
considered  to  be  positive  if  it  causes  the  craft  to  be  trimmed 
by  the  bow. 

Thus,  when  determining  the  drag  on  hydrofoil  craft  instead 
of  tli e actual  values  of  the  weight  G and  the  location  of  the 
center  of  gravity  along  the  length  xg  their  reduced  values  which 
take  into  consideration  the  effect  of  the  propellers  should  be 
used.  They  are  respectively: 
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If  the  relations  between  the  drag  R of  the  type  of  craft 
under  consideration  as  a function  of  the  velocity  v,  weight  G, 
and  location  of  center  of  gravity  xg  without  propellers 


R — f (v,  G,  xK),  (V.61) 

arc  known  from  calculations  or  model  tests,  then  drag  R* 
of  a craft  working  with  propellers  can  be  found  on  t lie  basis 
of  these  same  relations  (V.61).  For  this  purpose  instead  of 
the  actual  weight  and  location  of  the  center  of  gravity  G and  xq 
use  can  be  made  of  their  reduced  values  G*  and  x*  as  deter- 
mined from  formulas  (V.59)  and  (V.60),  that  is,  " 

R'  = l(v,  G\  x\).  (V . 6 2) 

Let  us  assume  that  each  propeller  must  overcome  part  of 

It 

the  drag  on  a craft  R*- , where  R'  R’t  . Then  the  propeller 

u /= i 

-iider  consideration  must  develop  in  the  direction  of  the  axis 
of  its  rotation  the  thrust 

Pv‘ = FJhrv  + 'b-  (V  .63) 

Let  us  now  continue  on  to  a determination  of  the  propul-  [341 
sive  efficiency  of  the  craft  which  w-e  will  write  in  the  form 

» i Rt 

CV  .64) 

1 N,  JL 


where  R Rt  is  the  towed  drag  of  the  craft  without  taking 

I I 

II 

into  consideration  the  effect  of  the  propellers;  N,  - ^ h !e, 


the  total  power  of  the  mechanical  installation;  and  Ri  and  Ne i 
are  respectively  those  parts  of  towed  drag  and  power  attributed  to 
the  i - th  propeller. 


FgBpSft 


I 


= A'rZ ' 

We  will  express  Hi  in  terms  of  the  characteristics  of  a 
propeller.  Setting  R-t  = Ri  - £>Ri , we  obtain  from  formula 
(V . 63) 

Ri  = R<fi cos  1/  + hRi  — Qi sin  <p«- 

In  light  of  what  has  been  stated,  defining  the  efficiency 
of  a propeller  in  an  oblique  flow  n <j ,i  as 

~ Nr,  ’ 

where  = ucos^,  we  finally  obtain 


’1/  — V (>  -t-  Pltl cos «Ji,  l\, tR  <Pi)  ' 


(V . 65) 


In  deriving  formula  (V.65)  the  power  loss  from  engine  to 
propeller  was  not  taken  into  account. 

Thus,  if  a planing  or  hydrofoil  craft  has  n engine-driven 
propellers,  then  its  overall  propulsive  efficiency  can  be 
etermined  as  follows: 


= ir — 

%n„ 


R,v  AVi 

Nri  Ne 


L Nra 

A'nl  Nr 


(V .66) 


= ’ll  -^7  + H ’b  -Hr  - bvT  S ']iN“- 


For  practical  use  of  the  results  obtained  it  is  necessary 
to  be  able  to  determine  the  transverse  force  of  a propeller 
in  an  oblique  flow  Q.  Below  we  show  the  reasons  for  the  rise  [342 
of  a transverse  force  and  we  present  formulas  for  calculating  it. 

Let  us  consider  a propeller  whose  axis  of  rotation  forms 
the  angle  <t>  with  its  direction  of  movement.  We  will  break  the 
velocity  vector  of  forward  movement  v of  the  propeller  down 
into  two  components:  one  we  will  direct  along  the  axis  vp  = ncos<|> 
and  the  second  we  will  direct  perpendi cular  to  the  axis  of  rotation 
of  the  propeller  va  = vsin^.  The  second  component  of  the  velocity 
will  lie  in  the  plane  of  the  propeller  disk  and  be  directed  down- 
ward. We  will  show  that  in  this  case  a transvoise  force  will 
arise  which  will  be  directed  upward  regardless  of  the  direction 
...  f propeller  rotation. 
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Fig.  196  shows  right-  and  left-rotating  propellers  and 
•‘Iso  a velocity  triangle  of  an  element  of  a propeller  blade  in 
.n  oblique  flow . 

It  follows  from  l’ig.  196  that  as  a blade  passes  through 
sector  I the  flow  around  it  will  cause  greater  angles  of  attack 
than  in  sector  II  (aj  > as)-  Therefore  the  tangential  force 
acting  on  the  blade  in  sector  1 will  always  be  greater  than 
in  sector  II.  This  circumstance  will  lead  to  the  rise  of  a 
transverse  force  which  will  be  equal  to  the  resulting  vertical 
projections  of  the  tangential  forces  of  the  blades  in  one  revo- 
lution of  the  propeller.  As  follows  from  Fig.  196  the  transverse 
force  will  be  directed  upward  regardless  of  the  direction  of 
propeller  rotation. 

Let  us  proceed  to  establish  an  analytical  relation  for 
determining  the  transverse  force. 

The  component  of  transverse  force  at  a certain  position 
of  the  blade  characterized  by  angle  of  rotation  ■o- is 

Qo  = 7\»  sin  ft,  (V.  6 7) 

where  is  the  instantaneous  tangential,  force  determined 
from  the  formula 


T«  ~ ~~  ~ " zTT  K ’ (V . ( 

In  formula  (V.68)  is  the  instantaneous  value  of  the 
moment  of  the  propeller  at  angle  of  blade  rotation  ft  ; r>g  the 
propeller  radius  corresponding  to  the  location  of  the  center 
of  p.ressure  of  the  blade;  n*  = n\p/\ * the  reduced  number  of 
revolutions  of  the  propeller;  and  \£  is  found  from  equation 
(V . 35)  . y 

By  integrating  expression  (V.67)  in  light  of  formula 
(V.68)  with  respect  to  the  angle  of  blade  rotation  d from 
0 to  2n  we  find  the  mean  value  per  revolution  of  transverse 
force  rising  on  a propeller  in  an  oblique  flow 


Qc 


>1  — K-  ( a* , y.)  I-'1'-  sin  ft  (10 . 

2nr°  ' 1 'Ul 

» \ I / 


Wc  will  introduce  a dimensionless  coefficient  of 
transverse  force  from  the  formula 


- -Jr  j «>  (a;;)’""1- 


(V .703 
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The  following  approximate  formula  Can  be  recommended  along 
with  (V.70)  for  the  purpose  of  determining  the  coefficient  of 


ransverse  force  Kq : 


K,  = 1,11  f K, (?'„  x)  ( 4?-' V sin  0 dO, 


where  the  value  of  instantaneous  relative  advance  is 

\p 

p 1 -j-  0,6?>.p  !j;  q>  mu  0 


(V  .71) 


(V .72) 
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Fig.  196.  Rise  of  transverse  force  on  a propeller. 

The  above  results  can  be  used  for  calculating  way-making 
ability,  that  is,  for  determining  the  elements  of  propellers  and 
the  propulsive  qualities  of  planing  and  hydrofoil  craft. 

We  will  introduce  approximate  formulas  for  evaluating  the 
effect  of  propellers  on  the  drag  and  propulsive  qualities  of 
laning  and  hydrofoil  craft.  To  this  end  we  will  introduce  lift- 
drag  ratios  of  a craft  both  without  taking  the  propeller  effect 
into  account  (k  = G/R)  and  with  it  ( k * = Considering 

that  foil  systems  calculated  for  loads  G and  G*  can  have  the  same 
ratio,  avc  will  assume  that  k = k * . We  will  also  consider  that 
all  propeller-driving  machinery  is  identical,  that  is, 


/?*  = £ R'i~nR*„ 

i--i 

P<t  — S — aPq,/,  Q—)jQi  — nQi, 
/=.t  l 


(V . 73) 


Then  by  using  formulas  (V.59)  and  (V-63)  , Achich  in  this 
case  assume  the  form: 


O'*  =-  0 . I\,  (si„ ,(.  | cos  «|.)  , rv  = -JL-  -I-  Q Ig 


(V .74) 


we  obtain 

or  after  transforming 


G-R>\w-Q-l 


■ Q cos  f|'^ 


(V.7.S) 
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Solving  (V  .75)  for  R* , ve  find 


If*  R (l  - 2~cos<pV  * — . 

\ 0 / * -f-  IK  «(' 


(V.76) 


Assuming  further  that  and  using  formula  (V.74), 

we  determine 


Qt^)> 


whence 


Q = 7-i 

I - <1 1R 1 cos  (j- 

Substituting  (V.77)  into  (V.76)  and  substituting  at 
the  same  time  G = kR , we  have 


(V.77) 


R Cl -q wl\ !i 

\ ! —</’•«  t kR  ) A-j-igm  • 


Solving  ( V . 7 8 ) for  R* , we  finally  obtain 


(V. 78) 


* + igcr-i-  7 — ? — 
■ -’<?  in  <i* 


In  the  case  considered  the  formula  for  propulsive 
efficiency  will  take  -the  following  form: 


(V . 79) 


h=h,(i  +^41^-^)  • 


(V. 80) 


Inasmuch  as  AT?  = R - R* , then  on  the  basis  of  formula 
(V.79)  we  have 


A/?  =#/)-- 


/f-Hgtpf 


i — v <p 


(V . 81 ) 


Taking  into  account  (V.S1),  (V.79),  (V.77),  and  (V.74),  [345 


we  transform  the  term  ar/v^ cos <|'  in  formula  (Y.80)  to 

...  _L  fo  I-  (a  (P  _ o\l,i 

* l\  rosy  /:  1 *’  ‘ ‘ " l; 


lV.82) 


After  substituting  (V.82)  into  (V  80)  and  transforming 
slightly  we  finally  obtain 


i “ Up  [ l -I-  -f  (q  I Ip  <r)  — q h’ «'  ( ! + 1 Y1)  J 


(V.8  3) 


*•  ■’  6 J • 


5 10  IS  20  K 


Pig.  197.  Results  of  calculations  made  with  formulas 
(V  - 7 9)  and  (V.8  3)  when  <}j  = 14°  and  q-  = 0.2. 

It  follows  from  a consideration  of  Pig.  197  that 
propellers  working  in  an  oblique  flow  have  a significant 
effect  on  the  drag  and  propulsive  efficiency  of  planing  and 
hydrofoil  craft  which  is  greater,  the  less  the  lift-drag  ratio 
nf  the  craft. 

Calculations  of  the  way-making  ability  of  planing  and 
hydrofoil  craft,  as  for  ordinary  craft,  should,  be  performed 
by  the  method  of  successive  approximations. 

• Below  by  way  of  example  we  present  calculations  of  the 
way-making  ability  of  a hydrofoil  craft. 

* * * 

Propeller  Calculations  and  Determination  of  the 
Characteristics  of  a Mechanical  Plant 

Initial  data . A hydrofoil  launch  weighs  20  T.  The 
relation  QT/T]'Cvk)  is  shown  in  Pig.  198.  The  launch  is 
equipped  with  :sp  ~ 1 propeller. 

Maximum  speed  of  movement  v]-  - 86.5  km/ hr . Diameter  of 
propcTior  u~~  O'.  65  m\  Angle"  of  clownwash  $ = 14°.  Depth  of 
immersion  of  propeller  axis  h = 0.5  m. 

Ca l cul a t i ons  . 


1 . Calculated  velocity  of  propeller 

vp  ‘ ■ 0,278  t!,t  cos  tp  0,278* 80,8 • 0,07  -'■*  28,2  til/  nc-cy , 


- f 

X 
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I 

: | 
; I 


2.  Cavitation  number 


x .-=  0,30. 

J5 

3.  General  diagrams  of  the  running  curves  of  cavitating 
propellers  are  used  to  determine  the  optimal  elements  of  the 
propellers.  By  way  of  illustration  for  this  example,  Fig. 

199  shows  such  a diagram  for  several  cavitating  propellers  with 
a disk  ratio  of  A/ Ad  - 0.80  and  number  of  blades  a = 3.  The 
diagram  shows  for  propellers  with  different  pitch  ratios 
varying  within  the  limits  H/D  - 1.0- -2. 2 the  relations  Kj  (Ap) 
and  riinax(xri)  in  various  cavitation  modes. 

P p 

As  applicable  to  the  given  conditions  it  is  possible  to 
establish  on  the  basis  of  the  diagram  in  Fig.  199  that  a 
propeller  with  a pitch  ratio  of  H/D  = 1.4  is  close  to  optimal. 
The  curves  for  this  propeller  in  a uniform  flow  are  shown  in 
Fig.  200  [solid  lines). 


Fig.  198,  Relations  , He ( r^) , and  n(vfc)  of  a hydrofoil 

craft . 

KEY:  A --y>,  rev/min;  B -~Ne,  HP;  C--Vfc,  km/Ur. 

4.  Scaling  the  running  curves  from  axial  to  oblique  flow 
when  <j>  - 14°  using  formulas  (V.36)  and  [V . 3 7 ) is  shown  in  Table 

9 . 

Similar  calculations  arc  performed  for  several  values  of  A 
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TABLE  9 (Cont) 


KEY:  A--(from  Fig.  187). 


I !• 
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TABLE  10 

Calculations  of  Way-Making  Ability  of  a Hydrofoil  Craft 


I’K.  A 

80,5 

70,0 

00,0 

50,0 

•10,0 

uo.o 

t'(,  - 0,2?8:'K  cos  tp 

23,2 

18,9 

16,2 

13,5 

10,8 

5,1 

x - 210:0* 

0,39 

0,59 

0,80 

1,15 

1,80 

7.20 

k ^ (m*  piio.  198)  g 

10.3 

11,5 

10,0 

8,7 

1 1 ,0 

45,5 

Ki/ 

11  Ki 

0,070 

0,008 

0,009 

0,071 

0,070 

0,005 

R*  (no  c(xip,vy.U'  (V.79)|  C 

1880 

1090 

[930 

2220 

l()80  i 

110 

R*  C-os-r  ‘"H 

[070 

1770 

2020 

2.320 

1700 

Kill 

3,-13 

2,95 

2,30 

1,84 

1,70 

1 .05 

(ni>  pnc.  200)  p 

1,150 

U55 

1,050 

0,900 

0,900 

0,900 

ip,  (no  pnc.  200)  Q 

0,035 

0,700 

0,070 

0,590 

0,010 

().(,|0 

>1  0.<J8l|,,  [l  i -y  q | 

0,03 

0,090 

0,000 

0,580 

0,000 

(),l,l  ill 

! ig  'i ) — </  fg  'i 

d"T)J 

V n 

n , ’ - 1>< ) „ 

vkp  r, 

1 800 

1510 

1-120 

1.380 

! 100 

555 

A0,278fK 

A-  -flM  c F 

985 

055 

075 

735 

' 425 

54 

KEY:  A km/ hr)  B--(from  Pig.  198);  C- - [according  to  formula 
(V  .79)]  ; D--(from  Fig.  200):  E- - rev/min  ; I7  — IIP  . 


5.  Tabic  9 also  shows  calculations  of  the  coefficient  of 
transverse  force  Kq  made  with  formula  (V.70).  When  Xv,  = 1.15 


r 7 A o 
[ JH  O 


K., 

A’i 


0,07. 


6.  Considering  that  vk  = 86.5  km/ hr  and  k = A/ E = ]0.3, 
we  find  from  formula  (V.70)  the  drag  of  the  launch 


if 


liR 


h 4. 


I 880  ]■ 


a j 


i — <i  i«  *i' 


7.  The  thrust  which  the  propeller  must,  develop  at.  a 
given  speed  is  determined  from  formula  (V  .74) 

>.  {, 

■ ^ 


r, 


cos  if 


) 


1970  1 

t\(  i i • 


4 
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8.  ’Further  the  auxiliary  coefficient  is  determined  to  be 

Kd  = Dup  j/ JL.  = 3,43. 

9.  Entering  the  function  Ki  ~ 1 hi\  on  the  propeller  running 
curves  in  Fig.  200,  wc  determine  its  calculated  mode  of  operation 

K 1.15.  i|,,  0.U35. 

10.  Taking  shaft  efficiency  to  be  nM  = 0.98,  we  use  formula 
(V.83)  to  calculate  the  propulsive  coefficient  of  the  launch 
under  consideration 


>1  [ I -f  — ...  q tf,  ^1  -J.  if'-)  j 0,63. 

11.  We  determine  the  revolutions  of  the  propeller  to  be 

n ~ -if-  CO  • I S00  rev  / mi  n . 


12. 


The  ^required  power  is 


Nt 


0.97P  An.. 
75Ai] 


* * * 


9S5  HP. 


Similar  calculations  for  other  values  of  speed  of  movement 
are  shown  in  Table  10. 

. The  results  of  calculations  of  the  way-making  ability 
of  a hydrofoil  launch  are  shown  in  Fig.  198  in  the  form  of 
a relation  between  the  required  power  and  the  number  of  revo- 
lutions on  one  hand  and  speed  of  movement  on  the  other, 
and  n(vk)  . 
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